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Tyrimo objektas:
Stochastinės dinaminės sistemos, stebimos su triukšmu.

Tyrimo tikslas:
Sudaryti ir pritaikyti rekursinius algoritmus stochastinių dinaminių
sistemų filtravimui, identifikavimui ir valdymui realiu laiku, esant
adityviajam sistemų stebėjimo triukšmui.
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Tyrimo uždaviniai:
Analitiškai apžvelgti su triukšmu stebimų stochastinių dinaminių
sistemų filtravimo, identifikavimo ir valdymo realiu laiku uždavinių
sprendimo metodus;
Sudaryti rekursinius algoritmus tiesinių ir netiesinių stochastinių
dinaminių sistemų, stebimų su triukšmu, filtravimui, identifikavimui ir
valdymui realiu laiku;
Sudarytus algoritmus ištirti statistinio modeliavimo būdu, įrodyti jų
konvergavimą ir palyginti su esamais algoritmais;
Sudarytus algoritmus pritaikyti praktiniams uždaviniams spręsti.

Planuojami rezultatai:
Sudaryti korektiški ir konkurencingi rekursiniai algoritmai, skirti
stochastinių dinaminių sistemų, stebimų su triukšmu, filtravimui,
identifikavimui ir valdymui realiu laiku;
Sudaryti algoritmai pritaikyti socialinių, verslo ir/ar technikos
procesų/sistemų modeliavimui bei simuliavimui.
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Visų studijų planas ir jo vykdymo suvestinė
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Ataskaitinių metų darbo planas ir jo įvykdymas
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Visų mokslinių tyrimų ir disertacijos rengimo etapai
(1)
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Visų mokslinių tyrimų ir disertacijos rengimo etapai
(2)
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Trumpas per pusmetį gautų mokslinių rezultatų
pristatymas

Dinaminių struktūrinių lygčių modeliai;
Efektyvūs didžiausio tikėtinumo parametrų vertinimo algoritmai šiems
modeliams;
Rinktinės skaidrės iš konferencijos pranešimo šia tema medžiagos
(anglų k.).

9 / 22



Dynamic Structural Equation Model (DSEM)
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Cumulative Structural Equation Model (CSEM)
Under Consideration (1)
Output measurement equation:

yt = ηt + εt, (0.1)

where {yt}, t ∈ Z+ is a sequence of scalar observed outcomes, {ηt}, t ∈ Z+ is a sequence of scalar latent spaces, and
{εt}, t ∈ Z+ is a sequence of independent and identically distributed N

(
0, σ2

y

)
scalar observed process noises.

Transition equation:

ηt+1 = ηt + µη + Lηξt+1 + ζt+1, η0 = 0, (0.2)

where µη is a scalar intercept term, Lη is an 1× k vector of latent input weights, {ξt+1}, t ∈ Z+ is a sequence of
independent and identically distributed k × 1 vectors of latent input to the latent process (common factors) where
ξt+1 ∼ N

(
0k×1, Ik×k

)
, and {ζt+1}, t ∈ Z+ is a sequence of independent and identically distributed N

(
0, σ2

η

)
scalar

latent process errors.
Input measurement equation:

xt+1 = µx + Lxξt+1 + δt+1, (0.3)

where {xt+1}, t ∈ Z+ is a sequence of m× 1 vectors of observed inputs, µx is an m× 1 vector of intercept terms, Lx is
an m× k matrix of factor loadings, and {δt+1}, t ∈ Z+ is a sequence of independent and identically distributed m× 1

vectors of specific factors where δt+1 ∼ N
(

0m×1, diag
(
σ2
x1 , .., σ

2
xm

))
.

It is assumed that {ξt+1}, {δt+1}, {ζt+1}, and {εt}, t ∈ Z+ are mutually independent and t ≤ T (T ∈ N).
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Algorithm Development (2)
We attach ∆yt to the end of xt, t = 1, ..., T , and denote the resulting
vector as zt, additionally denoting z = (z1, ..., zT )′. Then

Ezt = µ

and

Czz(τ) =


LL′ + Ψ0, τ = 0
−Ψ1, τ = 1
0(m+1)×(m+1), otherwise

,

where

Ψ0 =


σ2
x1 0 . . . 0 0
0 σ2

x2 . . . 0 0
...

... . . . 0 0
0 0 0 σ2

xm 0
0 0 0 0 σ2

η + 2σ2
y

 , Ψ1 =


0 0 . . . 0 0
0 0 . . . 0 0
...

