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Introduction
Problem formulation

In the dissertation the eigenvalue problem for féedintial operator with
nonlocal integral conditions and the differencelagae of this problem are
analyzed. The structure of the spectrum is invastid, which is more difficult
and various in comparison to the problem with d¢tad<onditions.

Topicality of the problem

Differential problems with nonlocal conditions amuite a widely
investigated area of mathematics. The analysisuch groblems stimulates
physics, biology, mechanics, chemistry and otheasiof science. Differential
problems with nonlocal conditions are not yet coetgly and properly
investigated, as it is a wide research area. QGolyesparticular cases are known
better.

Eigenvalue problems with nonlocal conditions aree @mf the newest
investigation areas of nonlocal differential prabte Investigations of the
spectrum structure is rather important for the ysial of differential and
difference problems existence and uniqueness af sbaution; for the solution
of difference schemes using iterative methods; thar stability analysis of
difference schemes of parabolic equations. Howeurestigation of the
spectrum structure is a separate important problEimgenvalue problems,
investigation of the spectrum and other similar bpgas for differential
equations with nonlocal Bitsadze — Samarskii or tipoint boundary
conditions are analyzed by A. Gulin, N. lonkin, Morozova, G. Infante,
M. Sapagovas, A. Stikonas, S.¢Réyte; and integral conditions by B. Cahlon,
D. M. Kulkarni, P. Shi, M. Sapagovas, A. StikongsPe¢iulyte, G. Infante, etc.

In the first and second chapters, a nonlocal probler the one-
dimensional differential equation is investigatdd. the second chapter, a
difference problem is investigated. In the thirddafourth chapters, the
eigenvalue problem for a differential operator wittnlocal integral conditions
and variable coefficients is analyzed, when vadabbefficients are under
nonlocal integral conditions or in the differentiequation. In the scientific
literature there is not a large amount of such wodkist several separate cases
are considered.

The eigenvalue problem for a two-dimensional operatith integral
conditions is quite little investigated in the tagure. M. Sapagovas (2008), and
M. Sapagovas, O. Stikonien(2009) analyzed the appropriate eigenvalue
problem in their papers by investigating increasecuracy difference schemas



for a Poisson equation. In the fifth chapter, tieeevalue problem for a two-
dimensional elliptic operator with integral condiis is considered.

In the sixth chapter of the dissertation, the ditgbanalysis of difference
schemes of parabolic equations with nonlocal irtegonditions is presented,
obtained applying the results on the spectrum &tracof difference operators
with nonlocal conditions described in the previchapters.

Research object

The main research object of the dissertation isdifferential operator
with nonlocal integral conditions, the spectrunusture of this problem, the
difference schemes and the application of the re$oit the stability analysis of
difference schemes.

Aim and tasks of the work

The aim of this dissertation is to investigate #pectrum structure of
differential operators with nonlocal integral cammiis and correspondent to it
difference operators, dependence of eigenvalugb@mparameters of nonlocal
conditions. The main tasks of the work:

1. To analyze the eigenvalue problem for one-dimeradiadifferential
operators with nonlocal integral conditions andrespondent to it difference
operators.

2. To investigate the distribution of eigenvalues afiierential operator
with nonlocal conditions and variable coefficienta explore the influence of
variable coefficients on the appearance of multgsid complex eigenvalues, to
determine the existence domains of these values.

3. To analyze the two-dimensional case of the eigemvairoblem for a
differential operator with nonlocal conditions. Tetermine the influence of
nonlocal integral condition parameters on the ithistion of eigenvalues.

4. To investigate the stability of finite differencecheme, which
approximates a nonlocal parabolic problem.

Methodology of research

In the work, analytical method is applied for theestigation of solutions
for differential and difference equation. We analyzgeneral expression of the
solution for differential and difference equatiorhe structure of spectrum is
considered. We used numerical experiment and mafeah modeling
method. It helps better to understand the strucifispectrum. We have applied
packages Mathcad and Maple for numerical experiment



Scientific novelty

In the dissertation, the eigenvalue problem foifgereéntial operator with
nonlocal integral conditions is investigated. Thisrk extends and supplements
the results of other scientists in this area.

The spectrum structure of a differential operatathwonlocal integral
conditions is explored as well as its dependencéherparameters of nonlocal
conditions and on interval of integration.

In the dissertation, much attention is paid to eéfgenvalue problem for a
difference operator with nonlocal integral condito Qualitative changes in the
spectrum structure of this problem are analyzedprehensively.

The eigenvalue problem with variable coefficiergsléss investigated.
Thus, the structure of eigenvalues of a differénpiopblem with nonlocal
conditions is not clear. In this dissertation, thigenvalue problem for a
differential operator with nonlocal integral coridits and variable coefficients
is analyzed, when variable coefficients are undarlgcal conditions or in a
differential equation.

