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Introduction

Statement of the problem

In this thesis difference schemes for the third-order pseudoparabolic equations with non-

local integral conditions are considered.

Topicality of the problem

During the recent decades there have been extensive investigations of the pseudoparabolic

equation

ou 0Au

Many important results regarding the existence, uniqueness and other properties of
the solution of this equation have been published.

Equation (1) has opened new possibilities of modelling various physical processes
mathematically. For example, G. Barenblatt et al. [1], E. DiBenedetto and M. Pierre
[12], B.D. Coleman et al. [11] used this equation as model of diffusion of fluid in fractured
porous media. It can also serve as a model of heat conduction involving a thermodynamic
temperature ' = u — kAu and a conductive temperature u(z,t): P.J. Chen and M.E.
Gurtin [4].

In 1973, W.H. Ford and T.W. Ting wrote the article "Stability and Convergence of
Difference Approzimations to Pseudoparabolic Partial Differential Equations" [13]. It
is one of the first works, where the finite difference method is investigated for a pseu-
doparabolic equation with classical boundary conditions. The existence and uniqueness
of the solution as wel as the convergence of the finite difference method have been proved
by investigating the spectrum properties of matrices of a system of difference problems.

In this dissertation, solution of a pseudoparabolic equation with nonlocal conditions
is considered by the finite difference method.

Problems with nonlocal conditions are one of the parts of a rapidly developing theory
of differential equations. Nonlocal conditions emerge when the values of the solution in
quest or it its derivatives at boundary points are associated with the values at other
boundary or internal points of the domain. In terms of practice, nonlocal conditions

appear in case there is no possibility to measure data at the boundary of the domain



of the problem considered. If there is a boundary point in nonlocal conditions, then
conditions of this kind are called nonlocal boundary conditions.

In 1963, differential equations with nonlocal conditions were started to investigate by
J.R. Cannon [3]. He investigated a parabolic problem where a nonlocal condition was
formulated instead of the one boundary condition.

A bit later L.I. Kamynin considered a similar problem [17].

Parabolic equations with nonlocal integral conditions are also investigated by A.
Bouziani [2, 19], N.I. Tonkin [15], A.V. Gulin [14], S. Mesloub [19, 18], N.I. Yurchuk
[30], R. Ciegis [7, 8, 9], S. Peciulyté [20], M. Sapagovas [23, 25, 26, 27], A. Stikonas [9, 20]
and others.

A.F. Chudnovskij has formulated and analyzed a nonlocal pseudoparabolic problem
in the monograph "Teplofizika pochv" [6]. A survey of problems on numerical modeling
of moisture dynamics in soil is presented in it. For the first time this problem was

formulated by the same author in 1969 [5].

Research object

The main research object here is third-order one-and two-dimensional linear differential

pseudoparabolic equations with nonlocal conditions.

Aim and tasks of the work

The aim of this dissertation is to investigate the solution of the one-and two-dimensional
pseudoparabolic equation with nonlocal conditions by difference methods, to explore the
conditions of stability of the obtained difference schemes subject to the parameters in

nonlocal conditions.

The main tasks of the work are:

1. To analyze the finite difference method for a one-dimensional pseudoparabolic equa-
tion with nonlocal integral conditions, to investigate the existence and uniqueness

of the solution and the stability of a difference scheme.

2. To consider the solution of a two-dimensional pseudoparabolic equation with inte-

gral conditions applying the locally one-dimensional method.



3. To investigate the stability of locally one-dimensional difference schemes for a pseu-

doparabolic equation.

4. To form and analyze a difference scheme of higher accuracy for a one-dimensional

pseudoparabolic equation with integral conditions.

5. To explore explicit difference schemes for a pseudoparabolic equation.

Methodology of research

In this work, the analytical method is applied in the investigation of solutions of differ-
ence schemes. The spectrum structure of difference operators is considered. The locally
one-dimensional method is applied in solving a two-dimensional pseudoparabolic equa-
tion with nonlocal conditions. The numerical experiment and mathematical modeling
method is also used in this thesis. Mathematical software packages: Mathcad, Maple

and MathLab were used when doing numerical experiments.

