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Introduction
Research area

The methods of global optimization are used for problem solving in
such fields as computational chemistry and biology, biomedicine, operation
research, economics, engineering design and management as well as
numerous other engineering and applied sciences. One of the most
researched fields of global optimization is Lipschitz optimization which is
based on the assumption that the objective function satisfies the Lipschitz
condition. The multidimensional methods of Lipschitz optimization are
less researched than the one-dimensional methods both theoretically and
practically. These methods usually use rectangular partitions and simply
calculated Lipschitz bounds. Less attention is paid to the simplicial
partitions and the development of bounds. Therefore, the research area
of this work is the multidimensional simplicial algorithms of Lipschitz
optimization that use aggregate Lipschitz bounds with various norms.

Topicality of the work

The rapidly developing information technologies and the progress
of computer technology allow solving the steadily increasing number of
complex optimization problems, the solvability of which has been nearly
impossible until recently. The global optimization methods based on
the calculation of the Lipschitz bounds have been analyzed in thorough
detail and are widely applied in solving various optimization problems.
The application of these methods is determined by the fact that they
provide the same results every time, which is different in case of stochastic
optimization methods. The Lipschitz methods, contrary to the direct search
and stochastic methods, guarantee the precision of the found solution during
the finite (may as well be long) period of time. Moreover, differently from
the interval methods, these methods can be used in the "black box" situation.

However, if compared to other global optimization methods, the
Lipschitz methods have some important disadvantages as well. The
Lipschitz methods are usually based on the assumption that the Lipschitz
constant is known ahead of time, which is a rare case in solving
practical problems. Furthermore, the Lipschitz algorithms are slower than
some of the other global optimization algorithms. When the dimension
number n increases, the calculation scope of Lipschitz algorithm increases
exponentially.



Therefore, the main part of the present dissertation work is devoted to
the creation of improved bounds that determine faster Lipschitz algorithms.
Also, an important part of the dissertation focuses on the implementation
and evaluation of the proposed effective parallel versions of the algorithms,
executed with the purpose of solving larger optimization problems.

Research object

The research object of the work is as follows:

o Lipschitz global optimization multidimensional algorithms with
simplicial partitions;

o Application of parallel computer systems in global optimization.

The aim and tasks of the dissertation

The aim of the thesis is to modify the existing algorithms of the Lipschitz
global optimization in the multidimensional case and to propose new ones
in order to solve optimization problems faster and more precisely, also using
the parallel computer systems to solve more complex optimization problems.
The following tasks were formulated in order to reach the aim:

1. To review the existing global optimization algorithms and to define
the algorithm group which is to be researched;

2. To investigate how the results of optimization are influenced by
various norms and their corresponding Lipschitz constants used to
form the Lipschitz bounds.

3. To use simplicial partitions in order to create:

o Corrected trivial Lipschitz bounds which use various norms and
their corresponding Lipschitz constants.

o The Piyavskii type Lipschitz bounds which are obtained when
solving linear equation systems in multidimensional cases.

e The Lipschitz bounds based on the radius of the circumscribed
multidimensional sphere.

o Aggregate Lipschitz bounds composed of a few different Lipschitz
bound types with various norms.

4. To create sequential and parallel simplicial branch and bound
algorithms of Lipschitz optimization with proposed bounds.
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5. To compare the efficiency of the created algorithms using various
proposed Lipschitz bounds.

6. To compare the achieved results with the other well known Lipschitz
optimization algorithms.

7. To investigate the efficiency of the created sequential and parallel
algorithms using various selection strategies: best first, breadth first,
depth first and statistical.

8. To compare the efficiency of the created parallel algorithms intended
for the shared and distributed memory computers.

Scientific novelty

According to the results of the theoretical and experimental
investigations, the Lipschitz optimization results are influenced by the used
norms and their corresponding Lipschitz constants. On the basis of the
obtained results, it was proposed to use several norms instead of one
particular norm and combine the bounds of different types with various
norms when calculating the trivial Lipschitz bounds. This way, more precise
Lipschitz bounds are obtained without calculating the objective function in
additional points.

When using the first norm, it was proposed how to calculate the
Piyavskii type bounds in solving the linear equation systems instead of
quadratic equations in case of the Euclidean norm.

In the case of the Euclidean norm, a new Lipschitz bound based on the
radius of a circumscribed multidimensional sphere was proposed.

The efficiency of the proposed simplicial branch and bound algorithm
was tested using various proposed Lipschitz bounds and then compared to
the other well known Lipschitz algorithms.

The algorithm efficiency was investigated depending on the used
selection strategy (best first, breadth first, depth first and statistical)
according to the criteria of number of function evaluations, optimization
time, total number of elements and maximal size of candidate list.

Parallel implementations of the proposed sequential algorithm were
created for the shared memory (using the OpenMP standard) and the
distributed memory (using the MPI standard) computers.

The software was developed based on the created algorithms:

o Sequential version:
http://www.gridglobopt.vgtu.lt/files/AT _Projekto__
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http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBSequential/Examples/SimplicialBBSequential/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBSequential/Examples/SimplicialBBSequential/

Ataskaita/BranchBoundTemplate/BBSequential /Examples/
SimplicialBBSequential /

Parallel version intended for the shared memory computers:
http://www.gridglobopt.vgtu.lt /files/AT _Projekto__
Ataskaita/BranchBoundTemplate/BBParallel /Examples/
Simplicial BBOpenMP/

Parallel version intended for the distributed memory computers:
http://www.gridglobopt.vgtu.lt /files/AT _Projekto__
Ataskaita/BranchBoundTemplate/BBParallel /Examples/
SimplicialBBParallel/

Defended propositions

1.

More precise bounds are obtained when using the aggregate Lipschitz
bounds composed of different bounds with various norms; due to
this, the optimization algorithms are accelerated.

