


VILNIUS UNIVERSITY

Svetlana Roman

GREEN’S FUNCTIONS FOR BOUNDARY-VALUE PROBLEMS
WITH NONLOCAL BOUNDARY CONDITIONS

Summary of Doctoral Dissertation

Physical Sciences, Mathematics (01 P)

Vilnius, 2011



The dissertation was prepared at Institute of Mathematics and Informatics, Vilnius
University in 2007-2011.

Scientific supervisor
Prof Dr Artiiras Stikonas (Vilnius University, Physical Sciences, Mathematics — 01 P).

The dissertation will be defended at the Council of Scientific Field of Mathematics at the
Institute of Mathematics and Informatics of Vilnius University:

Chairman
Prof Dr Habil Mifodijus Sapagovas (Vilnius University, Physical Sciences,
Mathematics — 01 P).

Members:

Prof Dr Habil Raimondas Ciegis (Vilnius Gediminas Technical University, Physical
Sciences, Mathematics — 01 P),

Prof Dr Habil Feliksas Ivanauskas (Vilnius University, Physical Sciences,
Mathematics — 01 P),

Doc Dr Sigita Peciulyte (Vytautas Magnus University, Physical Sciences,
Mathematics — 01 P),

Prof Dr Habil Konstantinas Pileckas (Vilnius University, Physical Sciences,
Mathematics — 01 P).

Opponents:
Prof Dr Vytautas Kleiza (Kaunas University of Technology, Physical Sciences,
Mathematics — 01 P),
Prof Dr Stasys Rutkauskas (Vilnius University, Physical Sciences, Mathematics —
01 P).

The dissertation will be defended at the public meeting of the Council of Scientific
of Mathematics in the auditorium number 203 at the Institute of Mathematics and
Informatics of Vilnius University, at 1 p. m. on 14 December 2011.

Address: Akademijos st. 4, LT-08663 Vilnius, Lithuania.

The summary of the doctoral dissertation was distributed on 14th of November 2011.
A copy of the doctoral dissertation is available for review at the Library of Vilnius
University.



VILNIAUS UNIVERSITETAS

Svetlana Roman

GRYNO FUNKCIJOS UZDAVINIAMS SU NELOKALIOSIOMIS KRASTINEMIS
SALYGOMIS

Daktaro disertacijos santrauka

Fiziniai mokslai, matematika (01 P)

Vilnius, 2011



Disertacija rengta 2007-2011 metais Vilniaus universiteto Mathematikos ir informatikos
institute.

Mokslinis vadovas
prof. dr. Arturas Stikonas (Vilniaus universitetas, fiziniai mokslai, matematika —
01 P).

Disertacija ginama Vilniaus universiteto Matematikos ir informatikos instituto
Matematikos mokslo krypties taryboje:

Pirmininkas
prof. habil. dr. Mifodijus Sapagovas (Vilniaus universitetas, fiziniai mokslai,
matematika — 01 P).

Nariai:

prof. habil. dr. Raimondas Ciegis (Vilniaus Gedimino technikos universitetas, fiziniai
mokslai, matematika — 01 P),

prof. habil. dr. Feliksas Ivanauskas (Vilniaus universitetas, fiziniai mokslai,
matematika — 01 P),

doc. dr. Sigita Peciulyte (Vytauto Didziojo universitetas, fiziniai mokslai,
matematika — 01 P),

prof. habil. dr. Konstantinas Pileckas (Vilniaus universitetas, fiziniai mokslai,
matematika — 01 P).

Oponentai:
prof. dr. Vytautas Kleiza (Kauno technologijos universitetas, fiziniai mokslai,
matematika — 01 P),
prof. dr. Stasys Rutkauskas (Vilniaus universitetas, fiziniai mokslai, matematika —
01 P).

Disertacija bus ginama vieSame Matematikos mokslo krypties tarybos posédyje 2011 m.
gruodzio meén. 14 d. 13 val. Vilniaus universiteto Matematikos ir informatikos instituto
203 auditorijoje.

Adresas: Akademijos g. 4, LT-08663 Vilnius, Lietuva.

Disertacijos santrauka iSsiuntinéta 2011 m. lapkric¢io mén. 14 d.
Disertacija galima perziuréti Vilniaus universiteto bibliotekoje.



Introduction

Problem formulation

In the dissertation Green’s functions for the second-order and higher-order differential
and difference equations with additional conditions, which are described by linearly in-
dependent linear functionals, are investigated. A lot of attention is given to the problems

with nonlocal boundary conditions.

Topicality of the problem

In the theory of differential equations the basic concepts have been formulated studying
the problems of classical mathematical physics. However, the modern problems motivate
to formulate and investigate the new ones, for example, a class of nonlocal problems.
Nonlocal conditions arise when we cannot measure data directly at the boundary. In this
case, the problem is formulated where the value of the solution and/or a derivative is
linked to a few points or the whole interval.

In 1963 J.R. Cannon [6] formulated new problem with boundary conditions which are
now called nonlocal (N.I. Tonkin was the first who used the concept of nonlocal bound-
ary condition in 1977 [24]). The similar problem was investigated by L.I. Kamynin
in 1964 [27]. A.A. Samarskii and A.V. Bitsadze formulated the elliptical problem with
nonlocal boundary conditions in 1969 [5]. Now some one-dimensional nonlocal con-
ditions are called as Bitsadze-Samarskii conditions. Differential equations (for exam-
ple, ordinary, elliptic, parabolic, etc.) with various types of nonlocal conditions were
investigated by scientists: V.A. I’in [16], E.I. Moiseev [17, 18], N.I. Tonkin [23, 25],
A.V. Gulin [13, 12, 14, 15], J.R.L. Webb [51, 52], G. Infante [21, 22] and others. In Lithua-
nia such problems were investigated by M. Sapagovas [10, 26, 31, 37, 38, 39, 40, 41, 42],
R. Ciegis [7, 8, 9], A. Stikonas [32, 33, 43, 45] and their students.