Scientific novelty

Scientists usually consider pseudoparabolic equations with classical conditions. In this
thesis, a pseudoparabolic equation with nonlocal conditions is considered. The finite
difference method has been applied here and to investigate a one-dimensional pseu-
doparabolic equation with nonlocal conditions. Whereas, the finite difference method
was investigated for a pseudoparabolic equation only with the classical conditions till

now.

A two-dimensional pseudoparabolic equation and its solution has been considered
applying the locally one-dimensional method. This method renders an opportunity to
reduce a two-dimensional problem to one-dimensional problems and thus to simplify the

solution of this problem.

Three-layer explicit difference schemes are also investigated for a one-dimensional
pseudoparabolic equation with nonlocal conditions. This work extends and supplements
the results of other scientists when considering difference schemes for pseudoparabolic

problems.



Practical value of the results

The results obtained in the doctoral thesis might be applied in the consideration of the
existence and uniqueness of the solution to differential and difference problems, when
solving systems of difference equations by iterative methods and investigating the sta-
bility of difference schemes for pseudoparabolic equations. Mathematical models of a
pseudoparabolic equation with nonlocal conditions are important in solving practical

problems connected with the dynamics of ground water.

Defended propositions

The methodology for spectrum analysis of a difference operator for a one-dimensional

linear pseudoparabolic equation with nonlocal integral conditions of two types.

o Difference schemes for a one-and two-dimensional pseudoparabolic equation with

the approximation error O(72 + h?), the stability conditions of these schemes.

e Locally one-dimensional schemes, the stability of these schemes for a two-dimensional
pseudoparabolic equation with nonlocal integral conditions in one coordinate di-

rection.

o Explicit difference schemes for a pseudoparabolic equation with classical and non-

local conditions.

The scope of the scientific work

The doctoral thesis consists of the introduction, four chapters, conclusions, the list of
references, and that of author’s publications. The total scope of the doctoral dissertation
is 89 pages, 7 figures and 7 tables. The results of the doctoral dissertation are presented
in 5 publications. The results were also presented at 2 national and 5 international

conferences. The language of the doctoral dissertation is Lithuanian.



Chapter 1. The finite difference method for a one-dimensional pseudoparabolic

equation

We consider the third-order pseudoparabolic equation

ou  0%u d3u

i 1, t>
5 8x2+n8t8x2+f(x’t)’ 0<z<1,t>0 2)
subject to the initial condition
u(z,0) = ¢(z), 3)
and to the integral conditions
1
0
1

0
where p1, po are given functions that are sufficiently smooth.
The aim is to investigate the stability of a difference scheme for problem (2)—(5).
We approximate differential problem (2)—(5) by the following system of difference

equations:
A
T h?
n+1 n+1 n+1 n n n
_ . ! 6
u; = @i, 7)
n+1 n+1
ll <un+1> = h( +UN + Z un—i—l) _ lu711+17 (8)
un—i—l N-1
b (w ) = n( =+ Z ihu ™) = g 9)
. ) T
J=01 M-1i=1. ,N-1 h=1/N, 7=

The system of difference equations (6)—(9) always has a unique solution found in the

way

uft™ = o (u!T) + e (uf 2 + (upth)?, i =0,N, (10)

(3



Here (u ™M), (u?*t1)2, (u™)° are the solutions of the following problems:

(

b(ul T+ a(ul )+ b(uf )t =0, i =T, N —1,

((ug ™)' =1, (i)' =0,

b(u?t)? + a(ultt)? +b(u?f11)2 =0, i=1,N —1,

|(ug ™) =0, (uy")? =1,

b(uf ) +a(uf ) +b(up)0 = 7, i =1L N -1,
(ug™)° =0, (uy')’ =0.
We find the coefficients c;, co from the following system:
l1 <(u"+1)1>cl —+ ll <(Un+1)2>02 = F(;L — l1 <(u”+1)0>,
Iy <(u”+1)1)cl + 1 ((u"+1)2>02 = F% — 1y ((u”+1)0>.

Lemma 1 [see thesis, lemma 1.1]. For all the values n = 0,7 > 0,h > 0, system (6)—(9)

has a unique solution (10).

Let us investigate the stability of system (6)—(9). The main method for investigating

the stability is analysis of the spectrum structure for the transition matrix of the system

of difference equations.