... . . . 0 0
0 0 0 0 0
0 0 0 0 σ2

y

.
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Algorithm Development (5)
By taking the logarithm of (??), we obtain the logarithmic likelihood
function:

L(θ) = L(θ; zvec) = −1
2
(
ln(|Czz|) + d′vecC−1

zz dvec + (m+ 1)T ln(2π)
)
,

where θ = (µvec,Czz) are parameters of the multivariate normal
distribution.
Since it is true that

arg max
θ

[L(θ)] = arg max
θ

[
L(θ)
T

]
= arg min

θ

[
ln(|Czz|) + d′vecC−1

zz dvec
T

]
can be used for both normalisation and simplicity purposes, we further
consider the minimisation of function L(θ) defined as

L(θ) = ln(|Czz|) + d′vecC−1
zz dvec

T
. (0.4)
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Algorithm Development (10)

With the aforementioned choice of θ and given expressions (??) and (??),
function (0.4) is ultimately reorganised as follows:

L(s,Σx,Σs, σ
2
y , µx, µη) = 1

T

(
ln
((
|Σx|σ2

y

)T |Q|)
+ tr

(
dxΣ−1

x d′x
)

+ 1
σ2
y

(
(dy − dxΣs)′Q−1 (dy − dxΣs)

))
,

(0.5)

where dy = zy − 1T×1µη, Q =
(
s2+1
s

)
I + J , where zy = (∆y1, ...,∆yT )′.
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Algorithm Development (13)

By manipulating the derivatives and the estimators obtained from them
(??)–(??), we can achieve a gradual way to obtain θ∗:

µ∗x = µ̂x, (0.6)
Σ∗x = Σ̂x, (0.7)
s∗ = arg min

s∈[0,1]
L̃(s), (0.8)

Σ∗s = Σ̂s (s∗) , (0.9)
µ∗η = µ̂η (s∗) , (0.10)
σ2
y
∗ = σ̂2

y (s∗) , (0.11)
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Algorithm Development (16)
Let us denote cT = 1

T

(
[u]1:T,1

)′([Q]1:T,1:T
)−1[v]1:T,1

qT
; here qT =

[(
[Q]1:T,1:T

)−1
]
T,T

. Thus, instead of

calculating terms of the form u′Q−1v in (??)–(??), we calculate terms of the form cT since 1
T

1
qT

simply cancels out in Σ̂s
and µ̂η , while, for σ̂2

y and L̃, the use of cT introduces robust expressions, as we now calculate them as follows:

σ̂
2
y = qT g

= s
fT

fT+1
g

and
L̃ = h + ln (g),

where

h =
ln (|Q|)
T

+ ln qT

= ln

 fT(
fT+1

)(1− 1
T

)


and

g =
σ̂2
y

qT
,

where g is cT with u = v = d̂y − d̂xΣ̂s and fT =
∑T−1
i=0 s2i is to be calculated recursively:

fT = fT−1 + s
2(T−1)

.
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Algorithm Development (17)
Recursively, cT is calculated as follows:

cT =
(

1−
1
T

)
fT−1fT+1

f2
T

cT−1 +
aT bT

T
,

where aT =

(
[u]1:T,1

)′[([Q]1:T,1:T
)−1

]
1:T,T

qT
and bT =

(
[v]1:T,1

)′[([Q]1:T,1:T
)−1

]
1:T,T

qT
are also to be

calculated recursively:

aT = s
fT−1

fT
aT−1 + [u]T,1,

bT = s
fT−1

fT
bT−1 + [v]T,1.

The starting values for all the recursions, namely a1, b1, c1, and f1, are

a1 = [u]1,1 ,

b1 = [v]1,1 ,

c1 = [u]1,1 [v]1,1 ,

f1 = 1.
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Experimental Results (9)

A fixed sample size experiment with
T = 10.

A fixed sample size experiment with
T = 20.
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Experimental Results (10)

A fixed sample size experiment with
T = 50.

A fixed sample size experiment with
T = 100.
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Experimental Results (11)

A fixed sample size experiment with
T = 1000.

A fixed sample size experiment with
T = 10000.
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Implementation in R

EMLI – Efficient Maximum Likelihood Inference for Linear Dynamical
Models (https://CRAN.R-project.org/package=EMLI);
Three functions available that allow generating the considered CSEM
data, running the developed algorithm, and evaluating the estimation
accuracy;
More models and features to be added.
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Kito pusmečio darbo planas
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