In this dissertation Green’s functions of the second- and higher-order differential and
difference equations with various conditions (for example, initial, boundary or nonlocal
conditions) are investigated.

In mathematics, Green’s function is a type of function used to solve nonhomogeneous

equations subject to boundary conditions. Green’s functions play an important role in
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the theory of linear Ordinary and Partial Differential Equations. The term is used in
physics, specifically in quantum field theory, electrodynamics and statistical field theory.
It helps to investigate the existence and uniqueness of the solutions for many boundary
problems.

Green’s functions for problems with classical boundary conditions were analyzed by
V.S. Vladimirov [48], U.M. Ascher, R.D. Russell and R.M.M. Mattheij [3], I. Stak-
gold [44], D.G. Duffy [11]. Besides A.A. Samarskii [34], E.S. Nikolaev [36], A.V. Gulin [35],
N.S. Bahvalov, H.P. Zidkov and G.M. Kobelkov [4] studied Green’s functions for prob-
lems with difference operator.

The investigation of the semi-linear problems with nonlocal boundary conditions and
the existence of positive solutions are based on the investigation of Green’s function for
the linear problems with nonlocal boundary conditions.

Green’s functions for the second- and higher-order boundary problems with various
nonlocal conditions were constructed by D.R. Anderson [1, 2], J.R.L. Webb [21, 22, 49,
50], G. Infante [19, 20], R.Y. Ma [28, 29, 30], Y. Sun [46], L.X. Truong [47], B. Yang [54],
Z. Zhao [55, 56] D. Xie, Y. Liu and C. Bai [53] and other scientists. In their works authors
considered the existence and multiplicity of solutions applying various methods: lower
and upper solution method, Leggett—Williams fixed-point theorem, Guo—Krasnoselskii
fixed-point theorem, Leray—Schauder continuation principle, Avery—Peterson fixed-point
theorem.

In the first chapter of this dissertation, the m-order linear differential equation with
m additional conditions, which can be as classical as nonlocal, is considered. These
conditions are formulated by means of independent linear functionals. Also in the first
chapter, the formula, describing the relation between two problems with nonclassical and
classical boundary conditions, is deduced.

In the second chapter the second-order differential equation is formulated. The re-
sults of the first chapter are applied to this problem. The examples show how Green’s
function for problems with varying complexity of nonlocal boundary conditions is con-
structed.

The differential equations, considered in the first and second chapters, can be ap-
proximated by the difference equations. In the third chapter the second-order difference

equation with two conditions is investigated.
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In the fourth chapter the results of the third chapter are generalized to the m-order

difference equation with m additional conditions.

Research object

The main research object of the dissertation is differential and difference operators with
various conditions, the solutions and Green’s functions of these problems, the existence
conditions of Green’s functions and the application of the results for problems with

nonlocal boundary conditions.

Aim and task of the work

The aim of this dissertation is to investigate the differential and discrete problems with
additional conditions; to write down the expression of the solution for nonhomogeneous
equation, if the fundamental solution is known; to find Green’s function for these problems
and to obtain a relation between two Green’s functions for problems with the same

equation and various conditions.

The main tasks of the work are:

1. to investigate linear space of the solutions for homogeneous equation;

2. to investigate the solutions of differential or discrete nonhomogeneous problems

with the same equation, but with various conditions;

3. to find Green’s functions for the differential and the difference problems and the

existence conditions for them;

4. to investigate Green’s functions for two problems with the same equation, but with

various conditions;
5. to apply results to problems with nonlocal boundary conditions;

6. to compare results for differential or discrete problems.

Methodology of research

In the dissertation the method of variation of parameters is applied. Using this method
and properties of determinants, Green’s functions for differential and difference equations

with variable coefficients and various boundary conditions have been obtained. Also we
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describe linear functionals and functional determinants, which properties have been used.

By means of packages “Maple” graphs are represented.

Scientific novelty

Green’s functions are often constructed to study the existence and multiplicity of the
solutions for the second-order and higher-order semi-linear problems. In almost all cases
Green’s function is searched for problem, which is a special case of the problem of this
thesis.

In this thesis Green’s functions are investigated for problems with general linear
conditions. The relation between two Green’s functions is obtained, which helps to
investigate Green’s function for problem with nonlocal boundary conditions, if Green’s
function for problem with classical boundary conditions is known. Mostly in the various
monographs and articles the formulae of this type have been obtained for the problem
with classical boundary conditions, but in this work they have been deduced for problem
with any (linear) conditions. So, we can write the expression of Green’s function for
problem with (for example, nonlocal) conditions if we know the fundamental basis of
homogeneous equation and Green’s function of problem with other (for example, classical)
conditions. The obtained results can be applied to problems with nonlocal boundary

conditions.

Practical value

In the doctoral dissertation the obtained results might be applied for solving the differen-
tial or difference equations with the conditions of various (for example, initial, boundary,
nonlocal conditions), and for investigating the existence, the uniqueness and the proper-

ties of the solutions.

Defended propositions

e The necessary and sufficient condition for the existence of Green’s function.

e The expressions of Green’s functions for the second- and higher-order differential

and difference equations with various linear conditions.
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e The relation between Green’s function and Green’s function for the problem with

initial conditions.
e The relation between two Green’s functions.

e The application of the obtained results to problems with nonlocal boundary condi-

tions.