Calculation of the Piyavskii type bounds using the first norm enables
the replacement of the quadratic equation system solving into the
linear equation system solving.

The Lipschitz bounds which are based on the radius of a
circumscribed multidimensional sphere are most frequently better
than the ones usually used in the branch and bound algorithms.

. There is no one particular selection strategy which could be used to

obtain the best optimization results according to all of the researched
criteria.

After vertex verification, the number of function evaluations
decreases considerably and the efficiency of the parallel algorithm
intended for the shared memory computers increases.

The number of function evaluations of the parallel algorithm
intended for the distributed memory computers with the best found
function value interchange or without it differ only slightly.

The scope of the scientific work

The present dissertation consists of an introduction, three main parts
and the general conclusions. The appendixes of the paper include a list
of used notations and abbreviations, the optimization problems used in the
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http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBSequential/Examples/SimplicialBBSequential/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBSequential/Examples/SimplicialBBSequential/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBSequential/Examples/SimplicialBBSequential/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBParallel/Examples/SimplicialBBOpenMP/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBParallel/Examples/SimplicialBBOpenMP/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBParallel/Examples/SimplicialBBOpenMP/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBParallel/Examples/SimplicialBBParallel/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBParallel/Examples/SimplicialBBParallel/
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_Ataskaita/BranchBoundTemplate/BBParallel/Examples/SimplicialBBParallel/

experimental researches, glossary, index and the list of references. The scope
of the paper is 134 pages including 20 pictures, 15 tables and 5 algorithms.
The list of references consists of 135 literature sources.

1. Global Optimization Methods

In this chapter, we give a description of the dissertation topics and
review of the main results, obtained by other researchers.

Many problems in engineering, physics, economics and other fields may
be formulated as optimization problems, where the maximum value of
an objective function must be found. The standard global optimization
problem is to find f* such that

f* = max f(z),

where the objective function f(z),f : R™ — R, is a nonlinear function
of continuous variables, D C R" is a feasible region, n is the number
of variables. Besides the global optimum f* one or all global optimizers
x* ¢ f(z*) = f* must be found or shown that such a point does not
exist. In our cases, D is compact and f is a Lipschitz function, therefore
the existence of z* assured by the well-known theorem of Weierstrass. In
Lipschitz optimization only a point ., € D such that f(z,p:) differs from
f* by no more than a specified accuracy € can be found.

Branch and bound method

Branch and bound is a technique for the implementation of covering
global optimization methods as well as combinatorial optimization
algorithms. An iteration of a classical branch and bound algorithm processes
a node in the search tree representing a not yet explored subspace of the
solution space. The iteration has three main components: selection of
the node to process, branching of the search tree and bound calculation.
Branching is implemented by division of the subspaces. The algorithm
detects subspaces, which cannot contain a global optimizer, by evaluating
bounds for the optimum over considered subspaces. Subspaces which cannot
contain a global maximum are discarded from further search pruning the
branches of the search tree. The rules of selection, branching and bounding
differ from algorithm to algorithm.



Lipschitz optimization algorithms

Lipschitz optimization is one of the most deeply investigated subjects of
global optimization. A function f: D — R, D C R", is said to be Lipschitz
if it satisfies the condition

[f(z1) = f(z2)] < Lljay — 2o, Vi, 22 €D, (1)

where L > 0 is a Lipschitz constant, D is compact and ||-|| denotes a norm.

Convergent deterministic Lipschitz optimization methods fall into three
main classes. First, multivariate Lipschitz optimization can be reduced to
the univariate case. Following this idea, a nested optimization scheme and
filling the feasible region by Peano curve were proposed.

The second class contains direct extensions of Piyavskii’s method to the
multivariate case. Various modifications using the Euclidean or other norms
or close approximations have been proposed. Most of these algorithms can
be improved by interpreting them using branch and bound method.

The third class contains many branch and bound algorithms, but, in
general, considerably weaker bounds. These algorithms fit into the general
framework proposed by Horst (1986). The algorithms differ in the selection
rules, the ways subdivision is performed and bounds are computed.

In general, Lipschitz bounds belong to the following three families: ¢,
p1 and pe. The sharpest upper bound over sub-region I C D, given the
function values f(z;),z; € T, and the Lipschitz constant L, is provided by

(D) = max min {f(z;) + Ll|z — zil}- (2)

Many univariate algorithms use the bound ¢, where the set T is suitably
updated in an iterative way. The most studied of these methods is due
to Piyavskii. For (n > 2), however, problem (2) constitutes a difficult
optimization problem.
The branch and bound algorithms use considerably weaker bounds.
Let
(1) = max{||z1 — x2|| : 1,22 € I}

denote the diameter of I C D. For example, if I = {z € R" : a < z < b}
is an n-rectangle, then §(I) = ||b — al|, and if I is an n-simplex, then the
diameter §(I) is the length of its longest edge. Afterwards a simple upper
bound can be derived from (1):

pa(I) = min f(xi) + L(T), (3)
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where T C I is a finite sample of points in I, where the function values
of f have been evaluated. If I is a rectangle or a simplex, the set T often
coincides with the vertex set V(I). A tighter but computationally more
expensive bound than (3) is

x; €T

4i2(T) = min {fm) + Lmax||e - xin} . (4)

2. Lipschitz Optimization with Simplicial Partitions

Performance of the branch and bound algorithms depends on tightness
of bounds. Bounds may be estimated using convex envelopes, interval
arithmetic as well as the Lipschitz condition. In this chapter, improved
and new Lipschitz bounds with various norms over simplices are proposed.

Norms and their corresponding Lipschitz constants

The value of Lipschitz constant depends on the used norm. In Lipschitz
optimization the Euclidean norm is used most often, but other norms can
also be considered. In this section, we formulate a proposition in which we
present the dependence between Lipschitz constant and used norm.

