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Bendras disertacijos apraSymas

Tyrimo objektas. Disertacijos tyrimo objektas yra nestacionarios Navjé-
Stokso lygtys.

Mokslo problema. Periodiniy laiko atzvilgiu uzdaviniy Navjé-Stokso lygtims
sprendimas srityse su cilindriniais i3¢jimais | begalybg.

Darbo tikslas ir uZdaviniai. Darbo tikslas — iitirti Navje-Stokso lyg€iy
periodiniy laiko atzvilgiu sprendiniy egzistavima ir savybes. Darbo uzdaviniai yra
Sie:

1. Trodyti nestacionaraus Puazelio sprendinio tiesiame cilindre egzistavimg ir
vienati.

2. Trodyti Stokso lyg€iy sistemos periodiniy laiko atzvilgiu sprendiniy
egzistavima ir vienati srityse su cilindriniais i§¢jimais i begalybeg.

3. Irodyti dvimatés Navjé-Stokso lygc€iy sistemos periodiniy laiko atzvilgiu
sprendiniy egzistavima srityse su cilindriniais i$¢jimais i begalybe.

4. Trodyti trimatés Navje-Stokso lyggiy sistemos periodiniy laiko atzvilgiu
sprendiniy egzistavima srityse su cilindriniais i§éjimais i begalybe.

Mokslinis naujumas. Visi disertacijoje pateikti darbo rezultatai yra nauji.
Nestacionariis Puazelio sprendiniai anks¢iau nebuvo nagrinéti. Taip pat nebuvo
nagrinéti anksc¢iau ir periodiniai uzdaviniai nestacionarioms Stokso, bei Navjé-
Stokso lygtims srityse su cilindriniais i$¢jimais | begalybg.

Tyrimy metodika. Disertacijos teiginiams jrodyti panaudoti funkcio-
nalinés analizés teiginiai.

Praktiné verté. Gauti rezultatai praplecia zinias apie nestacionarias Navjé-
Stokso lygtis nekompaktinése srityse. Taip pat gauta daug naudingos
informacijos apie Puazelio sprendinius cilindre. Rezultatai yra teoriniai, taciau
gali bti placiai taikomi skysc¢iy tekéjimo praktiniams uzdaviniams spresti.



Ginamieji teiginiai

1. Irodytas nestacionaraus Puazelio sprendinio tiesiame cilindre egzistavi-
mas ir vienatis.

2. Irodytas Stokso lygc€iy sistemos periodiniu laiko atzvilgiu sprendiniy
egzistavimas ir vienatis srityse su cilindriniais i§é¢jimais i begalybg.

3. Irodytas dvimatés Navjé-Stokso lygc€iy sistemos periodiniy laiko atzvilgiu
sprendiniy egzistavimas srityse su cilindriniais i$¢jimais i begalybe.

4. Trodytas trimatés Navjé-Stokso lyggiy sistemos periodiniy laiko atzvilgiu
sprendiniy egzistavimas srityse su cilindriniais i$¢jimais i begalybe.

Mokslo problemos aktualumas.  Matematiniai skys¢iy dinamikos
modeliai yra tiesinés ir netiesinés diferencialinés lygtys dalinémis iSvestinémis,
taip vadinamos Navje-Stokso lygtys. Siy lyg¢iy matematiné analizé prasidéjo
dar 20 amziaus pradzioje nuo Zymaus pranclizy matematiko J. Leré (J. Leray)
darby. Matematiné tokiy lyg€iy analizé susideda i§ korektisko uzdavinio
formulavimo,
sprendinio egzistavimo ir vienaties irodymo ivairiose funkcijy erdvése,
sprendiniy reguliarumo tyrimo, asimptotikos konstravimo ir pan. Sie klausimai
i§samiai iSnagrinéti tokiy zZymiy matematiky kaip G. P. Galdzio (G. P. Galdi),
O. Ladyzenskajos, K. Pilecko, V. A. Solonikovo, R. Temamo ir kity darbuose.

Dauguma ¢ia paminéty autoriy daugiausia nagrinéjo Navjé-Stokso lygtis
apréztose arba iSorinése srityse. Taciau daugelis praktiniy ir moksliniy
uzdaviniy, tokiy kaip vandens arba naftos tekéjimas vamzdziais, kraujo
tekéjimas venomis tiesiogiai susij¢ su nekompaktinémis (neapréztomis)
sritimis. Per paskutinius 30 mety tik stacionartis (nepriklausantys nuo laiko)
uzdaviniai nekompaktinése srityse buvo iSsamiai iSnagrinéti. Tuo tarpu
nestacionariis skysciy tekéjimo uzdaviniai tokiose srityse nagrinéti labai mazai.
Netgi nestacionarus Puazelio (Poiseuille) tekéjimas tiesiame cilindre anks¢iau
nebuvo zinomas. Tuo tarpu kai stacionarus jo analogas Zinomas jau nuo 19
amziaus. Taip pat verta paminéti, kad svarbiis taikymuose periodiniai skys¢iy
tekéjimo uzdaviniai nagrinéti mazai.