The scope of the scientific work

The doctoral dissertation consists of the introduction, four chapters, conclusions, the
list of the references and the other one of author’s publications. The total scope of
the doctoral dissertation is 129 pages, 4 figures and 4 tables. The results of doctoral
dissertation are published in 9 publications. The results were presented at 4 national

and 5 international conferences. The language of the doctoral dissertation is Lithuanian.

Chapter 1. The m-Order Differential Problem

In the first chapter we investigate m-order differential equation with additional condi-

tions

Lu:=u™ + o™ )™ 4 et (@) + al(2)u = f(x), (1

<L17u>:fZ€K7 Zzlavmv ()

where a' € C[0,L], i =0,....,m—1, f; e K:=R,C, i =1,...,m, f € C[0, L], and
Lq,...,L,, are linearly independent functionals.
Let L = (L1,...,Ly) and w = [w!, ..., w™] be fundamental system of homogeneous

equation (1), and we denote

€r) = 1, x>0, CIS'* I—SM T. 8
= 0, =<0,  Glms) = H{ ) Wiw](s) ) .5 €0, L],
if Ww](s) # 0, where
wl(s) (wl)’(s) o (wl)(k_m(s) (wl)(k_l)(s)
Wwl(s) := CsepIl
wh(s) (Wh)(s) -+ (WF)E=D(s) (wk)E=D(s)



B wi(s) (w)(s) - (wHD(s)

w(z)
Wiwl(z,s) :=| .. . , x,s€0,L]
wh(s)  (w*)(s) (wF)*=2)(s)  wh(z)
We use functional (0., w) = w(z) and determinants:
<lew1> <L7€7w1>
D(L)[w] := ,
<L1awk> <Lkawk>
(L1, w') (Li, w') w' ()
D(L,6,)[w,G(-,8)] :=
(L, 0z)[w, G- 5)] Lt Dowh) wt)
(L1(-), G(;9))

<L1€(')7 G('v S)) G(CL‘, S)

We denote the linear space of solutions of equation (1) as S := {u € C™[0, L]:
Lu = 0}. Let us introduce new functions

O'[u](x) := D(Ly, .

5L171;6x5L1+177L’m)[u]5 Zzlvm (3)

The next lemma is valid.

Lemma 1 [see thesis, 1.4 lema]. Let {u',...,u™} be the basis of linear space S. Then
the next propositions are equivalent:

a) The functionals L1, ..., Ly, are linearly independent;

b) The functions 01, ..., 9™ are linearly independent;

¢) D(L) £ 0.

If the functionals L4, ..., L,, are linearly independent, and
D(Ll,...,Li,1,5z,Li+1,...,Lm)[u] f)z[u](a:) . _—
’Ul(ir) = = s z:l,m,
D(L)[u] D(L)[u]

then two bases {v!,...,v™} and {L,

.., Ly} are biorthogonal: (L;,v/) =7 i,j =T,m
Let us consider the finite set En = {&, &1,

--,gN} where 50 =0< 51 < e <
En-—1 <&v =L (N €N). The lines y = &, i = 0, N as well as y = z divide the square
[0, L]? into triangles and trapezoids: D}, D}, i = 0,N —1 (see Fig. 1(b)). We use this
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¥ y y g,
(0.L) (0.L) > o.L) y >

2 D' )

D, Gl 2 ‘ 0

1 u ) ||

: D, / D, NE 74

D, D e
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X l)xo X R:‘m D; X
(0,0 (L0) (0,0) (L,0) (0,0) X g (L,0)
(a) classical fundamental (b) generalized funda- (c)
solution mental solution

Figure 1. Domains of the fundamental solutions

notation for triangles and trapezoids with boundary, i.e., D}, D;, i = 0, N — 1 are closed

sets.

Definition 1 [see thesis, 1.2 apibrézimas]. The function g(z,y) defined on 0 <

xz,y < L is called the Generalized Fundamental Solution (GFS) of homogeneous dif-

ferential equation (1) if it has the following properties:

1.

g(x,y) has m partial derivatives in x in each figure D; and D!, i =0,N —1 and

x)

these derivatives are continuous in both x and y;

.g(z,y) (as a function of ) satisfies homogeneous equation (1) in each of those

figures, i.e., L.g(x,y) = 0;

. g(x,y) is continuous in each rectangle D’ UD;7 i =0, N — 1 and has partial deriva-

tives in = up to order m — 2 and derivatives are continuous in both z and y in these

rectangles;

. The equality

0" gly+0,y) 9" lgly—0,y) _
Oxm—1 Oxm—1

is valid for y € [0, L] \ En.

Definition 2 [see thesis, 1.3 apibrézimas]. A Generalized Fundamental Solution

G(z,y) of equation (1) is called Green’s function for problem (1)—(2) if it is satisfy-

ing (as a function of x) homogeneous additional conditions (2) for y € [0,L] \ =,

i.e.,

(Li@), Gz, y)) =0, i=1,...,m, y€[0,L]~ Zn.
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If Green’s function G(z,y) exists for problem (1)—(2) then its solution allows the

following integral representation:

L
u(z) = (G(z,y), / G(z
0
If functionals Lq,...,L,, are linearly independent then the following propositions
about Green’s functions are valid.