We rewrite the difference scheme (6)—(9) on the (n + 1)-layer in the following form

Bu™tt = Cu™ 4 7"

where
B=FE+71A+nA, C=FE+nA
and u”Jr1 = (uth whtt uﬁ,ﬂl) , B and C are matrices of order (N — 1),
4—2h 1—4h 2-—06h ... 4h 2h
—1 2 -1 ... 0 0
» 0o -1 2 ... 0 0
A=nh
0 0 0o ... 2 —1
2h 4h 6h ... 1—4h 4—2h

10
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If there exists B~!, we can express the difference scheme as follows
u"t = Sy BT (13)
The nonsymmetric matrix S is a transition matrix and it is defined by the formula
S=B"1C.
Let us define the norm of arbitrary matrix M
1M = |H MHll2,  ull. = |H  ul.

The matrix H is a matrix with columns that are linearly independent eigenvectors of the
matrix A. In that case ||.S]|. = p(S).

Then, we can use the condition of the stability of difference scheme (13)
IA(S)] < 1. (14)

Whereas, matrices B, C' and A from expression (12) have the common system of

eigenvectors, so we find the eigenvalues of matrix S by the formula

1+ nAp(A)
L+ (T +n) e (A)

A(S) =

Further, applying the analysis of the spectrum of the nonsymetric transition matrix,
we investigate the stability of a difference scheme. Using the same technique of analysis of
the structure for the spectrum as in articles [16, 25, 28], we prove that all the eigenvalues
of the transition matrix S are real and positive.

We have to find all the eigenvalues of matrix A, i.e., all the eigenvalues of the difference

operator

Uj—1 — 2U; + Wit

= FAu =0, i=1,... . N—1, (15)
uo + u Nl
0 N
h<T+ ;u> —0, (16)
u N—-1
N .
h<7+ ;mui) —0. (17)

The following statements have been proved.

11



Theorem 1 [see thesis, theorem 1.1]. All the positive eigenvalues of the difference operator

(15)—~(17) satisfying the inequality |1 — \h?/2| < 1, are of the form
A = — sin® ——, (18)
where oy, are roots either of the equation
a
in— =20 19
sin o (19)

or the equation

a N .
tan 5= 73 sin ach. (20)

Theorem 2 [see thesis, theorem 1.2].  All the eigenvalues of difference problem (15)—(17)

are real and positive.

All the eigenvalues of eigenvalue problem (15)—(17) are distinct. It means that the

matrix A (as well as matrix S) is a simple-structured matrix.

Theorem 3 [see thesis, theorem 1.3]. Difference scheme (6)—(9) is stable with all the
values of parameters n >0, 7 >0, h > 0.
Next, we consider the third-order pseudoparabolic equation (2) with initial condition

(3), and nonlocal integral conditions

1

=y [ wu(z,t)dz+ pi(t), (21)

1

) =2 u(z, t)dx + pa(t). (22)

o—

instead of nonlocal conditions (4)—(5).
We approximate differential problem (2), (3), (21), (22) by the following system of

difference equations

n+1 n+1 n+1 n+1
wp o —u Uiy — 2u; T A Uy
T h?
+ n h2 - h2 -+ fz 3 ( )

12



ug = i, (24)
n—l—l _'_un—l—l N—-1
B h<f+ Z“"“) gt j=THM-L 05
=1
n+1 +un+1 N-1
n+1 _ N n+1 1 AT 1
7h(—2 +;u )+u j=1,M—1, (26)

To establish the stability of a difference scheme, we need to investigate the spectral
structure of the difference operator A with nonlocal conditions. In other words, we will

find all the eigenvalues of matrix A, i.e., all the eigenvalues of the difference operator

Uj—1 — 2U; + Uiq1

) +du; =0, i=1,N—1, (27)
uo + u -1
0 N
uy = 71h<T + 2_; u) (28)
N-1
+
uy = wh(“o 2“N + u) (29)
=1

To this end, we apply the same technique as in [10, 22, 23, 29].

If 41 + 72 = 2, then there exists an eigenvalue A = 0. Difference problem (27)—(29)
has only one negative eigenvalue, if v; + 2 > 2.

When 71 + 72 < 2, in all the three cases (71 + 72 < 0, 0 < 71 + 72 < 2
71 + 72 = 0), we have N — 1 real eigenvalues. It follows that there are no complex
eigenvalues.

Let us consider when this inequality |\ (S)| < 1 is true.