Practical value

The results obtained in the doctoral dissertatiorg., analysis of the
spectrum structure of the eigenvalue problem falifeerential operator with
various nonlocal integral conditions, might be &bl in solving
multidimensional problems of this type; also inestigating the existence and
uniqueness of differential and difference probleaiution; in solving the
systems of difference equations by iterative methadd investigating the
stability of difference schemes for parabolic egquret. Mathematical models
with nonlocal integral conditions are importantsimlving practical problems of
physics, biochemistry, ecology, and other areaxighce.

Defended propositions

1. The methodology for spectrum analysis of differeinand difference
operators with nonlocal integral conditions. Coiodis, when exist zero,
negative, positive, as well as multiple and comp@igenvalues.

2. The method, how the obtained results could be géimed and used for
investigating of the spectrum structure of a twmelnsional elliptic operator
with integral conditions.

3. The method for the stability analyzing of differenschemes for
parabolic equations with nonlocal integral condito



The scope of the scientific work

The doctoral dissertation consists of the introiunct six chapters,
conclusions, the list of references and the listaothor’'s publications. The
scope of the dissertation: 136 pages, 39 figuremb®s. In the work 160
references are cited. The results of doctoral d&sen are published in 8
publications. The results were presented at eigtiomal and four international
conferences. The language of the doctoral disgamtet Lithuanian.

1. The eigenvalue problem for a one-dimensional dérential operator with
nonlocal integral conditions

In the first chapter of the dissertation, we foratel the eigenvalue
problem for a differential operator with nonlocaldégral conditions

u"+Au=0, O<x<1, (1.1)
1

u( = u(Xjelx, (1.2)
0
1

u(® =72 Ju(d, (1.3)
0

where y,, y, are given parameters] is the eigenvalue, and(x) is the
eigenfunction.

We consider the structure of the spectrum of eigkres. We analyze the
problem with various types of nonlocal conditiove investigate the influence
of parametersy;, y, of nonlocal integral conditions on the eigenvalaesi
eigenfunctions. The conditions for the existenceaD, negative and positive
eigenvalues have been defined. The cases, in whérke appear multiple and
complex eigenvalues, were investigated.

After investigating of the eigenvalue problem fodidferential operator
with two nonlocal integral conditions (1.1)—(1.8) can conclude that:

o for any value of ; +y,, there exist infinitely many positive eigenvalues

A =a?, k=1, 2, ... of problem (1.1)-(1.3). These eigenvalues arerdés of

the equation
(24 (24
tg— = :
2 n+re

i. e., these eigenvalues depend on the parameter, .



The eigenvaluest, =(2&)?, k=1, 2, ..., which are roots of the equation

V2

sin7=0, do not depend on the paramefe# y,;

e if —o<y+y,<2, then there are no other eigenvalues, only théipes
eigenvalues defined;
e if n+7,=2, then 1=0 is the eigenvalue of the problem (1.1)—(1.3)

with the corresponding eigenfunctieg(x) = X;

o if 2<y+y, <o, then one more negative eigenvaliie —32 <0 exists.

It corresponds to the only positive root of the agpn tanhéz P . The
ntr

corresponding eigenfunction &Xx) = sinkgx.

The spectrum of the eigenvalue problem for a diffiéinl operator with
nonlocal conditions (1.1)—(1.3) depends only on v¥haéue of the parameter
ntrva.

The eigenvalue problem (1.1) with one classical anel nonlocal integral
condition was investigated as well

34
u@=0,  u@M=7; [u(xjdx. (1.4)
V4
Conclusions:
e For any value ofy, there exist infinitely many positive eigenvalues
/Ikzaz, k=1, 2, ... of problem (1.1), (1.4). These eigenvalaee roots of the
72

a
uk(x):Csin\/Zx, k=1, 2, ...

The eigenvaluest, =(27K)?, k=1, 2, ... , which are roots of the equation

V2

sin7=0, do not depend on the paramejgr

equation cosgz sin%, that correspond to eigenfunctions of the form

e If —w<y,<4, then there are no other eigenvalues, only thétipes
eigenvalues defined.
e If y,=4, then 1=0 is the eigenvalue of problem (1.1), (1.4) with the

corresponding eigenfunctiom,(x) = X.



e If 4<y,<x, then one more negative eigenvaliie-—32 <0 exists. It
corresponds to the only positive root of the equatioslg :y—ﬂzsinhg.

e If 4<y, <o, then there can exist multiple and complex eigkresa

2. The difference eigenvalue problem with nonlocahtegral conditions

In this chapter, we investigate the eigenvalue l@robfor a difference
operator with nonlocal integral conditions. We ap@mate differential
problem (1.1)—(1.3) by the following difference ptem