Lemma 2 [see thesis, 1.6 lema]. Green’s function for differential equation (1) with

homogeneous additional conditions (Li,u) =0, ..., (Ly,u) =0 is equal to:

G(z,s) = (6:(y) — L(y)v(=), G*(y, 5))

g ), Gy, s )>D(L1,...,Li_llj,(éz,)Li_;,_l,...,Lm)
(L1, u') e (Lm,u') u'(x)
__
DO | (Lyumy o (L™ un()
(L1(-),G°(-,8)) - (Lm(),G°(,8)) G°(w,s)
_ D(L,d,)[u,G(-, 5)]
D(L)[u] '

For the theoretical investigation of problems with nonlocal boundary conditions the
next result about relations between Green’s functions G*(x, s) and G”(z, s) of two inho-
mogeneous problems:

Lu = f, Loy = fa

“4)
(liyu)y =0, i=1,...,m, (Liyv)y =0, i=1,...,m,

is useful.

Theorem 1 [see thesis, 1.2 teorema]. The relations between Green’s functions G¥(x, s)

and G"(z, s) for problems (4) are:

GY(w,5) = (0a(y) — L(y)v(2), G"(y,9))

U w D(Ly,...,Lj 1,00, Lijx1,..., L)
(x,5) Z ), G"(y, s )> . D(L) ta

j=1
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<L17u1> <Lm7u1> ul(x)
-
DI | (Lyumy o (Lenw™) wm(a)
<L1(')7Gu('78)> <Lm(')7Gu('78)> GU(CC,S)
D(L,6,)[u, G*(-, 8)]
DDm] ©

Let us investigate Green’s function for the problem (1) with nonlocal boundary con-

ditions

Lu = u™ + o™ z)u™ D 4+t (@) + a(2)u = f(2), (6)

(Li,u) := (Ki,u) — vi(s,u) =0, i=1m. @)

We can write many problems with nonlocal boundary conditions (NBC) in this form,

where (k;, u) := (k;(x), u(z)) is a classical part, and (>, u) := (3¢ (x),u(x)), i =1,m, is

a nonlocal part of boundary conditions. For example, the functionals s;, i = 1, m, can

describe the multi-point (§; € [0,1], j = 1,m) or integral NBCs

Geu) =D > (Fu1(g)), <%,u>:/%(t)u(t)dt,
0

j=1k=1

and the functionals x;, i = 1, m, can describe the local (classical) boundary conditions.
If y1,...,%m = 0, then problem (6)—(7) becomes classical. Suppose that there ex-
ists Green’s function G°(z,s) for this classical case. Then, Green’s function exists

for problem (6)—(7) if ¥ := D(L)[u] # 0. For L; = k; — vi2, ¢ = 1,m, we de-

rive
9= Z H %flm% Ul),...,(%zlmli}n_am)). ®)
o1=0,..., om=0j5=1
If we define the matrices K = (kij), kij = (Kj,ui), N = (365), 25 = (5,us),

T := (7;8;), then the condition ¥ # 0 is equivalent to det(I — TNK™!) # 0. Since

(ki(-), G+, 8)) =0, i = 1,m, we can rewrite formula (5) as

G(Ia S) = GC](:E? S) + Z’Yj<%j (y)a GCl(yv S)>vj (I) )

j=1

The main results of this section are published in [A3,A5,A8].
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Chapter 2. The Application of Green’s Function to the Second-Order

Differential Problems with Nonlocal Boundary Conditions

In the second chapter the results of the first chapter are applied to the second-order

differential problem:

—(p(x)u") + q(z)u = f(x), (10)
<L17u> = g1, <L2,’LL> = g2- (11)

We investigate the differential equation —u” = f(x), x € (0,1) with various type of

nonlocal boundary conditions:

w(0) =nu(&), ul)="r2u(&); u'(0) =nu(é), u(l)=r2ul);

w(0) =nu(&), u(l)=12u(&); w'(0) = mu(é), (1) =r2u/(&);
w(0) =nu' (&), u(l)=12u(s) w(0) = mu'(§1),  w(l) =2u(S2);

w(0) =nu' (&), u(l)=2u/(&) w(0) = mu'(§1),  w(l) =20/ (&2);
w(0) =nu(&), v'(1) =r2u(); w(0) =mu(&), (1) =r2u'(&);
w(0) =nu(&), u(1) =720 (&); W'(0) =nu' (&), w'(1) =r2u(é2);
w(0) =mnu'(&), u'(1) =2u(2); u'(0) =nu(&), (1) =ru(é);
w(0) =nu'(&),  u(1) =20 (&); w'(0) = mu'(§1),  w(1) = y2u'(&);

1 1
u0) = [a(@ul)do, u(v) =2 [ asle)uto)
0 0

where a1, € L1(0,1). Also, the examples with the differential operators Lu := —u" +u,

Lu:=—u" —wu, Lu:=—u" — 1+z2u are presented.

For these problems we can find the fundamental system for homogeneous equation.
In all cases we find Green’s function, expressing it either via Green’s function for problem
with initial conditions (see Lemma 2), or via Green’s function for problem with classical
boundary conditions, when v; = 72 = 0 (see formula (9)).

The main results of this section are published in [A1,A2,B1].
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Chapter 3. The Second-Order Discrete Problem

The differential equation of the second chapter can be approximated by the difference

equation
Lu = afui+2 + G%Ui_l,_l + a?ui = fi, (12)

where a2, a® # 0, which is investigated in the third chapter.
Let X = {0,1,...,n}, X = {0,1,...,n — 2}. In discrete case, the notation and

definition are as follows:

up U ul ul

[u]i; = [ul,u2]” =l . 7). Dlul;; = det[u',u lij=1" "
2 1 1
U _ us_ Ui U=

W[“’]] ="’ ' I ="’ ' = D[u]j—l,ja J = 17 y 1y
1 2 2 2 k

u; u; ui_y o u

V[U]” — [ ]J+1,’L _ [ ]J+1,z . ic X, ] _ _170, 1,...n— 2,

Wiuljr2  Dlu]jt1,542
when Wiulj12 # 0. We define V{u); n—1 = Viuly =0, i € X. Note that V{u];j41,; =0,
Vu]jro; = 1for j € X. For the functionals f = (f1, f2) and the functions w = [w", w?],

we define the determinant:

<f17w1> <f27w1>
<f17w2> <f27w2>

D(f)lw] :==

We introduce a function G¢ € F(X x X):
ng = Hi_vaij/a?, where Hl =
We consider the solutions of homogeneous equation (12). Let S C F(X) be a two-
dimensional linear space of solutions. We investigate additional equations:
<L17u> :Oa <L27u> :Oa S Sa (13)

where Li, Lo are linearly independent linear functionals and we use the notation

L = (L1, Ly). We introduce new functions

o} := D(6;, L) [u], v? := D(Ly,6;)[u). (14)

K2
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Lemma 3 [see thesis, 3.3 lema]. Let {u',u?} be the basis of the linear space S. Then

the following propositions are equivalent:

a) The functionals Ly, Lo are linearly independent;
b) The functions v, v* are linearly independent;
¢) D(L)[u] # 0.

Suppose that X, := X = {0,1,...,n}, F(X) = {u | v : X — K} be a lin-
ear space of real (complex) functions. Let A : F(X,) — F(X,-m) = ImA and
B : F(X,) = F(Xp—ntm) be linear operators, 0 < m < n. Consider the operator
equation Au = f, where u € F(X,,) is unknown and f € F(X,,_,,) is given, with the
additional operator equation Bu = 0.

If the solution of the problem Au = f, Bu = 0 allows the following representation:
j=0

then G € F(X, x X,,_n) is called discrete Green’s function of operator A with the
additional condition Bu = 0. Green’s function exists, if Ker A N Ker B = {0}. For
m=2 u; = Z?;OQ Gijfj, 1€ Xy

Lemma 4 [see thesis, 3.5 lema]. Green’s function for problem (12) with homogeneous
additional conditions (Li,u) = 0, (La,u) = 0, where the functionals Ly and La are
linearly independent, is equal to:

D(L, 6;)[u, G¢ ]

A 17 4]

ieX, jeX.
For the theoretical investigation of problems with NBCs, the next result about the
relations between Green’s functions G and G7; of two nonhomogeneous problems
Lu = fu Ly = fu

15)
<lmau>:07 m:1527 <Lmav>:07 m:1527

is useful.

Theorem 2 [see thesis, 3.2 teorema]. If Green’s function G* exists and functionals

L1 and Lo are linearly independent, then

T TR

ieX, jeX. (16)
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Let us investigate Green’s function for the problem with nonlocal boundary conditions

Lu = a?uHQ + a%qu + a?ui =fi, 1€X, (17)
(L1, u) = (k1,u) — 11 (3a,u) =0, (13)
(La,u) := (Ko, u) — y2(s2,u) = 0. (19)

We can write many problems with nonlocal boundary conditions (NBC) in this form,
where (K, u) == (k% u;), m = 1,2, is a classical part, and (s, u) := (3¢ u;), m = 1,2,
is a nonlocal part of boundary conditions.

If 41,72 = 0, then problem (17)-(19) becomes classical. Suppose that there exists
Green’s function ijl for the classical case. Then Green’s function exists for problem

(17)—(19), if ¥ := D(L)[u] # 0. For Ly, = K — Ymm, m = 1,2, we derive
U = D(k1 - k2)[u] — 11D (50 - k2)[u] — 2D (k1 - 322)[u] + 7172 D (521 - 522)[u].

Since (kF Gilj) =0, m = 1,2, we can rewrite formula (16) as

. 4D, L 1 D(L1,6;
G = G5+ et ) P05 P2 s ) PR
(Ly,ut) (Lo, ut) ul
1
=3 (Ly,u?) (Lo, u?) u? | (20)

—71 (3, G%) —y2 (5, G%) GS

The main results of this section are published in [A4].

Chapter 4. The m-Order Discrete Problem

In this chapter the results of the third chapter are generalized. We consider the m-order

discrete problem with m additional conditions
agnuier—l—'-'—l—a?uHQ—l—a}qu—I—a?ui:fi, ieX:{O,l,...,n—m}, (21)
(L,uy=g1 €K, ..., (Lm,u)=gm €K (22)
The expression of the solution and Green’s function for this problem are formulated; also

the relation between two Green’s functions for two problems with the same equation, but

with various linear conditions, is given.
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Let L = (L1,...,Ly,). We consider a determinant D[u]; : X™ — K:

u;l/‘l .. u;l/‘m
Dlu); = det[u]; = det[u', ..., u™] i =
gy ui,

The Wronskian determinant Wu]; and similar determinant Wu];; in the theory of

difference equations are denoted as follows

1 m
U iy o U
W[U]J = 1 :D[u]j_m+1)~~~;j7 -7 :m_17"'7n7
m
Uj—1 tj—1
1 m
U uj
1 m
Uj—m+1 Uj—m+1
Wlul; = ) L ieX, j=m—1,...,n+1
m
Uj_q . uity
1 m
u; o U

Let (if W[u)j4m # 0)

W lu)i jom

, 1€X,je—-1,....n—m.
W[u]j-i-m

Viujij :=

We define Viulipn—r =0, k = 0,...,m —1, i € X. Note that V{u|j4r; = 0, k =
L...,m—1, V[uljym,; =1 for j € X.
We introduce a function G¢ € F(X x X):

ng = Hi,jVij/a}”.