Proposition 1. Let D C R™ be convex bounded closed set, and let f(x) :
D — R be continuously differentiable function on an open set containing D.
Then f(x) is Lipschitz function and V1,22 € D is a true inequality

|[f(z1) = f(22)| < Lyllz1 — 224,

where L, = max{||Vf(z)|, : = € D} is a Lipschitz constant and %—Fé =1,
1<pg=oo.

Corrected o type Lipschitz bounds with various [, norms

In this section, we investigate how the results of optimization are
influenced by the used norms and their corresponding Lipschitz constants
when po type bound (4) is used.

In one-dimensional case, all norms are equal. But in multidimensional
case evaluated bounds depend on the used norm. Investigations have shown,
that no single norm and their corresponding Lipschitz constant is the best
for all optimization problems and better results may be achieved when non
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Euclidean norms are used. Therefore, for better upper bound we propose
to use several norms: first and infinite instead of one particular norm:

1,00 . .
’ I = i 0o — Yill1, — Villoo .
Ho ( ) wl’élll’(ll) {f(’l) ) -+ min {L 12’1&%) ||£C v Hl L1 xl’en‘aﬁ) ||LE v || }}

The Piyavskii (p) type Lipschitz bound with the first norm

In this section, Piyavskii type bound (2) based on the first norm (¢?)
was proposed. In this case, the upper bounding function is the envelope of
n-dimensional pyramids and its maximum point is found by solving a system
of linear equations. In the case of the Euclidean norm, the upper bounding
function is the envelope of n-dimensional cones and its maximum point is
found by solving a system of quadratic and linear equations. Therefore, the
bound based on the first norm is less computationally expensive.

Let us formulate two propositions, which are used for evaluation of ¢?.

Proposition 2. If two n-pyramids F,, (x) = f(v1) + Lo ||z — v1]|;
and F,, (x) = f(v2) + Lo ||z — v2||; are defined and f(vi) > f(v2) then
the intersection of pyramids is contained in manifold of dimensionality n—1
defined by

Zd(vu, Vo) — M =0, (5)
i=1 o

where

122; — v — voi|  when vy < @y < vy
d (v14,v2;) = 0 when v1; = Vo
[v1i — vail when x; ¢ [v14, V2]

and all points x in the intersection are closer to the vertex vy than to v,
i.e.
llz = vill < [lz = vellr-

Proposition 3. The Piyavskii type Lipschitz bound with the first norm
! can be found solving a system of n linear equations.
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The Lipschitz bound based on the radius of the circumscribed
multidimensional sphere

Calculation of tight Lipschitz bounds usually is computationally
expensive. Therefore, it is important to investigate possibilities of bounds
tighter than p;(3) and p2(4), but computationally less expensive than ¢(2).
In this section, we propose new bound based on radius of the circumscribed
sphere and function values at vertices.

Proposition 4. Let I C R™ is an n-simplex, R(I) denote the radius of
the circumscribed sphere and V(1) is the vertex set. Then

V(1) = mex f(v) + LR(D),

overestimate f(x),Vz € I.

Sequential and parallel branch and bound algorithms with
simplicial partitions and various Lipschitz bounds

In this section, a sequential and parallel branch and bound algorithms
with simplicial partition and various Lipschitz bounds were proposed.

For simplicial branch and bound, the feasible region should be initially
covered by simplices. The most preferable initial covering is face to
face vertex triangulation - partitioning of the feasible region into finitely
many n-dimensional simplices, whose vertices are also the vertices of
the feasible region. We use a standard way of triangulation into n!
simplices. All simplices share the diagonal of the feasible region and
are of equal hypervolume. There are several ways to divide the simplex
into subsimplices. Experiments have shown, that the most preferable
partitioning is a subdivision of the simplex into two by a hyper-plane passing
through the middle point of the longest edge and the vertices which do not
belong to the longest edge. The lower and upper bounds for the maximum of
the function over a simplex are estimated using function values at vertices.
Proposed sequential branch and bound algorithm with simplicial partition
and various Lipschitz bounds is shown in Algorithm 1.

The solution of multidimensional Lipschitz optimization problem
requires a lot of computing time and memory resources. In this section, we
create a parallel OpenMP and MPI versions of proposed sequential branch
and bound algorithm.

Two OpenMP versions were implemented: with a new vertex point
verification in the global vertex set of all previously evaluated function values
at the midpoints of the longest edge and without it. If the function value at

13



Algorithm 1 Simplicial branch and bound with various Lipschitz bounds

1: Cover feasible region D by I < {I;|D = UI;,j =1,...,n! } using face-to-face vertex
triangulation

2: S+ @, LB(D) + —c©
3: while (I # @) do
4:  Choose I; € I using selection strategy, I <— I\{I;}
5. LB(D) + max{LB(D), max f(v)}
veV (I;)

6: S <« argmax{f(S), max f(v)}

veV(I;)
7 calculate UB(I;) using different proposed Lipschitz bounds
8: if (UB(1;) — LB(D) > ¢) then
9: Branch I; into 2 simplices: I;,, I,
10: H(—HU{Ijl,Ijl}
11: end if

12: end while

the new vertex point has not been evaluated before, then a function value
is evaluated. In the other case, the previously evaluated function value is
used to calculate bounds. Therefore, it is possible to reduce the number of
function evaluations avoiding several evaluations at the same point.

The OpenMP version of the parallel branch and bound algorithm is
shown in Algorithm 2. Data parallelism is used. The feasible region D is
subsequently divided into a set of simplices I = {I;}. In C/C++, OpenMP
directives are specified by using the #pragma mechanism provided by the
C and C++ standards. Directive “for” specifies that the iterations of the
loop immediately following it must be executed in parallel by different
threads. “schedule(static)” describes that iterations of the loop are evenly
(if possible) divided and then statically assigned to threads. The directive
“critical” specifies a region of code that must be executed by only one thread
at a time.