Y2 e g i=1,2,. N1 21)
h

Uy +U Un+U N-1
Uoﬂ&*( 0N Zukj Uy :72’—( - +2Uk) (2.2)

An exhaustiveanalysis of eigenvalues is presented here. Lemmate
existence of zero, negative, and positive eigeregabue formulated and proved.
We consider the influence of the parametgrs y, andN on the eigenvalues
and compare these results with the correspondinglesions in Section 1.
Corollary. If h#2/(y,+7,), then eigenvalue proble@.1), (2.2) has(N - 1)
eigenvaluegreal or complex
Lemma 2.1. The numberi=0is the eigenvalue of difference problg¢fhl),
(2.2)if and only if y; + y, =2.

Lemma 2.2.If h<2/(»s;+y,), then difference probleni2.1), (2.2) has the

negative eigenvalug ——h—smr? fh if and only ify, +y,>2.

Problem (2.1), (2.2has the positive eigenvalueﬁza,f, where ¢ are
positive roots in the intervafd,Nz) of the equations:

1) sin%=0, i. e., o do not depend on the parametgrsand y,. Therefore we

obtain that eigenvalues, =h—423in2%] do not depend on these parameters as

well. If the number of these eigenvaluesNg2-1, thenN is an even number;
if (N=1/2, thenNis an odd number.

10



2) cosg—ﬁAsingzo, where A= ch/2
2 «a 4 tg(ah/2)

corresponding equation in the differential casey dy the value ofA. If the
valueA converges to one, thértends to zero.

We can conclude that, for any value gf+ y, andN, the total number of
eigenvalues (zero, negative and positive) of pmob(2.1), (2.2)is N-1, i. e., it
is the same as the order of matixConsequently, all the eigenvalues are real,
i. e., there are no complex eigenvalues.

The eigenvalue problem (1.1), (1.4) was considemadlogously. We
construct a difference scheme for this problem

~1. This equation differs from the

U =2 +Uy

oA =0, i=1,2,. N1 (2.3)
u +u 3N/4-1

Uy =0, UN%{M+ Zukj. (2.4)
2 K=N74+1

Lemma 2.3.The numberi=0is the eigenvalue of the difference probi@3),
(2.4)if and only ify, =4.
Lemma 2.4.Difference problen{2.3), (2.4)has the negative eigenvalue if and
only if y,>4.

Problem (2.3), (2.4) has the positive eigenvalwg&af, where ¢ are
positive roots in the intervafd,Nz) of the equations:

1) sin%=0, i. e., o do not depend on the parametgrsand y,. Therefore the

eigenvaluesi, =h—isin2%] do not depend on the parametegsand y, as

well.

72
(24
complex eigenvalues can appear here.

2) cosgz sin%(%ctg%), Where%ctg% ~1, if his small enough. The

3. The eigenvalue problem for a differential operatr with variable
coefficient subject to integral conditions

In this chapter, an eigenvalue problem is invegtigdor a differential
operator with nonlocal integral conditions, wherriable coefficients arise
under nonlocal integral conditions,

11



u"+Au=0, O<x<1, (3.1)
1

u(0) = 1 a(¥u(x)dx, (3.2)
0

1
u® =7, AJu(x)cx. (3.3)
0

We consider the structure of the spectrum for igerevalue problem. We
investigate how eigenvalues depend on the paraspetacurring in the
nonlocal boundary conditiong;, 7,, a(X), and A(x). The computation
experiment was done and described.

Case lL.a(X)=1+bx, A(X)=1+b,x.

Lemma 3.1. The necessary and sufficient condition for theemiglue of
differential problem(3.1)—(3.3)to be zerp 1 =0, is as follows

nr2 71 by 1. b
==L (b —-by)—=|1+—= [+y,| =+—=|-1=0.
12 (b, —b,) 2( 3) 72[2 3]
This equation represents a hyperbola in the coatdisystem %,, 7,).
Depending on the expression bfand b,, the hyperbola can degenerate to a

straight line. In Lemma 3.1, we observe that, ié thoint belongs to the
hyperbola (or a line), them =0 is the eigenvalue. Two branches of the

hyperbola split the entire coordinate plang,(y,) into three domains. In this
case, we have a line instead of the hyperbola,aftedwards it splits the plane
into two unbounded domains. In the domain, theeepsint (;, =0, », =0), all

the real eigenvalues are positive (Lemma 3.3) therodomains there exist one
or two negative eigenvalues (Lemma 3.2).