Lemma 5 [see thesis, 4.2 lema]. Green’s function for problem (21) with the homoge-
neous additional conditions (Ly,u) =0, ..., (Lpy,u) = 0, where functionals Ly, ..., Ly,

are linearly independent, is equal to

[ S
T sJ
Gij = D i€ X, jeX. (23)
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For the theoretical investigation of problems with NBCs, the next result about the

relations between Green’s functions G} and G7; of two nonhomogeneous problems

;C:, ,C:,
u=f v=f o

(lg,uy =0, k=1,...,m, (Lg,v) =0, k=1,...,m,
is useful.

Theorem 3 [see thesis, 4.2 teoremal]. If Green’s function G* exists and the function-

als Ly, ..., Ly, are linearly independent, then

D(L, 8;)[u, G,
oy D).

D(L)[u]
<L1, U1> ce <Lm7 ’U,1> uzl
__
D] | (Ly,umy oo (Lypyu™)  ul
(LY, Gy) - (L, Gyy) G

D(6i,La, ..., Ln)
D(L)

=Gy — (L1, Gyy)

ok DL, L1, 6))
<Lm’ kj> D(L) )

ieX, jeX. (25)

Let us investigate Green’s function for the problem with nonlocal boundary condi-

tions

Lu = a Uiy + -+ ajuiy + afu; = fi, i€ X, (26)

(L, u) == (kj,u) —y(3q,u)y =0, 1=1,m. 27)

We can write many problems with nonlocal boundary conditions (NBC) in this form,
where (k,u) := (k},u;), | = 1, m, is a classical part, and (3, u) := (3¢, u;), | = 1,m, is
a nonlocal part of boundary conditions (BC).

Ifv1,...,%m = 0, then problem (26)—(27) becomes classical. Suppose that there exists
Green’s function ijl for the classical case. Then Green’s function exists for problem
(26)—(27), if ¥ :== D(L)[u] # 0. For L; = r; — 34, | = 1,m, we derive that

1
= Z 7{1V%R‘D(((l_.yl)"il_.yl}fl)a7((1_]m)’$m_]m%m))[u]

Jiseesim=0
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Since (7, Gilj) =0, 1 =1, m, we can rewrite formula (25) as follows:

Gij = G +m (o, Gilj>D(5i’L2;9' k)
Fn{ods, gy P Em1:00)
(Lq,ut) (L, ub) ul
_ ! ' 08)
Ul (L™ (Lpeu™) wl
(e, Gy G G

The main results of this section are presented in [A9].

General conclusions

1. The m-order linear nonhomogeneous differential and discrete equations with various
conditions are analyzed. The expressions of the solutions and Green’s functions for these
problems are obtained.

2. The independence of linear functionals is necessary and sufficient condition for the
existence of Green’s function for the problem which conditions are written with linear
functionals.

3. Green’s functions for problems with the same equation are related to each other.
If the fundamental system of homogeneous equation and Green’s function are known,
then Green’s function of the other problem with the same equation can be expressed via
Green’s function of the first problem.

4. The formulae can be applied to a very wide class of problems with nonconstant
coefficients and various boundary conditions as well as nonlocal boundary conditions.

5. The expressions and relations for Green’s function are the same in both differ-
ential and difference cases. The conditions of the existence of Green’s function are also

formulated in the same way.
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GRYNO FUNKCIJOS UZDAVINIAMS SU NELOKALIOSIOMIS KRASTINEMIS
SALYGOMIS

Problemos formulavimas

Disertacijoje tiriamos antros ir m-tosios eilés diferencialiniy ir diskreciiyjy lygciuy su jvai-
riomis salygomis, kurios yra aprasytos tiesiskai nepriklausomais tiesiniais funkcionalais,
Gryno funkcijos. Didelis démesys skirtas uzdaviniams su nelokaliosiomis krastinémis

salygomis.

Darbo aktualumas

Diferencialiniy lygciy teorijoje pagrindinés savokos buvo suformuluotos tiriant klasikines
matematineés fizikos uzdavinius. Taciau Siuolaikinés problemos skatina naujy uzdaviniy
formulavima ir tyrima, pavyzdziui, nelokaliyjy uzdaviniy klasé. Nelokaliosios salygos
atsiranda tada, kai negalima tiesiogiai iSmatuoti duomeny nagrinéjamo uzdavinio srities
kraste. Siuo atveju formuluojami uzdaviniai, kuriuose sprendinio ir / arba jo ivestinés
reikSmeés susijusios keliuose taskuose ar istisame intervale.

1963 m. J. R. Kenonas nagrinéjo uzdavinj, kuris dabar vadinamas nelokalivoju (termi-
na nelokaliosios krastinés sqlygos, pirma sykj panaudojo N. I. Jonkinas 1977 m.). Panasy
uzdavinj tyré L. I. Kamyninas 1964 m. Vieni i$ pirmuyjy nelokaliuosius krastinius uzda-
vinius 1969 m. nagrinéjo A. A. Samarskis ir A. V. Bitsadzé. Jy vardais pavadintos tam
tikros nelokaliosios salygos vienamaciu atveju (t. y. Bitsadzés ir Samarskio salygos). Di-
ferencialines lygtis (pavyzdziui, paprastaja, elipsing, paraboling, ir kitas) su jvairaus tipo
nelokaliosiomis salygomis nagrinéjo mokslininkai: Iljinas, Moisejevas, Jonkinas, Gulinas,
Vebas, Infanté ir kt. Lietuvoje tokius uzdavinius tyré Sapagovas, Ciegis, Stikonas ir ju

mokiniai.
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Sioje disertacijoje tiriami antros ir aukstesnés eilés diferencialiniy ir diskreciyjy lyg-
¢iy su jvairiomis salygomis (pavyzdziui, su pradinémis, krastinémis arba nelokaliosiomis
salygomis) Gryno funkcijos.