Two MPI versions with static load balancing were implemented using
a parallel branch and bound template developed at Vilnius Gediminas
Technical University: with interchange of the best currently found values
among processors and without it. When the template is used, only algorithm
specific rules should be described by the user and the standard parts are
implemented in the template.

Static load balancing is used: tasks are initially distributed evenly
(if possible) among p processors. Each parallel processor runs the same
algorithm, which is shown in Algorithm 3. The algorithm is very similar to
the sequential algorithm. The differences are:

14



Algorithm 2 Parallel (OpenMP) branch and bound with various Lipschitz bounds

1: Cover feasible region D by I +— {I;|D = UI;,j =1,...,n! } using face-to-face vertex
triangulation

2: S+ O, LB(D) + —oc0
3: while (I # @) do
4: k=
5: #pragma omp parallel private (UB)
6: #pragma omp for schedule (static)
7 for (j =0; j <=k; j++) do
8: Choose I; € I using selection strategy, I <— I\{I;}
9: #pragma omp critical (LB(D))
10: LB(D) < max{LB(D), max f(v)}
veV(I;)

11: #pragma omp critical (S)
12: S + argmax{f(S), max f(v)}

veV(I;)
13: calculate UB(I;) using different proposed Lipschitz bounds
14: if (UB(I;) — LB(D) > ¢) then
15: Branch I; into 2 simplices: I, I,
16: vertex verification
17: #pragma omp critical (I)
18: I=TU{I,;,I;}
19: end if

20: end for
21: end while

Algorithm 3 Parallel (MPI) branch and bound with various Lipschitz bounds
1: Cover feasible region D by I - {I;|D = UI;,j =1,...,n! } using face-to-face vertex
triangulation
: T evenly (if possible) divided among the p processors I = UI", |I"| ~ |I|/p
S" + @, LB(I") + —o0
while (I" # @) do
Choose I} € I" using selection strategy, I" < I"\{I}}
LB(I") + max{LB(I"), max f(v)}
'UGV(I;)

A

3

Interchange the best currently found value LB(I") among processors
8:  S" « argmax{f(S"), max f(v)}
'L}GV(I;)

9:  calculate U B(I;) using different proposed Lipschitz bounds
10:  if (UB(I}) > LB(I") +¢) then

11: Branch I” into 2 simplices: Ijr.l, I§2
12: Im=1u{1; 15 }
13:  end if e

14: end while
15: Collect S™

o Each processor covers one part of the feasible region. This is shown
symbolically T = UI", |I"| ~ |I|/p using division by the number of
Processors.

15



e The best currently found value of the objective function LB(I")
is local — processors do not interchange it. (in the other MPI
version processors interchange the best currently found values of
the objective function whenever they are found).

o After completion the results S” of the optimization are collected.
The best found solution is a numerical approximation of the global
solution.

3. Experimental Investigation of Lipschitz Optimization
Algorithms with Simplicial Partitions

In this chapter, the results of computational experiments are presented
and discussed. Various test problems (2 < n < 6) for global optimization
have been used in our experiments. The speed of global optimization has
been estimated using various criteria.

Computational comparison of various bounds

In this section, we have shown that, for dimension n = 2 test problems,
a proposed corrected Lipschitz bound based on 2 extreme (infinite and first)
norms ,u;’oo gives by 21% smaller number of function evaluations than the
bound based on the Euclidean norm 2, and, for dimension n > 3, proposed
improved bound based on 3 (infinite, Euclidean and first) norms:

P> = min {F(0) + K (VD) ©)

where
K(V(I)) =min { L — , L - , L — V|0
V(1) = min { Lo e o = ol o e o= ol Ly g o = ol |

gives 52% smaller number of function evaluations than in the case the
Euclidean norm is used alone.

In this section it has been shown, that the Piyavskii type Lipschitz
bound with the first norm ! gives better results for Lipschitz optimization
than that used as usual p}. Depending on the dimensionality of test
problems, the number of function evaluations is from 4% to 30% smaller
than with a simpler bound.
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The further investigation has shown that a aggregate Lipschitz bound
1,2,00 1 .
composed of a p; and ¢ bounds:

@ 13°° (1) = min { ! (1), 13D |

zel \veV(I)

—min e (min () + Loc o = o)) min, (700) + K/(VD)}}.

where
K'(V(I)) = min {Ll max ||z — v|| , Ly max ||z — v||2}
z€el z€l

yield better results. On average the numbers of function evaluations are

smaller by 9%, compared to py>°, and by 25% smaller compared to .

Computational comparison with the other well known
Lipschitz optimization algorithms

The purpose of this section is to compare the proposed simplicial branch
and bound algorithm with aggregate bound

Ui (1) = min {13 (1), ¥3 (1)}

and vertex verifications cplg/ﬂug’oo with other well-known algorithms for
Lipschitz optimization, described by Hansen and Jaumard (1995). Two
classes of algorithms are considered:

1. Algorithms using a single upper-bounding function, i.e. variants of
Piyavskii algorithm:

« Mladineo (Mla, 1986);
e Jaumard, Herrmann ir Ribault (JHR, 1995);
o Wood (Wood, 1991).
2. Branch and bound algorithms:
o Proposed simplicial branch and bound algorithm with aggregate
Lipschitz bound (@1@’00);
« Galperin (Gal85, Gal88);
« Pinter (Pint, 1986);
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Table 1. Comparison with the other well known Lipschitz optimization algorithms