Lemma 3.2.Problem(3.1)—(3.3)has the positive eigenvalugg = a,f , Where

a, are roots of the equation
Y172 b, —b, (E(COS(Z —1)+sinaj+ﬁ(c05a + bl(w_lj_ll_
(24 (24 a a

—Q(l— cosa + bz(w—co&x)}rsina =0
(24 (24

in the intervale € (0,) .

12



Lemma 3.3. Problem (3.1)—(3.3) has the negative eigenvaluet =—p?,

where 5, >0 are roots of the equation

%(bl ~b, {%(coshﬂ -1)- sinhﬂj +%[1— coshp + b{l—%j} -

—%(coshﬂ—lJr bz(coshﬂ —%D +sinhf =0

in the interval § € (0,).
Case 2.a(X) =1, f(X)=X.

We consider problem (3.1) with another form of mmall integral
conditions

1 1
au(0) =y fu()dx,  apuld) =7, [ XUX)dX. (3.4)
0 0

Lemma 3.4. The necessary and sufficient condition for theewiglue of
differential problen(3.1), (3.4)to be zerp 1 =0, is as follows

7V2 @ a
=L Ly ——y, oy, =0.
12 > 7 3 V2 taqap

Lemma 3.5.Problem(3.1), (3.4)has the positive eigenvalugg = a,f , Where
a, are roots of the equation

sina(cose sSina) 1l-cosa(sina 1-cosx
V172 - 2 + - 2 +

a a a a a o

—cosx sin cosz  sina
COSx — + 0{172

-— j+alazsina=0
a

1
Ty

in the intervala € (0,) .
Lemma 3.6.Problem(3.1), (3.4)has the negative eigenvalugs = -2 where

S, >0 are roots of the equation

13



m/z[sinhﬁ [coshﬁ' B sinhﬁ] N 1-coshp (sinhé’ N 1- cosiﬂ]] B

g\ B B B s B
- azyl[smlgz’g + 1- C;Slﬂ COSfﬂJ - alyz( CO;lﬂ - SI,;?BJ +aya,8inhE =0

in the interval § € (0,).

In Chapter 3, the corresponding difference problanesexplored also. We
present the results of the numerical experimenvhtain the zero, negative,
positive, multiple and complex eigenvalues. Theavehere all the eigenvalues
are real and positive, has been found.

4. The differential equation with variable coefficents

We consider the eigenvalue problem for a one-dimeas differential
operator with variable coefficients to nonlocakigital conditions

d du
&(p(x)&jwwzo, O<x<1, (4.2)
1 1
u(0) =y u(x)ax, u(® =72 u(x, (4.2)
0 0

where p(x) e C0,1], p(x)>0.

We investigate theoretically how eigenvalues dependhe type of the
function p(x) (symmetric, monotonous increasing or monotoncarehsing).
Afterwards, this problem is solved numerically. &lswe analyze how the
eigenvalues depend on the paramegry,. We prove some properties of the

spectrum for this differential problem.
Lemma 4.1. The necessary and sufficient condition for theewiglue of
differential problem(4.1), (4.2)to be zero A =0, is as follows

1 1

0 0
where u;(X), u,(x) are two linear independent solutions of equaf{érl), as
A=0.

We obtain that zero eigenvalue depends on the pdessy;,y, under
nonlocal integral conditions (4.2nd on the type of functign(x).

14



Lemma 4.2.The following statements are true
« if the function fX) is a symmetrical function with regard te=1/2

(P(X¥)=p(1-x)), then 1=0 is the eigenvalue, a@%—lzo;

« if p(X) is a monotonous increasing functi{pi(x) > 0), then Eiae(]/Z;L),
that 1=0 is the eigenvalue, ag (l-a)+y,a-1=0, 1/2<a<1;

« if p(X) is a monotonous decreasing functi@ix) < 0), then Elae(],/ 21),
that 1=0 is the eigenvaluyas p,a+y,(1-a)=0, 1/2<a<l.

If p(x) is a function with variable coefficients, we wduhot be able to
prove theoretically the same condition on the exis¢ of zero, negative, and
positive eigenvalues. To this end, we have don@raenical experiment. An
algorithm was constructed to find zero, negative] positive eigenvalues for
problem (4.1), (4.2). The Thomas algorithm was rfiedifor solving a system
of difference equations with nonlocal conditiong.fisst we approximated the
differential problem by following system of differee equations

U —(Piys + u + U .

pi 1/24%i-1 1-1/2 h2pi+1/2 i pi+1/2 H—l"'ﬂiui :0’ i = 1, 2’ ,N—l, (4.3)

Ug+uy N2
U0=71"( < 5 Nt Zukanl(ui). (4.4)

k=1

Ug+uy N2
Un :72{ < 5 L +kZukj572|(ui)- (4.5)

=1

Corollary 4.1. The necessary and sufficient condition for theemiglue of
difference probleni.3)—(4.5)to be zerp 1 =0, is as follows

_71|(ui1)_72|(ui2)+1:01

where uil, ui2 are two linear independent solutions of equa(i:3).