Recall the expression of the eigenvalue of matrix S

L4+ nAx(A)

M(8) = 1 + (7 + ) Ae(A)

If v1 + 72 < 2, then the eigenvalues A\;(A) of matrix A are positive.
The sufficient condition of stability. The difference scheme (23)-(26) is stable if

A (S)] < 1,

ie., if vy +v <2andn > 0.
If v1 + 2 > 2, then there exists one negative eigenvalue A\;(A) and |Ag(S)| > 1. The

difference scheme is not stable.

13



Chapter 2. Difference schemes of increased order for the approximation to

one-and two-dimensions

In this chapter, we consider an implicit difference scheme for pseudoparabolic equation (2)
with integral conditions (21)—(22). Let us write a difference equation for pseudoparabolic
equation (2) in such a form

n+1

n

Y T oAUl + (1 — o) Aul + ' (30)
-
A n u?—l - QU/? + ru’,lnﬂ-l .
u,l' — h2 5 1 = ]_,N - 1

If the parameter o is well chosen (0 = 1/2+n/7), then the difference scheme is with the
approximation error O(h? + 72).

So we replace equation (2) with conditions (21)-(22) by the following difference

scheme:
n+1l n
i T A (1 - o)Al + o (3D
T
~n+1 ~n+1 N—
At = b (“0 S 3 ﬂ”“) T+t (32)
~n+1 ~n+1 N-1
i=1
where

Lemma 3 [see thesis, lemma 2.1].  If the solution u(x,t) is smooth enough and

—I—Z ir <p?+1—fin+1/2

difference equation (31) approximates differential equation (2) with the truncation error

O(h? + 72).

Further we consider the two-dimensional pseudoparabolic equation

Ou_O%uw Ou 0 (0u  Ou
ot o2 a2 o

8562 3 2) + f(z,y,1), (34)

14



with nonlocal conditions
1

uO.pet) =7 [ uloy e+ m(y.o) 35)
0
1
U(l, y,t) =72 / u(m, y,t)d$ + MQ(y7t), (36)
0
u(x,()?t) :M?)(xat): U(I‘,l,t) =,u4(:1:,t), (37)
u(z,y,0) = o(z,y), (38)

Now we replace equation (34) by the following difference equation

un._’_l —
— " = o+ AoJui + (1= o) (Ar + Ao)uif + ¢35 (39)
_ n+l _ pn+1/2
where o = 1/2+n/7, 5" = f;;7 /7, and
ut g = 2ul ulh g s ull. = 2ul +ul

Using the proof of Lemma 3, we can prove that difference equation (39) approximates

differential equation (34) with the truncation error O(h? + 72).

Chapter 3. The locally one-dimensional method for solving of two-dimensional

pseudoparabolic equation with integral conditions

In this chapter, we study a two-dimensional linear pseudoparabolic equation with nonlo-
cal integral boundary conditions in one coordinate direction. The locally one-dimensional
method is used for solving this problem. We have proved the stability of a finite differ-
ence scheme, based on the structure of spectrum of the difference operator with nonlocal
conditions.

We consider the third-order two-dimensional pseudoparabolic problem (34)—(38) in
the domain 2p = {0 <z,y <1, 0 <t <T}.

We propose a locally one-dimensional scheme for problem (34)—(38). The idea of
decomposition of a parabolic problem into a chain of one-dimensional differential prob-
lems was considered in [21]. Following this idea, we construct a chain of one-dimensional

pseudoparabolic problems

2 2
10u  0%u 8(2;;) Ly (40)

20t 022 oy

1

9
1 0u 0%u 0 10%u 1
m—a—yz*”at( )+ 57 (D)

15



Equation (41) is approximated in the interval (¢, t,+1/2) and equation (40) — in the
interval (t,,41/2, tny1).
In order to go from layer t = t,, to layer t = t,1, we replace equations (40), (41)

with conditions (35)—(37) by the following one-dimensional difference scheme:

7‘1._*_1/2 —ul
I = TP (1 o) gl + ol (42)
-
~n+1/2+ n+1/2 N-—1
~n+1/2 N ~n+1/2 ~ n+1/2
gy %h< R /)wlj e, (43)
i=1
~71—&-1/2 +a ~n+1/2 N—1
~n+1/2 N ~n+1/2 ~ n+1/2
Un; / 72h< 2 ’ + Uij / ) +lu’2j / ) (44)
i=1
un+1 u@_—Fl/2
i Y = oMol (1= o) AgufTP 4 ot (45)
-
uiph = pag, iy = pag, (46)
where
+1 +1 +1 +1 +1 +1
Aoyt — w2 T Ao — Wigo1 2 Ui
1Wij = 12 ) Uyt = 2
~n+1/2 n+1/2
U / = ou;; / —i—(l—a)u”,
~ n+1/2 n+1/2 n+1/2
/’LJ /_U/’L] /+(1 )luj /7 k:172
Now we write difference scheme (42)—(46) in the usual matrix form:
u" = Sy 4 b, 47)

where u™ and b™ are (N — 1)?-dimensional vectors, S is a matrix of order (N — 1), and

the expression of matrix S is
S=I+704) "I —7(1 —0)A)I +70A) (I —7(1 —0)Ay). (48)

Matrices A; and As have the same system of linearly independent eigenvectors. Hence

it follows [24] that
A1 Ag = AsAy.

16



Theorem 4 [see thesis, theorem 3.1]. The eigenvalues of matriz S are

A(S) = q(AM(Az)) - g(A(A4y)), (49)
where
o) = T (50)

Theorem 5 [see thesis, theorem 3.2].  If 1 +72 < 2, then the difference scheme (42)—(46)

is stable for all values h and T.

Chapter 4. Three-layer explicit difference schemes for a one-dimensional

pseudoparabolic equation

The main purpose of this chapter is to investigate the possibilities of constructing three-
layer explicit difference schemes.

First of all, let us take a differential parabolic equation

ou  0%u

W T fa) (5)

and apply the difference scheme of Dufort-Frankel to this equation

n+1 n—1 n n+1 n—1 n
ult Tt — ! w; g — (u, " +uy + u; n
7 7 — 1 ( A 5 (A ) —|—1 +fz . (52)
2T h

We add an additional term n%(%) to equation (51), and we get a pseudoparabolic

equation

Ou _%u 0 (0%u
ot o2 ot

@> + f(x,t). (53)

In some cases, as n > 0 is a small value or as n — 0, the term n%(%) could be
interpreted as a regularizator of parabolic equation (51). In other words, with this third-
order term it is possible to secure a special desirable feature of a numerical method or
mathematic model. In this chapter, we use is idea for constructing explicit difference
schemes for a pseudoparabolic equation.

In order to write explicit difference schemes, it means using different approximations

of the regularizator n%(g%‘), usually we get nonstable difference schemes.

17



Thus, let us take a term of regularization and use such an approximation

0 (Fu\\"_ (8 (o))" _

Ot \ 0x? i_ 0x2 \ Ot Z._

1/ u? , —2untt 4 yn b 2wl 4t

<U’z 1 u}zz U’H»l . uz 1 ;;2 uz+1 > _i_O(%_{_hQ)

that difference scheme (52) would be explicit. So we write the following difference scheme

for pseudoparabolic equation (53)

ut T — up | — 2u™t ol u b —2u 4
1 Co— s Au 1— 7 i+1 1—1 7 1+1 n 4
T T ul + n h2 77 h2 + fz (5 )
with the conditions
ug = pY, uy = pp, o up = @ (55)

Analyzing the stability of explicit difference schemes, we write equation (54) with

boundary conditions (55) in the form as follows
Eu" = (B = (1 4+ n)ADu" + nAu™ " +7f", (56)

?n—is the known vector and it is composed of f* and pq, pe.

We write equation (56) in a more general form
Ayt 4 By + Cu = (57)

After joining the identity u™ = u™ to equation (57) and after writing this equation in the

expression below

u"t = —ATIBu — AT Cu T+ AT (58)
we get
un+1 _Ale _Aflcf un+1 Aflfn
— + : (39)
u" E 0 u” 0

Let us define vectors 2"t and f™ of order 2(N — 1)

+1 -1
Zn—l—l o u” fn _ A f’l’b
)

u™ 0

18



and matrix S of order 2(N — 1):

Then equation (58), i.e. a three-layer difference scheme (54)—(55), can be written in the

following form
2= G 4 (60)
Afterwards, we solve a nonlinear eigenvalue problem
(2 Av 4 pBv + Cv = 0 (61)

and we find the eigenvalue pu.