Siekiant uzpildyti Sia spraga, disertacijoje nagrinéjamos periodinés Stokso
ir Navjeé-Stokso lygtys srityse su cilindriniais i$¢jimais | begalybg. Minéty
uzdaviniy sprendiniy egzistavimas jrodytas svorinése Sobolevo erdvése. Tuo
paciu nustatytas ir sprendiniy nykimo greitis, kurj reguliuoja svoriné funkcija.
Taip pat jrodytas nestacionaraus Puazelio sprendinio cilindre egzistavimas
Hiolderio (Hiolder) erdvése. Puazelio sprendinio egzistavimas labiau iprastose
Sobolevo erdvése irodytas véliau K. Pilecko darbuose.



Aprobavimas. Disertacijos rezultatai buvo pristatyti devintoje tarptautinéje
“Mathematical modelling and analysis” konferencijoje (Jirmala, Latvija, 2004
m. geguzés 27-29 d.), deSimtoje tarptautinéje konferencijoje ‘“Mathematical
modelling and analysis” (Trakai, Lietuva, 2005 m. birzelio 1-5 d.).
Disertacijos tema skaityti praneSimai Matematikos ir informatikos instituto
seminaruose ir Vilniaus Gedimino technikos universiteto Fundamentiniy
moksly fakulteto Matematinio modeliavimo katedros seminare.

Disertacijos struktiira. Disertacija paraSyta angly kalba. Disertacijg
sudaro jvadas, penki skyriai, i§vados, literatiros ir moksliniy publikacijy
disertacijos tema sarasas. Bendra darbo apimtis — 109 puslapiai.

1. Funkeijy erdvés ir pagalbiniai rezultatai

Siame skyriuje apibréziama nagrinéjama sritis su cilindriniais i§¢jimais {
begalybe (ja Zymésime raide €Q), taip pat jvedamos svorinés Sobolevo erdvés.
Pirmiausia apibrézkime sriti, kurioje nagrinésime Stokso ir Navjé-Stokso lygciu
sistemas.

Tegu QcR”, n=2,3, yra sritis su J cilindriniy i§¢jimy i begalybe:
J
QcQ,U (UQJ );
Jj=1

t. y., uz sferos ‘x‘ =r, riby sritis Qsuskyla | J sujungty komponenciy
Qj(i§éjimq i begalybe), kurios kokioje nors koordinaciy sistemoje x gali
biiti uzraSomos taip:
Q= {(xVeR" :xV e O'j,x,,(j) >0}, j=1..J,

cia x =(x",x,"”) kai n=3, x'” =xkai n=2 ir o, c R"" yra aprézta
sritis, t. y. kai xn(" ) >0, is¢jimai { begalybe sutampa su begaliniais cilindrais
[1, =6Ver:xVeo,~0<x,” <0} (eigu n=2, tai idjimai
Q, sutampa su begalinémis juostomis ir jy skerspjtviai o, =(0,h;) yra aprézti

intervalai).
Dabar apibrésime svorines funkcijas. Pazymékime = (S, f,) ir tegu

E, (x)= Eﬂ‘,(xf,")) yra tolydi monotonin¢ funkcija srityje €, turinti tokias

savybes:



Eﬂ] (x)>0,a, < E-ﬂ; (x)Eﬂ, (x)<a,, Vxe Qj,Eﬂj =1,
‘VEﬂ] (x)‘ <b, 7,E, (x).VxeQ,, (1)
limx—)oo Eﬁ] (X) =+ ,jeigu ﬂ >0.
Cia a,,a,,b,,b,,b, — teigiamos konstantos. PaprasCiausi pavyzdziai tokiy
funkciju biity:
E, (x)=(1+8|x )" it E; (x)=exp(2f,x")-
Verta paminéti, kad toliau nagrinéjamy uzdaviniy sprendiniy nykimo
greitis tiesiogiai priklausys nuo koeficiento J,, apibrézto (1) nelygybéje.
Pazymékime

ApibréSime svorines Sobolevo erdves, kurios naudojamos jrodant
pagrindinius disertacijos rezultatus.

Wz’ (), 1 >0, tai funkcijy erdvé, turinti baigting norma:

w, ,(Q) = [ ZI: JEﬂ(x) | D*u(x) [ de .

ler=0l0y
VVz?ﬁ(Q) = Lz,ﬁ(Q)~

Wy 5(€x(0,27)) , tai funkciju erdve, turinti baigting norma

2z

1/2
w7 5(Qx (0.27)) :[ ijﬂ(x)Q u, P+ ul +|Vul® +| Au |2)de :
0Q




2. Nestacionarus Puazelio sprendinys

Siame skyriuje nagrinésime nestacionaria Navje-Stokso lygéiy sistema
begaliniame cilindre TT = {x eR :x'=(x,x,)e0,x, € R}:

u,(x,t) = vAu(x,t) + (u(x,t) - Vu(x,t)) + Vp(x,t) =0,
divu(x,t) =0,

u(x,1) =0,

u(x,1) = a(x),

Ju3(x',t)dx'= F().