No. Mla JHR  Wood ¢1¢2ug‘oo Gal85  Gal88 Pint MM GHJ

1. 320 323 5528 412 3553 1713 3807 1749 643
2. 80 80 2861 122 1036 577 1762 744 167
3. 2066 2066 70955 2551 24214 16089 28417 10839 3531
4. 6 6 157 5 106 73 1527 94 45
5. 41 41 209 36 430 217 907 424 73
6. 548 548 14740 691 7729 2929 7772 2684 969
7. - 5088 183759 6240 43123 34705 62917 22799 7969
8. 177 177 1403 212 2113 1289 2272 964 301
9. - 8838 309763 | 11049 57814 49873 88932 53549 13953
10. 673 673 18613 830 8508 5628 9022 3814 1123
11. 1613 1613 53348 1931 18235 12737 20312 9224 2677
12. - 8414 470200 8926 63088 56177 105572 45389 12643
13. - 9617 - 9855 65536 59049 109227 35949 15695
14. >460 >41700 -1 495711 5383113 3886897 - - 215061
15. >290 9363 - 1030 635909 347075 - - 24249
16. >290 >12000 -] 536761 | 15620627 - - - 1297205
17. >280 >14400 -1 229049 | 12481708 - - - 268279
18. >690 1309 - 3091 46411 23765 - - 3219
19. 446 445 - 4684 35463 18669 - - 7177

o Meewella and Mayne (MM, 1988);
o Gourdin, Hansen and Joumard (GHJ, 1994).

The comparison of algorithms is based on the number of function
evaluation criterion. The numbers of function evaluations are presented
in Table 1.

It is mentioned in Hansen and Jaumard (1995), that the results
for all algorithms may be obtained only when the required precision is
not too restrictive. Even so, some problems cannot be solved by some
algorithms in reasonable computational time and/or memory size. In the
experiments we apply the precision used in Hansen and Jaumard (1995).
The numbers of function evaluations are smallest, when the algorithms
of Mladineo and of Jaumard, Herrmann and Ribault are used. However,
these algorithms belong to the first class and require a longer computational
time. The branch and bound algorithms require larger numbers of function
evaluations, but much shorter computational time. The performance of the

proposed branch and bound algorithm with aggregate bound @11&2#3’00 is
similar to that of the best branch and bound algorithm (GHJ) and often it
is even better.
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Results of experiments with parallel algorithms

In this section, the results of the parallel computational
experiments are presented and discussed. Computational experiments
of both OpenMP algorithm versions were performed on the
parallel machine Ness at Edinburgh Parallel Computing Center
(http://www.epcc.ed.ac.uk/facilities/ness/).  Up to 16 processor-cores
have been used in the experiments.

The performance of both MPI algorithm versions were tested on a
cluster of personal computers (Vilkas cluster at Vilnius Gediminas Technical
University, http://vilkas.vgtu.lt/). Up to 16 Intel Core i7-860 cores have
been used in the experiments.

The parallel versions of the algorithms were evaluated using a commonly
used criteria of parallel algorithms: speedup s, = t1/t, and efficiency
of parallelization e, = s,/p, where t, is time used by the algorithm
implemented on p processors.

Optimization of some problems takes less than a second on a single
processor. It is not worthwhile to parallelize the solution of such problems.
Therefore, in the parallel experiments only more difficult test problems
(with a solution time on a single processor of more than 1 s) are used.
The number of function evaluations is smallest for the OpenMP version
with vertex verification. However, the optimization time is also largest
using OpenMP version with vertex verification. The number of function
evaluations and optimization time is very similar when using the OpenMP
version without vertex verifications and the MPI version.

For most test problems the number of function evaluations using the
MPI version with interchange of the best currently found function values
are very similar compared with the MPI version without interchange. For
some test problems the number of function evaluations using MPI with
interchange are up to 5% smaller than that using MPI without interchange.
However, the optimization time using MPI with interchange is almost always
bigger than for MPI without interchange and is on average about 10% larger.

The diagrams of criteria of parallelization: speedup s, and efficiency
ep for various numbers of processors and various dimensionality (n) of test
problems are shown in Figs. 1-2. The diagrams show, that the efficiency
of parallelization for all parallel versions of algorithm is better for higher
dimensionality test problems (n > 5) and much better efficiency is achieved
using the MPI versions. The possible reason of this is that significantly less
time is spent on communications. The efficiency of parallelization decreases
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Fig 1. Speedup and efficiency of parallel OpenMP version (with vertex
verification — (a), (b); without vertex verification — (c), (d))

less when the number of processors is increased for difficult test problems
compared with simpler test problems.

Ezxperimental investigation of selection strategies

Node selection rules influence the efficiency of the branch and bound
algorithm and the number of nodes kept in the candidate list. The goal
of this section is to experimentally investigate the influence of selection
strategies to a sequential and parallel algorithms.

The main strategies of selection are:

e Best first — select a candidate with maximal upper bound. The
candidate list can be implemented using heap or priority queue.

o Depth first — select the youngest candidate. A node with the largest
level in the search tree is chosen for exploration. A FILO structure is
used for the candidate list which can be implemented using a stack.
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Fig 2. Speedup and efficiency of parallel MPI version (without interchange of
the best currently found function values — (a), (b); with interchange of the best
currently found function values — (¢), (d))

o Breadth first — select the oldest candidate. All nodes at one level
of the search tree are processed before any node at the next level is
selected. A FIFO structure is used for the candidate list which can
be implemented using a queue.

o Statistical — In this strategy the candidate with the maximal
criterion value is chosen. The candidate list can be implemented
using heap or priority queue.