Matematikoje Gryno funkcija naudojama sprendziant nehomogenines lygtis atsizvel-
giant | krastines salygas. Tiesiniy paprastyjy ir daliniy isvestiniy diferencialiniy lygéiy
teorijoje Gryno funkcija atlieka svarby vaidmenj. Jos pagalba galima rasti staciona-
riyjy ir nestacionariyjy uzdaviniy sprendinius, istirti sprendiniy egzistavima ir vienat;j.
Gryno funkcijos taikomos elektrostatikoje (Puasono lygties sprendimas), kondensuoty-
ju medziagy teorijoje (difuzijos lygties sprendimas), kvantinéje mechanikoje (Sredingerio
lygties sprendimas).

Uzdaviniy su klasikinémis krastinémis salygomis Gryno funkcijas nagrinéjo V. S. Vla-
dimirovas, U. M. Aseris, R. M. M. Matteijus, R. D. Raselas, I. Stakgoldas, D. G. Dafis.
Be to, A. A. Samarskis, E. S. Nikolajevas ir A. V. Gulinas tyré diskrec¢iyjy uzdaviniy
Gryno funkcijas.

Pusiau tiesiniy uzdaviniy (desinioji diferencialinés lygties pusé netiesiskai priklauso
nuo ieskomosios funkcijos, o kairioji yra tiesinis diferencialinis operatorius) su nelokalio-
siomis krastinémis salygomis tyrimas ir teigiamy sprendiniy egzistavimas remiasi tiesiniy
uzdaviniy su nelokaliosiomis krastinémis salygomis Gryno funkcijos tyrimu.

Antros ir aukstesnés eilés krastiniy uzdaviniy su jvairiomis nelokaliosiomis krastiné-
mis salygomis Gryno funkcijas konstravo D. R. Andersonas, G. Infanté, L. X. Truongas,
J. R. L. Vebas, B. Jangas, Z. Zao ir kiti mokslininkai. Siuose darbuose autoriai nagriné-
jo sprendiniy egzistavima ir vienatj, naudodami jvairus metodus: apatinio ir virSutinio
sprendimo metoda; Krasnoselskio nejudamojo tasko teorema; Averio ir Petersono ne-
judamojo tasko teorema; Leréjaus ir Sauderio pratesimo principa; Legeto ir Viljamso
nejudamojo tasko teorema.

Sios disertacijos pirmajame skyriuje nagrinéjama m-tosios eilés tiesiné diferencialinée
lygtis su jvairiomis salygomis, kurios gali biiti ne tik klasikinés, bet ir nelokaliosios. Sios
salygos formuluojamos nepriklausomy tiesiniy funkcionaly pagalba. Taip pat pirmaja-
me skyriuje iSvesta formulé, apibendrinanti uzdaviniy su neklasikinémis ir klasikinémis
krastinémis salygomis sarysj.

Antrajame skyriuje suformuluota antros eilés diferencialiné lygtis. Pirmojo skyriaus

rezultatai pritaikomi siam uzdaviniui. Pateikiami pavyzdziai, kuriuose pavaizduota, kaip
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konstruojama uzdaviniy su jvairiomis nelokaliosiomis krastinémis salygomis Gryno funk-
cija.

Pirmojo ir antrojo skyriaus nagrinéjamas diferencialines lygtis galima aproksimuoti
baigtiniy skirtumy lygtimis. Treciajame skyriuje tiriama antros eilés diskrecioji lygtis su
dviem salygomis.

Ketvirtajame disertacijos skyriuje apibendrinti treciojo skyriaus rezultatai m-tosios

eilés diskreciajai lygciai su jvairiomis salygomis.

Tyrimu objektas

Disertacijos tyrimo objektas — diferencialinés ir diskreciosios lygtys su jvairiomis saly-
gomis, siy uzdaviniy sprendiniai ir Gryno funkcijos, ju egzistavimo salygos ir rezultaty

pritaikymas uzdaviniams su nelokaliosiomis krastinémis salygomis.

Darbo tikslas ir uzdaviniai

Disertacijos tikslas — iStirti tiesinius diferencialinj ir diskretyji uzdavinius su jvairiomis
salygomis, uzrasyti nehomogeninés lygties sprendiniy israiskas, kai zinoma fundamen-
talioji sprendiniy sistema, rasti Gryno funkcijas, taip pat nustatyti sarysj tarp dvieju

Gryno funkcijy uzdaviniams su ta pacia lygtimi ir skirtingomis salygomis.
Siekiant numatyto tikslo buvo sprendziami Sie uzdaviniai:

e isStirti homogeninés lygties sprendiniy tiesinge erdve;

e isStirti nehomoheniniy diferencialinio ir diskreciojo uzdaviniy sprendinius su ta pacia
lygtimi, bet su skirtingomis salygomis;

o surasti diferencialinio ir diskreciojo uzdaviniy Gryno funkcijas ir ju egzistavimo sa-
lygas;

e istirti dviejy diferencialiniy arba diskreciyju lygciy su skirtingomis salygomis Gryno
funkcijas;

o pritaikyti gautus rezultatus uzdaviniams su nelokaliosiomis krastinémis saly-
gomis;

o palyginti diferencialinio ir diskreciojo uzdaviniy rezultatus.
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Tyrimuy metodika

Disertacijos pagrindiniy formuliy iSvedimui buvo taikomas konstanty varijavimo metodas.
Naudojant sj metoda ir determinanty savybes, galima surasti Gryno funkcijas diferen-
cialinéms ir diskreciosioms lygtims su kintamais koeficientais ir jvairiomis krastinémis
salygomis. Taip pat darbe aprasyti tiesiniai funkcionalai ir funkcionaliniai determinan-
tai, kuriy savybémis buvo naudojamasi. Braizant grafikus, buvo naudojamas ,MAPLE"

programy paketas.