Corollary 4.2. Problem (4.3)—(4.5)has the negative eigenvalug<O0, if it
exists, if 4 is the solution of the equation

— 7l (U (1)) - 72l (P () +1=0.

The results for a differential operator with nordbdntegral conditions
obtained in Chapters 1-4 might be used to solve-diwensional elliptic
equations with nonlocal integral conditions andadosider the stability of finite
difference schemes for parabolic equations withHowal integral conditions.

15



5. Two-dimensional elliptic equation with nonlocaintegral conditions
In Chapter 5 of the dissertation, we investigate-timensional elliptic
equations with nonlocal integral conditions

o%u &
y'}‘y*‘ﬂuzo, (51)

in the rectangular aregx, y) e {0< x<10< y <1} with boundary

u(x,0)=0, u(x,) =0, (5.2)
and nonlocal conditions
1
u@,y) =1 u(x y)dx, (5.3)
0
1
u(L y)=yzJu(x y). (5.4)
0

To find the solution for elliptic equation (5.1),ewobtain two one —
dimensional eigenvalue problems

1 1
Viin=0,  V(O=p[v(x)x,  v@=r,[v(x)K (5.5)
0 0
and
W+mv=0, w0)=0, w®=0. (5.6)

The second problem (5.6) is an eigenvalue probleith wlassical
conditions. The solutions of differential equatfoom (5.6) are known:

u =2, w(y)=sindy, 1=1,2,3..

The eigenvalue problem (5.5) is analyzed in Chaptdret us denote the
eigenvalue of problem (5.5) ag,. Then we obtain the eigenvalue of two-

dimensional elliptic equations with nonlocal intaelgconditions (5.1)—(5.4):
j’k| =Nk +ﬂ| y k: '1, O, 1, 2, ey | = 1, 2, 3.

In this chapter, the eigenvalue properties aranddfand analyzed.

16



Theorem 5.1.If

71+72=—ﬂ| , 1=1,2,3 ..,
tanIGE

then problen{5.1)—(5.4)has a simplénot multipl§ eigenvaluel=0
Theorem 5.2.If the parameters,, y, satisfy the inequality

%<71+y2< Sﬂsﬁ, s=1,2,3..,,
tanhi tanh?
then the two-dlmensmnal problem with nonlocal gné conditions(5.1)—(5.4)

has s-1 negative eigenvalues. And there are infinitely mamysitive
eigenvalues

Corollary 5.1. If y+y, < , then all the eigenvalues are positive

tanhf
Corollary 5.2. If

<nNntr<
tanh% tanhz

then there exists one negative eigenvalue. Otlyemnealues are positive

6. The stability of finite-difference scheme for peabolic equation subject to
nonlocal integral conditions

The stability of an implicit difference scheme farparabolic equation
subject to nonlocal integral conditions, which espond to the quasi-static
flexure of a thermoelastic rod, is considered. e first time this type of
problem was investigated by W. A. Day (1982, 1983).

The stability analysis is based upon the spectratt&ire of a matrix of the
difference scheme. The stability conditions obtdinkere are different
compared to that in the articles of other authors.

We investigate a parabolic equation subject tooailintegral conditions

6u62

= +f(xt), —l<x<l, 0<t<T, (6.1)

|
TaR) :|7—21 [a(uOct)ix+ 24 (1), (6.2)
3

17



|
) =7 [ AQux08cH 2500, (6.3)
2

u(x,0) = o(x), (6.4)

wherea(x) =1-3x, g(x)=1+3x and y;, y, are given parameters.
We build up a difference scheme for this problem:

Uj+l_Uj Uj+l_2Jj+l+Uj+l ' -
i i i i i+1 +fij+1' i=—N+1N-1, (6.5)

ZaUHlJ '+1, (66)

2 i=—N+1

j+1
U']\l+l _ 7;22h[ﬂ NU JN +,BNU 1 + NZ:l,BU ]+1j

+ud™ (6.7)
2 i=N+L

Ul=gp, i=—NN, (6.8)
whereh=I/N, z=T/M.
To investigate the stability of the difference stiee(6.5)—(6.8), we put it

into the standard form:
ult=su +fJ,

where U’ =}, Ul ,...u),) is the solution of the difference scheme on

the j™ time layer in a vector formS=E+7A.

The sufficient stability condition for the differem scheme (6.5)—(6.8) is
A9 <1.