Results of sequential branch and bound algorithm

In this section the proposed sequential branch and bound algorithm
for global optimization has been investigated. The results of different
selection strategies have been compared. The average numbers of
function evaluations (f.eval) and average execution time (¢(s)) for different
dimensionality test problems are shown in Table 2. For n = 2-dimensional
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Table 2. Average numbers of function evaluations and execution time

Best First Depth first Breadth first Statistical

n f.eval t(s) f.eval t(s) f.eval t(s) f.eval t(s)
6312 0.020 7161 0.020 6316 0.018 6343 0.020

973890 8.31 993281 7.23 974276 7.15 973909 8.15

1038071 36.66 1035519 35.65 1035082 35.68 1034433 36.76
3805578 716.35 3809086 714.39 3815658 712.42 3804724 715.10
1105367  1324.75 1105367 1323.92 1105367 1318.59 1105367 1374.24

S ULk W N

Table 3. Average total numbers of simplices and average maximal size of candidate list

Best First Depth first Breadth first Statistical
n TNS MCS TNS MCS TNS MCS TNS MCS
2 12620 2666 14320 12 12623 2359 12685 474
3 1947739 420870 1986557 23 1948111 381118 1947811 94975
4 2067422 236747 2071013 37 2069148 310379 2068842 100665
5 7609327 848062 7618053 134 7620586 719991 7609327 134498
6 4009784 188106 4012693 729 4013537 243597 4009784 106050

test problems the depth first selection strategy is the least efficient. For test
problems with higher dimensionality n > 3 the average number of function
evaluations are very similar for all selection strategies and the differences are
insignificant. For test problems of all dimensionalities the smallest execution
time is achieved when depth first and breath first selection strategies are
used, despite the fact that sometimes the number of function evaluations
is higher. A possible reason is that the time of insertion and deletion of
elements to/from such a type of structure does not depend on the number
of elements in the list. Best first and statistical selection strategies require
prioritized list of candidates, and even with heap structure insertion is time
consuming when the number of elements in the list is large.

The average total numbers of simplices (TN 'S) and the average maximal
sizes of candidate list (M CL) are shown in Table 3. For n = 2-dimensional
test problems (T'N.S) is largest when depth first selection strategy is used.
For higher dimensionality n > 3 the values of (T'NS) are very similar
for all selection strategies. But the maximal candidate list (M CL) at the
search tree varies significantly depending on selection strategies. The best
results (the smallest (MCL)) achieved when depth first selection strategy
is used and it is up to 7000 times smaller than (M CL) with other selection
strategies. The maximal candidate list (M CL) is largest when breadth
first selection strategy is used. When statistical selection strategy is used
(MCL) is up to 5 times smaller than when the best first strategy is used.
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Results of parallel branch and bound algorithm

In this section, the parallel MPI algorithm has been evaluated using
standard criteria: speedup and efficiency of parallelization. For test
problems of dimensionalities n = 2 and n = 3 the best average efficiency
with various numbers of processors p is achieved when breadth first selection
strategy is used. The efficiency of parallelization is very similar when best
first and statistical selection strategies are used. The worst efficiency of
parallelization for dimensionalities n = 2 and n = 3 is experienced when
depth first selection strategy is used. For higher dimensionalities n > 4 the
average parallel efficiency is similar for all selection strategies.

General Conclusions

1. More precise Lipschitz bounds of the ps type which use various
norms were created. The Lipschitz bounds of a new ¥? type based
on the radius of the multidimensional circumscribed sphere and the
method with which the Lipschitz bounds of the Piyavskii type are
obtained when solving the linear equation systems were proposed.
The aggregate bounds which use the suggested bounds with various
norms were created. The results of the computational experiment
with various test problems revealed that the suggested bounds were
more precise than the traditional Lipschitz bounds and their use
significantly decreased the number of function evaluations.

2. The sequential simplicial branch and bound algorithm that uses
various proposed bounds was created. Based on it, the software
for solving the Lipschitz optimization problems was developed. The
experimental tests which were carried out showed the advantages
of the suggested simplicial branch and bound algorithm compared
to the best reviewed branch and bound algorithm of the Lipschitz
optimization (GHJ).

3. The created parallel simplicial branch and bound algorithms as well
as the software are intended for the shared and distributed memory
computers. The efficiency of the parallel algorithm intended for the
distributed memory computers is significantly higher than that of
the one intended for the shared memory computers; however, the
latter version of the algorithm is important because of its simple
vertex verification due to which the number of function evaluations
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is decreased considerably and the efficiency of parallelization of the
algorithm is increased.

It was determined that the amount of function calculations of the
parallel algorithm intended for the distributed memory computers
with the best found function value interchange or without it
differ only slightly. The efficiency of parallelization is larger
independently from the implementation of the parallel algorithm and
when the optimization problems are more complex and the number
of processors is increased it decreases slower.

The algorithm efficiency was tested based on the criteria of number
of function evaluations, optimization time, total number of elements
and maximal size of candidate list. The obtained results revealed
that there was no one particular selection strategy that could be
used to obtain the best optimization results based on all the research
criteria. Therefore, it is reasonable to select the selection strategy
depending on the calculation resources of the optimization problem
being solved.
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GLOBALUSIS OPTIMIZAVIMAS
SU SIMPLEKSINIAIS POSRICIAIS

Tyrimy sritis

Globaliojo optimizavimo metodai naudojami skai¢iuojamosios chemijos
ir biologijos, biomedicinos, operacijy tyrimo, ekonomikos, inzinerinio
projektavimo ir valdymo bei daugelio kity inzinerijos ir taikomujuy
moksly uzdaviniy sprendimui. Viena is labiausiai tyrinéjamy globaliojo
optimizavimo sri¢iy yra Lipsico optimizavimas, kuris remiasi prielaida, kad
tikslo funkcija tenkina Lipsico salyga. Daugiamaciai Lipsico optimizavimo
metodai tiek teorine, tiek ir praktine prasme yra gerokai maziau istirti
nei vienmadiai. Sie metodai dazniausiai naudoja stac¢iakampius posricius
ir paprastai apskaic¢iuojamus LipsSico rézius, o simpleksiniams posri¢iams ir
réziy gerinimui skirtas mazesnis démesys. Todél Sio darbo tyrimy sritis yra
daugiamaciai simpleksiniai Lipsico optimizavimo algoritmai, naudojantys
agreguotuosius LipSico rézius su jvairiomis normomis.