In order to get a stable difference scheme it is necessary, that
|l < 1.

We prove that |u| < 1, if A > 0 and 7 < h?/4. Hence we conclude that difference
scheme (54) is conditionally stable. The numerical results also corroborate that difference
scheme (54) is stable.

Similarly we have done numerical experiments for such explicit difference schemes

n+1 n—1 n n+1 n—1 n
w; " — Uy uf = (wi Fuy ) Fuly

27 h?
n n+1 n n—1 n n—1
1 n(uwity = 2w et oy (s = 2u Uy ¥
T h? T h? b
n+1 n
Ui T Ui
T
n n n n+1 n n+1 n n—1
e R I A e ol — u; 4 Uiy: — Uip +fr
B h? h? T T v

We have obtained the results which show that the method is efficient.

General conclusions

1. The analysis of the transition matrix spectrum structure of difference schemes of

a pseudoparabolic equation is an efficient method.

19



2. The locally one-dimensional method might be successfully applied to a two-
dimensional pseudoparabolic equation with nonlocal conditions.

3. The well-known composition methods for explicit difference schemes of parabolic
equations are not suitable for pseudoparabolic equations in general. The explicit differ-

ence schemes for pseudoparabolic equations composed by another principle are stable.

20
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PSEUDOPARABOLINES LYGTIES SU NELOKALIOSIOMIS INTEGRALINEMIS
SALYGOMIS SPRENDIMAS BAIGTINIU SKIRTUMU METODU

Problemos formulavimas

Disertacijoje tiriamos skirtuminés schemos treciosios eilés pseudoparabolinéms lygtims

su nelokaliosiomis integralinémis salygomis.
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Darbo aktualumas

Per paskutinius desimtmecius placiai nagrinéta pseudoparaboliné lygtis

ou 0Au
5 —k—at — Au = f(x). 0.1)

ISspausdinta daug svarbiy rezultaty, susijusiy su Sios lygties sprendinio egzistavimu,
vienatimi ir kitomis sprendinio savybémis.

(0.1) lygtis atvéré naujas galimybes matematiskai modeliuojant jvairius fizikinius pro-
cesus. G.Barenblatt, E.DiBenedetto, B.D.Coleman $ig lygti naudojo kaip skysciy sklidi-
mo poréetose terpése modelj. Tokia pat lygtj, kaip dviejy temperatury Silumos laidumo
modelj, 1968 m. isnagrinéjo P.J.Chen ir M.E.Gurtin, kur 7' = u — kAu — termodinaminé
temperatura, o u(z,t) — Silumos laidumo temperatura.

1973 m. W.H.Ford ir T.W.Ting straipsnis "Stability and Convergence of Difference
Approzimations to Pseudoparabolic Partial Differential Equations” — vienas pirmyjy, ku-
riame teoriskai treciosios eilés pseudoparabolinei lygciai iSnagrinétas baigtiniy skirtumy
metodas. Skirtuminio uzdavinio sprendinio egzistavimas ir vienatis, bei metodo konver-
gavimas jrodyti, nagrinéjant skirtuminiy lygéiy sistemos matricy spektro savybes.

Disertacijoje nagrinéjamas pseudoparabolinés lygties su nelokaliosiomis salygomis
sprendimas baigtiniy skirtumy metodu.

Uzdaviniai su nelokaliosiomis salygomis yra viena is sparciai besivystancios diferen-
cialiniy lygciy teorijos daliy. Nelokaliosios salygos atsiranda tada, kai ieSkomo sprendinio
ar jo isvestinés reikSmeés krastiniuose taskuose yra susijusios su reikSmeémis kituose srities
krastiniuose ar vidiniuose taskuose. Praktiniu poziuriu, nelokaliosios salygos atsiranda
tada, kai negalima tiesiogiai iSmatuoti duomeny, nagrinéjamo uzdavinio srities kraste.
Kai nelokaliosiose salygose yra krastinis taskas, tai tokias salygas vadiname nelokaliosio-
mis krastinémis salygomis.

Diferencialines lygtis su nelokaliosiomis salygomis 1963 m. vienas pirmuyjy pradéjo
nagrinéti J.R.Cannon. Jis nagrinéjo parabolinj uzdavinj, kuriame nelokalioji integraliné
salyga yra formuluojama vietoje vienos krastinés salygos.