The computational experiment was done and its teswtre presented.
The spectral structure of the matrix of the differe scheme was analyzed. The
number of zero, negative, and positive eigenvaloematrix S was found. The
conditions, how the eigenvalues depend on the pateam occurring in the
nonlocal boundary conditiong,, y,, were found. With a view to show the

stability of the difference scheme, an illustratpreblem was solved.
General conclusions

1. When investigating the spectrum structure of sedétial operator with
nonlocal integral conditions and constant coeffitsewe have established that
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the spectrum of the operator depends on one pagarpety; + y,. Subject to

the values of this parameter, there might exisb,zene negative, and infinitely
many positive eigenvalues. Analogous propositiamscarrect for a difference
operator with nonlocal conditions, except the &nihumber of positive
eigenvalues.

2. If the variable weight coefficients are in integrabnditions, then
complex eigenvalues might appear. In case of symolalem zero and negative
eigenvalues depend on the position of the pc@qtyz) in respect of the

hyperbola. When the poinfy;,7,) is on the hyperbola, thed =0 is the

eigenvalue of the analyzed problem.

3. If variable coefficients are in a differential edoa, then range of
eigenvalue 1 =0 definition depends on the character of the vaeiabl
coefficients. The type of variable coefficient ftiopa (symmetrical,
monotonous decreasing or increasing) is importanttie eigenvaluet =0.

This eigenvalue might appear at higher (or lowegr} y, values.

4. The results, obtained when investigating the spettstructure of a
differential operator with integral conditions, ¢de applied in analyzing the
eigenvalues of two-dimensional elliptic type di#fatial operators and
investigating the stability of difference schemes parabolic equations with
nonlocal integral conditions.
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TIKRINI U REIKSMI U UZDAVINYS
DIFERENCIALINIAM OPERATORIUI SU
NELOKALIOSIOMIS INTEGRALIN EMIS SALYGOMIS

Problemos formulavimas.Disertacijoje nagrigjamas tikriniy reikSmiy
uzdavinys diferencialiniam operatoriui su neloksi@mis integralidamis
salygomis, o taip pat Sio uzdavinio skirtuminis argds. Tiriama uzdavinio
spektro strukira, kuri i$ esrés yra sudtingesr ir jvairesre, negu tokio tipo
uzdaviniy su klasikirmis silygomis.

Darbo aktualumas. Diferencialiniai uZdaviniai su nelokaliosiomis
salygomis gana pléai nagrirgjama matematikos Saka. Takiizdaviniy tyrima
skatina fizikos, biologijos, mechanikos, chemijogitos mokslo sritys. T@au
diferencialiniai uzdaviniai su nelokaliosiomislygjomis dar gra pilnai ir
iSsamiai iSnagri¢ti, nes tai gana plati tyréfimo sritis. Pl&iau yra iSnagriéti
tik atskiri atvejai.
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Tikriniy reikSmiy uzdaviniai su nelokaliosiomisalggomis yra viena i$
naujesni nelokalyjy diferencialiniy uzdaviniy tyrinéjimo sri¢iu. Spektro
strukfiros tyrimas svarbus: nagéant diferencialinio ir skirtuminio uzdavigi
sprendinio egzistavim ir vienaf; skirtuminig lygciy sistemos sprendimui
iteraciniais metodais; skirtumipischeng paraboligms lygtims stabilumui tirti.
Be to, spektro strulitos tyrimas yra atskiras svarbus uzdavinys. Tikrini
reikSmiy uzdavinys, spektro tyrimas ir pamaSuzdaviniai diferencialims
lygtims su nelokaliosiomis Bitsaég ir Samarskio ar daugiata@shis
krastiemis slygomis analizuojami A. Gulin, N. lonkin, V. Moroxos,
G. Infantes, M. Sapagovo, A. Stikono, S¢iRlytés darbuose; su integraimis
salygomis — B. Cahlon, D. M. Kulkarni, P. Shi, M. Samvo, A. Stikono,
S. Pegiulytés, G. Infantes ir kit autoriy darbuose.

Pirmajame ir antrajame disertacijos skyriuose rida nelokalusis
uzdavinys vienmatei diferencialinei Kigi. Tretiajame ir ketvirtajame
disertacijos  skyriuose analizuojamas tikgini reikSmip  uZdavinys
diferencialiniam operatoriui su nelokaliosiomis dgtaliemis slygomis ir
kintamais koeficientais. Tokio tipo dariméra gausu mokslige literatiroje.

Tikriniy reikSmy uzdavinys dvim&iam operatoriui su integrakmis
salygomis literatiroje nagrigtas gana mazai. 2008 m. M. Sapagovo ir 2009 m.
M. Sapagovo, O. Stikoniéa straipsniuose nagtjant padidinto tikslumo
skirtumines schemas Puasono ¢igg sprsti buvo nagrigtas ir atitinkamas
tikriniy reikSmiy uzdavinys. Penktajame disertacijos skyriuje nagminas
tikriniy reikSmiy uzdavinys dvim&am elipsiniam operatoriui su integraimis
salygomis.