Darbo aktualumas

Sparc¢iai besivystancios informacinés technologijos ir tobuléjanti
kompiuteriné technika leidzia spresti vis sudétingesnius optimizavimo
uzdavinius, kuriy iSsprendziamumas dar visai neseniai buvo sunkiai arba is
viso nejmanomas. Globaliojo optimizavimo metodai, pagristi Lipsico réziy
apskaiciavimu, yra pakankamai placiai iSnagrinéti ir yra placiai taikomi
jvairiy optimizavimo uzdaviniy sprendimui. Siy metody pritaikomuma

26



lemia tai, kad jie pateikia ta patj atsakyma kiekviena karta, skirtingai
negu stochastiniai optimizavimo metodai. LipSico metodai garantuoja
surasto sprendinio tiksluma per baigtinj (gali buti ir ilgas) laika, prieSingai
negu tiesioginés paieskos ar stochastiniai metodai. Sie metodai gali biiti
naudojami , juodosios dézés“ situacijoje, skirtingai nuo intervaly metody.

Taciau Lipsico optimizavimo metodai turi ir svarbiy trukumuy, lyginant
su kitais globaliojo optimizavimo metodais. LipSico metodai dazniausiai
remiasi prielaida, kad Lipsico konstanta zinoma i$ anksto, o tai retas atvejis
sprendziant praktinius uzdavinius. LipSico algoritmai yra létesni negu kai
kurie kiti globaliojo optimizavimo algoritmai. Didéjant matmeny skaiciui
n, Lipsico algoritmy skaiciavimo apimtys didéja eksponentiskai.

Dél to geresniy réziy, lemianciy greitesnius LipSico algoritmus, kurimas
uzima pagrindine disertacijos dalj. Svarbia disertacijos dalj uzima pasitulyty
algoritmy efektyviy lygiagreciyjy versijy realizavimas ir jvertinimas, siekiant
spresti didesnius optimizavimo uzdavinius.

Tyrimy objektas

Disertacijos tyrimy objektas yra:
o Lipsico globaliojo optimizavimo algoritmai daugelio kintamuyjy
erdvése, naudojantys simpleksinius posricius;

o lygiagreciyjyu  kompiuteriy  sistemy  taikymas  globaliajam
optimizavimui.

Darbo tikslas ir uzZdaviniai

Pagrindinis Sio darbo tikslas — modifikuoti esamus LipSico globaliojo
optimizavimo algoritmus daugelio kintamyjy erdvése ir pasiulyti
naujus siekiant grei¢iau ir tiksliau spresti optimizavimo uzdavinius,
bei panaudojant lygiagreciyju kompiuteriy sistemas spresti didesnius
optimizavimo uzdavinius. Siekiant uzsibrézto tikslo buvo sprendziami Sie
uzdaviniai:

1. Apzvelgti esamus globaliojo optimizavimo algoritmus ir apsibrézti

tiriamy algoritmy grupe;

2. Istirti, kaip optimizavimo rezultatus jtakoja Lipsico réziy sudarymui
naudojamos jvairios normos ir jas atitinkancios Lipsico konstantos.

3. Naudojant simpleksinius posric¢ius sukonstruoti:
« patikslintus jprastus LipSico rézius, naudojancius jvairias normas

ir jas atitinkancias Lipsico konstantas.
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o Pijavskij tipo LipSico rézius, daugiamaciu atveju gaunamus
sprendziant tiesiniy lygciy sistemas.

o LipSico rézius, pagristus apibréztinés daugiamatés sferos
spinduliu.

« agreguotuosius Lipsico rézius sudarytus is keliy skirtingy Lipsico
réziy tipy su jvairiomis normomis.

4. Sukurti nuosekliuosius ir lygiagreciuosius LipSico optimizavimo
simpleksinius Saky ir réziy algoritmus su pasiulytais réziais.

5. Palyginti sukurty algoritmy efektyvuma naudojant jvairius
pasiulytus Lipsico rézius.

6. Gautus rezultatus palyginti su kitais gerai zinomais Lipsico
optimizavimo algoritmais.

7. Istirti sukurty nuosekliyjy ir lygiagreciyju algoritmy efektyvuma
naudojant jvairias paieskos strategijas: geryn, platyn, gilyn ir
statistine.

8. Palyginti sukurty lygiagreciyju algoritmy, skirty bendrosios
ir paskirstytosios atminties kompiuteriams, lygiagretinimo
efektyvuma.

Mokslinis darbo naujumas

Remiantis teoriniais ir eksperimentiniais tyrimais, istirta, kaip LipSico
optimizavimo rezultatus jtakoja naudojamos normos ir jas atitinkancios
Lipsico konstantos. Gauty rezultaty pagrindu pasiulyta jprasty Lipsico
réziy skaiciavimui vietoj vienos konkrecios normos naudoti kelias bei
apjungti skirtingy tipy rézius su jvairiomis normomis.  Tokiu budu
gaunami tikslesni agreguotieji LipSico réziai neskaic¢iuojant tikslo funkcijos
papildomuose taskuose.

Naudojant pirmaja normg pasiulyta, kaip Pijavskij tipo rézius
apskaiciuoti sprendziant tiesiniy lygciy sistemas vietoj kvadratiniy
FEuklidinés normos atveju.

Euklidinés normos atvejui, pasiulytas naujas LipsSico rézis, pagristas
apibréztinés daugiamateés sferos spinduliu.

Pasiulyto simpleksinio saky ir réziy algoritmo efektyvumas istirtas
naudojant jvairius pasiulytus LipsSico rézius ir palygintas su kitais gerai
zinomais LipSico algoritmais.
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Pagal funkciju skaic¢iavimo kiekio, optimizavimo laiko, istirty
posric¢iy skaiciaus bei maksimalaus kandidaty saraso kriterijus algoritmo
efektyvumas iStirtas priklausomai nuo naudojamos paieskos strategijos:
geryn, platyn, gilyn ir statistineés.