Panasy uzdavinj kiek veliau tyré ir L.I. Kamyninas.

Parabolines lygtis su nelokaliosiomis integralinémis salygomis taip pat nagrinéja
A Bouziani, A.V. Gulin, N.LIonkin, S.Mesloub, N.I.Yurchuk, R.Ciegis, S. Peciulyté,

M.Sapagovas, A.Stikonas ir kiti autoriai.

22



A.F. Cudnovskij monografijoje "Teplofizika pochv" suformuluotas ir i$nagrinétas ne-
lokalusis pseudoparabolinis uzdavinys. Cia pateikiama skaitinio modeliavimo dirvozemio
drégmeés dinamikos uzdaviniuose apzvalga. Toks uzdavinys pirmg karta buvo suformu-

luotas 1969 m. to paties autoriaus.

Tyrimu objektas

Disertacijos tyrimo objektas — treciosios eilés vienmatés ir dvimateés tiesinés diferenciali-

nés pseudoparabolinés lygtys su nelokaliosiomis salygomis.

Darbo tikslas ir uzdaviniai

Disertacijos tikslas — iSnagrinéti vienmateés ir dvimatés pseudoparabolinés lygties su nelo-
kaliosiomis salygomis sprendima skirtuminiais metodais, istirti gauty skirtuminiy schemy

stabilumo salygas, priklausomai nuo parametry nelokaliosiose salygose.

Siekiant numatyto tikslo buvo sprendziami Sie uzdaviniai:

e iSnagrinéti baigtiniy skirtumy metoda vienmatei pseudoparabolinei lygciai su nelo-
kaliosiomis integralinémis salygomis, istirti apytikslio sprendinio egzistavima, vienatj
ir skirtuminés schemos stabiluma;

e iSnagrinéti dvimatés pseudoparabolinés lygties su integralinémis salygomis sprendi-

ma lokaliai vienmaciu metodu;
e istirti lokaliai vienmaciy skirtuminiy schemy pseudoparabolinei lygciai stabiluma;

e sudaryti ir iSnagrinéti padidinto tikslumo skirtumine schema vienmatei pseudopara-

bolinei lygciai su integralinémis salygomis;

e iStirti iSreikstines skirtumines schemas pseudoparabolinei lygciai.

Tyrimy metodika

Darbe taikomas analizinis skirtuminiy lygc¢iy sprendiniy tyrimo metodas, nagriné¢jama
skirtuminiy operatoriy spektro struktura. Sprendziant dvimate pseudoparaboline lygti
su nelokaliosiomis salygomis pritaikytas lokaliai vienmatis metodas. Taip pat taikomi
skaitinio eksperimento ir matematinio modeliavimo metodai. Atliekant skaitinius eks-

perimentus buvo naudojami Mathcad, Maple ir MathLab programy paketai.
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Darbo mokslinis naujumas ir jo reikSmé

Daugelyje darby mokslininkai nagrinéja pseudoparabolines lygtis su klasikinémis salygo-
mis. Sioje disertacijoje isnagrinéta pseudoparaboliné lygtis su nelokaliosiomis salygomis,
pritaikytas ir iSnagrinétas baigtiniy skirtumy metodas vienmatei pseudoparabolinei lyg-
¢iai su nelokaliosiomis salygomis. Tuo tarpu iki Siol baigtiniy skirtumy metodas pseudo-
parabolinei lygciai buvo isnagrinétas tik su klasikinémis salygomis.

ISnagrinéta dvimaté pseudoparaboliné lygtis ir jos sprendimas taikant lokaliai vien-
matj metoda. Sis metodas suteikia galimybe dvimatj uzdavinj suvesti j vienmacius ir
taip supaprastinti uzdavinio sprendima.

Taip pat iSnagrinétos pseudoparabolinés lygties su nelokaliosiomis salygomis trisluoks-
nés isreikstinés skirtuminés schemos. Sie rezultatai praplecia ir papildo iki Siol kity
mokslininky gautus rezultatus, nagrinéjant skirtumines schemas pseudoparaboliniams

uzdaviniams.