Sestajame skyriuje pateikta parabaliniygéiu su nelokaliosiomis
integraliremis slygomis skirtuminipy scheng stabilumo analig taikant
pirmuose skyriuose gautus rezultatus apie skirtumioperaton; su
nelokaliosiomis glygomis spektro strukita.

Tyrimyg objektas. Disertacijos tyrimo objektas yra diferencialinis
operatorius su nelokaliosiomis integralims slygomis, Sio uzdavinio spektro
strukiira, skirtumies schemos, rezultat taikymas skirtuminj scheny
stabilumui tirti.

Darbo tikslas ir uzdaviniai.Disertacijos tikslas — istirti diferencialinio ir
jam atitinkagio skirtuminio operatoti su nelokaliosiomis integrakmis
salygomis spektro strukita, tikriniy reikSmu priklausomyle nuo paramety,
esartiy nelokaliosiose @dygose, reikSmj. Siekiant numatyto tikslo buvo
sprendzZiami Sie uzdaviniai:
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1. ISnagrireti tikriniy reikSmiy uzdavin vienmaiam diferencialiniam irjj
atitinkartiam skirtuminiam operatoriams su nelokaliosiomigegnaliremis
salygomis.

2. 18analizuoti diferencialinio operatoriaus su nel@siomis slygomis ir
kintamais koeficientais tikrini reikSmiy pasiskirstym. 18tirti kintamyjy
koeficienty itaka kartotinipy ir kompleksini; tikriniy reikSmiy atsiradimui,
nustatyti i reikSmiy egzistavimo sritis.

3. IStirti tikriniu reikSmiy uzdavinio diferencialiniam operatoriui su
nelokaliosiomis glygomis dvimai atvej. Nustatyti nelokalijy integraliniy
salygu paramety jtaka tikriniy reikSmiy pasiskirstymui.

4. Skirtuminiy schena stabilumo paraboliims lygtims su nelokaliosiomis
integraliremis silygomis analiz, t. y. istirti baigtiniy skirtumy schen,
aproksimuojatiu nelokabji paraboli uzdavin, stabiluna.

Tyrimy metodika.Darbe taikomas analizinis diferencialinir skirtumires
lygties sprendinj tyrimo metodas. Nagréjama diferencialigs ir skirtumirés
lygties bendrojo sprendinio iSraiSka, o Sioje Bkaje esafios laisvosios
konstantos randamos iS nelokali salygu. Nagrirgjama operatoti spektro
strukiira. Taip pat taikomas skaitinio eksperimento bei tematinio
modeliavimo metodas. Tai padeda geriau suprasktspestruktira, bei Si
strukiira lemiartias priezastis. Atliekant skaiiineksperiment, naudotasi
prograny paketais Mathcad ir Maple.

Darbo mokslinis naujumas ir jo reikS#& Disertacijoje iSnagrittas
tikriniy reikSmu uzdavinys diferencialiniam operatoriui su nelo&sibmis
integraliremis slygomis. Atlikto darbo rezultatai pragia ir papildo iki Siol
kity mokslininky gautus rezultatus tiriant Siuos ir panaSius uddasi

IStirta  diferencialinio operatoriaus su nelokalasis integrali@mis
salygomis spektro strukta, jos priklausomyb nuo parametr reikSmiy iS
nelokalyju salygu ir integravimo éziy parinkimo.

Disertacijoje didelis émesys yra skiriamas tikrigireikSmi uzZdaviniui
skirtuminiam operatoriui su nelokaliosiomis intdgramis silygomis. ISsamiai
iStirti Sio uzdavinio kokybiniai spektro strukbs pasikeitimai.

Tikriniy reikSmip uzdavinys su kintamais koeficientais yra mazai
nagriretas. Taigi yra neaiSki diferencialinio uzdavinio selokaliosiomis
salygomis tikriniy reik3miy strukiira. Sioje disertacijoje analizuojamas tikuini
reikSmip  uzdavinys diferencialiniam operatoriui su nelo&siomis
integraliremis silygomis ir kintamais koeficientais, kai kintami Kagentai yra
nelokaliosiose gygose arba diferenciakije lygtyje.
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ISnagrirgjus tikriniu reikSmiy uzdavin, gauti rezultatai panaudojami
skirtuminiy scheny paraboligms lygtims su nelokaliosiomis alggomis
stabilumo analizei.