Sukurtos pasiulyto algoritmo lygiagrecCiosios realizacijos bendrosios
(naudojant OpenMP standarta) ir paskirstytosios (naudojant MPI
standarta) atminties kompiuteriams.

Sukurty algoritmy pagrindu realizuota programiné jranga:

» nuoseklioji versija:
http://www.gridglobopt.vgtu.lt/files/AT _Projekto__
Ataskaita/BranchBound Template/BBSequential /Examples/
SimplicialBBSequential /

o lygiagrecioji versija, skirta bendrosios atminties kompiuteriams:
http://www.gridglobopt.vgtu.lt/files/AT Projekto
Ataskaita/BranchBound Template/BBParallel /Examples/
Simplicial BBOpenMP /

o lygiagrecioji versija, skirta paskirstytosios atminties kompiuteriams:
http://www.gridglobopt.vgtu.lt/files/AT_Projekto_
Ataskaita/BranchBoundTemplate/BBParallel /Examples/
SimplicialBBParallel/

Ginamieji disertacijos teiginiai

1. Naudojant agreguotuosius Lipsico rézius, sudarytus is keliy skirtingo
tipo réziy su jvairiomis normomis, gaunami tikslesni réziai, kuriy
déka pagreitinami optimizavimo algoritmai.

2. Pijavskij tipo réziy skaiciavimas, naudojant pirmaja norma, leidzia
kvadratiniy lygéiy sistemy sprendima pakeisti tiesiniy lygciy sistemy
sprendimu.

3. Lipsico réziai, pagristi apibréztinés daugiamatés sferos spinduliu,
dazniausiai yra geresni uz jprastai naudojamus sSaky ir réziy
algoritmuose.

4. Néra vienos konkrecios paieskos strategijos, kuria naudojant

buty gaunami geriausi optimizavimo rezultatai pagal visus tirtus
kriterijus.
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5. Atlikus virsuniy patikrinimg stipriai sumazéja tikslo funkcijy
skaiciavimy kiekis bei padidéja lygiagreciojo bendrosios atminties
kompiuteriams skirto algoritmo efektyvumas.

6. Paskirstytosios atminties kompiuteriams skirto lygiagreciojo
algoritmo funkcijy skaiciavimy kiekis su geriausios surastos
funkcijos reikSmeés apsikeitimu ir be jo, skiriasi nezymiai.

Darbo apimtis

Disertacija sudaro jvadas, trys skyriai ir bendrosios iSvados. Papildomai
disertacijoje yra pateikta: naudoty zZyméjimy ir santrumpy sarasas,
eksperimentiniuose tyrimuose naudoti optimizavimo uzdaviniai, savokuy
zodynas, dalykiné rodyklé bei literaturos sarasas. Bendra disertacijos
apimtis yra 134 puslapiai, kuriuose pateikta: 20 paveiksly, 15 lenteliy ir
5 algoritmai. Disertacijoje remtasi 135 literaturos Saltiniais.

Bendrosios isvados

1. Sukonstruoti tikslesni uo tipo LipSico réziai, naudojantys jvairias
normas. Pasitilyti nauji 12 tipo Lipsico réziai, pagristi daugiamatés
apibréztinés sferos spinduliu. Pasiulytas metodas, kuriuo Pijavskij
tipo Lipsico réziai gaunami sprendziant tiesiniy lygcéiy sistemas.
Sudaryti agreguotieji réziai, naudojantys pasiulytus rézius su
jvairiomis normomis. Skai¢iuojamojo eksperimento rezultatai su
jvairiais testiniais uzdaviniais parodé, kad pasiulyti réziai yra
tikslesni uz tradicinius LipSico rézius, o juos naudojant stipriai
sumazéja tikslo funkecijy skaiciavimy kiekis.

2. Sudarytas nuoseklusis simpleksinis sSaky ir réziy algoritmas
naudojantis jvairius pasiulytus rézius. Jo pagrindu realizuota
programiné jranga LipSico optimizavimo uzdaviniams spresti.
Atlikti eksperimentiniai tyrimai parodé pasiulytojo simpleksinio
Saky ir réziy algoritmo pranasuma lyginant ji su geriausiu apzvelgtu
saky ir réziy LipSico optimizavimo algoritmu (GHJ).

3. Sudaryti lygiagretieji simpleksiniai Saky ir réziy algoritmai bei
programiné jranga skirta bendrosios ir paskirstytosios atminties
kompiuteriams.  Paskirstytosios atminties kompiuteriams skirto
lygiagreCiojo algoritmo efektyvumas yra zymiai geresnis, nei
bendrosios atminties kompiuteriams, taciau pastaroji algoritmo
versija svarbi dél nesudétingos virsuniy patikrinimo realizacijos,
kurios déka stipriai sumazinamas funkcijuy skaiciavimy kiekis bei
padidinamas algoritmo lygiagretinimo efektyvumas.
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4. Istirta, kad lygiagreciojo paskirstytosios atminties kompiuteriams
skirto algoritmo funkcijy skaiiavimy kiekis su geriausios
surastos funkcijos reikSmés apsikeitimu ir be jo, skyriasi
nezymiai. Nepriklausomai nuo lygiagreciojo algoritmo realizacijos,
lygiagretinimo efektyvumas yra didesnis, o didéjant procesoriy
skaic¢iui mazéja léciau, kai optimizavimo uzdaviniai yra sudétingesni.

5. Pagal funkcijy skaic¢iavimo kiekio, optimizavimo laiko, istirty
posri¢iy skaiciaus bei maksimalaus kandidaty saraso kriterijus
atlikti Saky ir réziy algoritmy efektyvumo tyrimai parodé, kad
néra vienos konkrecios paieskos strategijos, pagal kuria buty
gaunami geriausi optimizavimo rezultatai pagal visus kriterijus,
todél paieskos strategija tikslinga pasirinkti priklausomai nuo
sprendziamo optimizavimo uzdavinio skaic¢iavimo resursy.
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