Darbo rezultaty praktiné reikSmeé

Disertacijoje gauti rezultatai gali buti panaudojami nagrinéjant diferencialinio ir skirtu-
minio uzdaviniy sprendinio egzistavima ir vienatj, skirtuminiy lygc¢iy sistemy sprendimui
iteraciniais metodais bei skirtuminiy schemy pseudoparabolinéms lygtims stabilumui tir-
ti.

Pseudoparabolinés lygties su nelokaliosiomis salygomis matematiniai modeliai gali

buti taikomi sprendziant praktinius uzdavinius, susijusius su gruntiniy vandeny dinami-

ka.

Ginamieji teiginiai

o Vienmateés tiesines pseudoparabolinés lygties su dvieju tipy nelokaliosiomis salygomis
skirtuminiy schemy stabilumo nagrinéjimo budas: skirtuminio operatoriaus spektro

tyrimo metodika.

e Vienmatés ir dvimatés pseudoparabolinés lygties skirtuminés schemos su aproksima-

vimo paklaida O(72 + h?), &y schemy stabilumo salygos.

o Lokaliai vienmatés schemos, juy stabilumas dvimatei pseudoparabolinei lygéiai su

nelokaliosiomis integralinémis salygomis viena koordinaciy kryptimi.
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o ISreikstinés skirtuminés schemos pseudoparabolinei lygciai su klasikinémis ir neloka-

liosiomis salygomis.

Disertacijos struktira

Disertacija sudaro jvadas, 4 skyriai, iSvados, literaturos sarasas ir autorés publikacijy
disertacijos tema sarasas. Bendra disertacijos apimtis — 89 puslapiai, 7 grafikai, 7 lentelés.
Disertacijos rezultatai paskelbti 5 publikacijose.

Sia tema skaityta 7 pranesimai mokslinése konferencijose.

Sios disertacijos pirmajame skyriuje nagrinéjama treciosios eilés vienmaté pseudo-
paraboliné lygtis su skirtingomis dviejuy tipy nelokaliosiomis integralinémis salygomis.
Nagrinéjamas baigtiniy skirtumy metodas, formuluojamos sprendinio vienaties ir egzista-
vimo salygos. Uzrasytos skirtumineés schemos ir taikant skirtuminio operatoriaus spektro
strukturos tyrima isnagrinétas siy skirtuminiy schemy stabilumas specialioje normoje.

Antrajame skyriuje nagrinéjama trecios eilés vienmateé ir dvimaté pseudoparaboliné
lygtis su integralinémis salygomis. Sio skyriaus pagrindinis tikslas — sudaryti ir inagriné-
ti padidinto tikslumo skirtumines schemas zingsnio 7 atzvilgiu. [rodoma, kad skirtuminé
lygtis aproksimuoja diferencialine lygtj su paklaida O(h? + 72) bet kokioms 7 ir h reiks-
mems.

Treciajame skyriuje skyriuje pateikiamas dvimacio uzdavinio sprendimo algoritmas,
taikant lokaliai vienmatj metoda. Gauti rezultatai panaudoti sprendinio egzistavimo ir
vienaties sglygoms formuluoti. Taip pat nagrinéjamas skirtuminiy schemy stabilumo,
priklausomai nuo parametry vy, v2 klausimas.

Ketvirtajame disertacijos skyriuje nagrinéjamos trisluoknes isreikstinés skirtumines
schemos vienmatei pseudoparabolinei lygciai tiek su klasikinémis, tiek su nelokaliosio-
mis salygomis. Tiek teoriskai, tiek taikant skaitinius eksperimentus iSnagrinétas tokiy

skirtuminiy schemy stabilumas.

Bendrosios iSvados

1. Skirtuminiy schemy pseudoparabolinei lygé¢iai su nelokaliosiomis integralinémis
salygomis peréjimo matricos spektro strukturos tyrimas yra efektyvus skirtuminiy schemy

stabilumo tyrimo metodas.
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2. Dvimatems tiesinéms pseudoparabolinéms lygtims su nelokaliosiomis salygomis
spresti sekmingai galima taikyti lokaliai vienmatj metoda.

3. Parabolinio tipo lygtims Zinomi isreikstiniy skirtuminiy schemy sudarymo me-
todai paprastai netinka pseudoparabolinéms lygtims. ISreikstinés skirtuminés schemos

pseudoparabolinéms lygtims, sudarytos kitu principu, yra stabilios.
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