Darbo rezultayy praktiné reikSme. Disertacijoje gauti rezultatai,
t. y. tikriniy reikSmiy uZdavinio diferencialiniam operatoriui guairaus tipo
nelokaliosiomis integralémis silygomis spektro struktos tyrimo rezultatai
gali bati panaudojami sprendziant daugiating tokio tipo uzdavinius, taip pat
nagrirejant diferencialinio ir skirtuminio uzdavinisprendinio egzistavimir
vienai, skirtuminiy lygéiy sistery sprendimui iteraciniais metodais bei
skirtuminiy schenmn paraboligms Iygtims stabilumui tirti. Matematiniai
modeliai su nelokaliosiomis integratimis slygomis svarlis sprendziant
praktinius uzdavinius is fizikos, biochemijos, ebmijos ir kity mokslo sréiy.

Ginamieji teiginiai

1. Diferencialinio ir skirtuminio operatafi su nelokaliosiomis
integraliremis slygomis spektro tyrimo metodika. alygos, su kuriomis
egzistuoja nulia, neigiamos, teigiamos, taip pat kartésnir kompleksigs
tikrinés reikSngs.

2. Gauty rezultaty apibendrinimas ir taikymas dvirtia elipsinio
operatoriaus su integraéimis silygomis spektro stuktai tirti.

3. Skirtuminiy schema parabolikms lygtims su nelokaliosiomis
integraliremis silygomis stabilumo nagrijimo badas.

Darbo rezultaly aprobavimas.Disertacijos tema paskelbti 8 straipsniai.
Vienas iS ju yra referuojamas ISI Master Journast Lduomen bazje.
Disertacijos tema perskaityti 4 praneSimai tarptese ir 8 respublikiése
konferencijose.

Disertacijos strukizra. Disertacip sudaro jvadas, 6 skyriai, iSvados,
literatiros @raSas ir aut@s publikacij disertacijos tema asaSas. Bendra
disertacijos apimtis — 136 puslapiai, 39 grafilaientets. Darbe cituojami 160
literatiros Saltiniai. Disertacijos rezultatai skelbti 8pkacijose.

Pirmajame ir antrajame disertacijos skyriuose magami tikriniy
reikSmiy uzdaviniai paprastajam diferencialiniam ir skiriniam operatoriams
su nelokaliosiomis integrakkmis slygomis atitinkamai. Tr&ajame ir
ketvirtajame  skyriuose  analizuojami  tiknini reikSmiy  uZdaviniai
diferencialiniam operatoriui su nelokaliosiomis dgtaliemis slygomis ir
kintamais koeficientais, kai kintami koeficientaiaynelokaliosioseatygose ar
diferencialirgje lygtyje. Penktajame skyriuje naggjama dvimaio elipsinio
operatoriaus su integralimis silygomis spektro strukta. Sestajame skyriuje
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pateikta parabolini lygciu su nelokaliosiomis integrakmis silygomis
skirtuminiy schem stabilumo analiz

Bendrosios iSvados
1. Nagrirgjant  diferencialinio  operatoriaus su  nelokaliosiemi
integraliremis salygomis ir pastoviais koeficientais spektro stiuktnustatyta,
kad Sio operatoriaus spektras priklauso nuo vieagarpetro y =y, + ;.

Priklausomai nuo Sio parametro reikgngiali egzistuoti nulig, viena neigiama
ir be galo daug teigiamn tikriniu reikSmi;. AnalogisSki teiginiai teisingi ir
skirtuminiam operatoriui su nelokaliosiomiglygomis, tik teigiam tikriniy
reikSmiy yra baigtinis sk&ius.

2. Kai integralirese alygose yra kintami svorio koeficientai, tai gali
atsirasti kompleksits tikrines reik3nés. Sio uzdavinio atveju nukn ir
neigiamos tikrigs reikSng¢s priklauso nuo taékc(yl,yz) pactties hiperbads
atzvilgiu. Kai taékas(yl,yz) priklauso hiperbolei, tail =0 yra nagrigjamo
uzdavinio tikrire reiksne.

3. Kai diferencialirgje lygtyje yra kintami koeficientai, tai tikrés reikSngs
A =0 apibézimo sritis priklauso nuo kintajy koeficient; pokudzio, t. .
nuliné tikriné reikSmé gali atsirasti prie didesmi (ar mazesm) y;+7,
reikSmiy, priklausomai nuo kintamojo koeficiento (sime&inmonotoniSkai
didéjanti ar monotoniSkai maganti funkcija) tipo.

4. Rezultatus, gautus tiriant diferencialinoperaton; su integraligmis
salygomis spektro strulita, galime pritaikyti dvimaiy elipsinio tipo
diferencialiniy operatonj tikrinéms reikSnéms nagrigti bei parabolini lygciy
su nelokaliosiomis integrakmis slygomis skirtumini schem stabilumo
analizei.
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