Darbo mokslinis naujumas ir jo reikSmé

Tiriant antros ir aukstesnes eilés (tiek tiesiniy, tiek netiesiniu) uzdaviniy sprendiniy egzis-
tavima ir vienatj, dazniausiai konstruojama Gryno funkcija tiesiniam uzdaviniui. Beveik
visais atvejais Gryno funkcija ieskoma uzdaviniui, kuris yra sios disertacijos uzdavinio
atskiras atvejis.

Sioje disertacijoje nagrinéjamos Gryno funkcijos uzdaviniams su bet kokiomis tiesi-
némis salygomis. Rasta butina ir pakankama Gryno funkcijos egzistavimo salyga. Taip
pat gautas Gryno funkcijy sarysis, kuris padeda istirti Gryno funkcija uzdaviniui su nelo-
kaliosiomis krastinémis salygomis, zinant Gryno funkcija uzdaviniui su pradinémis arba
klasikinémis krastinémis salygomis. Dazniausiai jvairiose monografijose ir straipsniuose
tokio tipo formulés buvo gautos uzdaviniui su klasikinémis krastinémis salygomis, bet
siame darbe jos yra iSvestos uzdaviniui su bet kokiomis (tiesinémis) salygomis. Tokiu
budu, mes galime uzrasyti Gryno funkcijos israiska uzdaviniui su jvairiomis (pavyzdziui,
nelokaliosiomis) salygomis, jei zinomos homogenines lygties fundamentalioji bazé ir uz-
davinio su kitomis (pavyzdziui, klasikinémis) salygomis Gryno funkcija. Gautus rezul-
tatus galima pritaikyti uzdaviniams su nelokaliosiomis krastinémis salygomis (ir ne tik

tokioms).

Darbo rezultaty praktiné reikSmé

Disertacijos gauti rezultatai gali buti panaudojami sprendziant tiesines diferencialines
arba diskreciasias lygtis su jvairiomis (pavyzdziui, pradinémis, krastinémis, nelokaliosio-
mis) tiesinémis salygomis, o taip pat tiriant sprendiniy egzistavima, vienatj ir ju savy-

bes.
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Ginamieji teiginiai
o Butina ir pakankama Gryno funkcijos egzistavimo salyga.

e Antros ir m-tosios eilés diferencialinio ir diskreciojo uzdaviniy su jvairiomis tiesinémis

salygomis Gryno funkcijy israiskos.
o Gryno funkcijos sarysis su Gryno funkcija uzdaviniui su pradinémis salygomis.
e Uzdaviniy su ta pacia lygtimi, bet su skirtingomis salygomis, Gryno funkcijy sarysis.

o Taikymai uzdaviniams su nelokaliosiomis krastinémis salygomis.

Disertacijos struktira

Disertacija sudaro jvadas, 4 skyriai, iSvados, literaturos sarasas ir autorés publikacijy
disertacijos tema sarasas. Bendra disertacijos apimtis — 129 puslapiai, 4 grafikai, 4 lente-
lés. Disertacijos rezultatai skelbti 9 publikacijose. 1 publikacija priimta spaudai Lietuvos
periodiniame recenzuojamame leidinyje. Sia tema skaityta 9 pranesimai mokslinése kon-
ferencijose.

Sios disertacijos pirmajame skyriuje nagrinéjama m-tosios eilés diferencialiné lygtis
su jvairiomis (iskaitant ir nelokaliasias) salygomis. Antrajame skyriuje pirmojo skyriaus
rezultatai pritaikyti antros eilés diferencialiniam uzdaviniui. Pateikiami pavyzdziai, ku-
riuose demonstruojama kaip konstruoti Gryno funkcija uzdaviniams su jvairiomis nelo-
kaliosiomis krastinémis salygomis. Antros eilés diferencialines lygtis galima aproksimuoti
diskreciosiomis lygtimis, kurios nagrinéjamos treciajame skyriuje. Treciojo skyriaus re-
zultatai apibendrinti ketvirtajame skyriuje. Siame skyriuje nagrinéjamas m-tosios eilés

diskretusis uzdavinys su jvairiomis salygomis.

Bendrosios iSvados

1. ISanalizuotos m-tosios eilés tiesinés nehomogeninés diferencialiné ir diskrecioji
lygtys su jvairiomis salygomis. Gautos Siy uzdaviniy sprendiniy israiskos ir Gryno funk-
cijos.

2. Tiesinio nehomogeninio uzdavinio, kurio salygos uzrasomos tiesiniais funkciona-
lais, butina ir pakankama Gryno funkcijos egzistavimo salyga yra ty funkcionaly tiesinis

nepriklausomumas.
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3. Gryno funkcijos uzdaviniams su ta pacia lygtimi yra susietos sarysiu. Jei zinome
vieng Gryno funkcijg ir homogeninés lygties fundamentaliaja sistema, tai kito uzdavi-
nio su ta pacia lygtimi, Gryno funkcija galima iSreiksti per pirmojo uzdavinio Gryno
funkcija.

4. Formulés gali buti pritaikytos placiai uzdaviniy klasei su nepastoviais koeficientais
ir jvairiomis krastinémis salygomis, tame tarpe su nelokaliosiomis krastinémis salygo-
mis.

5. Gautos Gryno funkcijy formulés yra vienodos tiek diferencialiniu, tiek diskreciuoju

atvejais. Gryno funkcijy egzistavimo salygos irgi formuluojamos vienodai.
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