e

Lygties (2) sprendinio (u(x,?), p(x,t)) ieSkosime pavidalu

@

u(x,t) =(0,0,v(x',1)), p(x,t) = —q(t)x;. ?3)

Apibrézimas. Uzdavinio (2) sprendinys, turintis (3) pavidala, vadinamas
Puazelio sprendiniu.
Istate (3) iSraiska i (2) lygti gausime nauja uzdavini:

v,(x",t) = vA'v(x',t) = q(¢),
v(x',1)[5,=0,

v(x',0) = a;(x"),
J‘v(x',t)dx': F(),

e

4)

¢ia simbolis A' zymi Laplaso operatoriy kintamyjy x'= ( X,, X, ) atzvilgiu.
Funkcija q(t) yra nezinoma. Ji turi biiti surasta remiantis integraline tapatybe
J' W(x',)dx'= F(¢). Taigi gauname atvirkstinj uzdavini.

Pagrindinis skyriaus rezultatas yra toks.
Teorema.  Tegul doeC’™¥,  FeC"'™(0,T) ir

ax)e C***2°(0,T), ¢ia 1>0 ir &e(0,1/2). Tarkime, kad iSpildytos 1+2
suderinamumo sqlygos



N'a(x)|,,= 0,% F(0) = jA’”a(x)dx,m =0, +1.

Tada bent kokiam T>0 egzistuoja vienintelis (4) uzdavinio sprendinys
(V(x',t), q([)) c C2/+2+25,l+l+5(0_ % (O,T)) % C/+5(0,T) )

Taip pat galioja jvertis:

g:C"(0.7)| < e(T)|F:C" (0.7)|

V;C2]+2+25’]+1+§(0,T)H +

AnalogiSkas uzdavinys su periodine pradine salyga buvo iSsprestas H. Beirao de
Veigos, G. P. Galdzio ir A. M. Robertson darbuose. Periodinio Puazelio sprendinio
egzistavimas irodytas Sobolevo erdvése.

3. Periodinis laiko atzvilgiu Stokso uzdavinys

Siame skyriuje nagrinéjama srityje Q (apibréztoje 1 skyriuje) periodiné
laiko atzvilgiu Stokso lyg¢iy sistema (nemazindami bendrumo perioda imsime lygu
27).

u,(x,t) —vAu(x,t)+ Vp(x,t) = f(x,1),
divu(x,t) =0,

u(x,1) |.n="0,

u(x,0) = u(x,27),

[ue.0)-n,(x)ds = Fy(0), j =1,...,.

9

)

.. J
Cia — Z}rj(;):(},

J=1
Pirmiausia sukonstruosime periodini Puazelio sprendini visoje srityje 2. Remiantis
minétais H. Beirao de Veigos, G. P. Galdzio ir A. M. Robertson tyrimy rezultatais,
kiekviename cilindriniame i$¢jime i begalybe Q, egzistuoja periodinis Puazelio

sprendinys, turintis forma:

10



U (69 .0) = (0.0.U,(x.1)). P (x.0) = ~¢ (D).

Apibrézkime
J J
U(x,t) = ZQ’(x,(,”)U”)(x(”',t),P(x,t) — Zé’(x;]))P(J)(x(])"[)’
J=1 Jj=1

¢ia £(t)- tolydi nupjauting funkcija £(#)=0, kai <1 ir £(r)=1, kai
122. f(x,0) e L, ,(Qx(0,27))

Paimkime

V(x,t) =U(x,t) +W(x,t).

Cia W (x,r)periodiné laiko atzvilgiu funkcija, tokia kad W (.r)e W Q) ir
tenkinanti lygti:

divW (x,t) = —divU(x,1).
Funkcija W (x,r) pridedama, tam kad gautume divV (x,r)=0.
Pagrindinis skyriaus rezultatas yra toks.
Teorema. Tegu 0Q e C*. Tarkime kad F(t)e WZ'(0,271-),j=1, 2 .., J ir

yra periodinés laiko atzvilgiu funkcijos. Jeigu svorio indeksas ¥, (1) nelygybéje
pakankamai mazas, tada uzdavinys (5) turi vienintelj periodinj sprendinj tenkinantj
asimptotine israiskq

u(x,t) =V (x,t) +v(x,t), p(x,t) = P(x,t) + p(x,1). ©)

Taip pat galioja jvertis:

Vi (Qx (0,27:))H +|V5: L p(@x (0.27))| <

/i1y 5(Qx(0.27)

+ cZ/:HE,;W; (0,2;:)“.
=

11



4. Periodinis laiko atzvilgiu uZdavinys dvimaciai Navjé-Stokso lygciai

Siame skyriuje nagrin¢jama periodiné laiko atzvilgiu Navje-Stokso lyggiu
sistema dvimatéje srityje Q:

u,(x,t) = Au(x,t) + (u(x,t)- VYu(x,t) + Vp(x,t) = f(x,1),
divu(x,t) =0,

u(x,1) [ o="0,

u(x,0) = u(x,27),

j uCx,0)-n,(x)ds = F,(t), ] = L J.

9

Q)

Kaip ir Stokso uzdavinio atveju, sprendinio ieSkosime pavidalu (6). Istate i (7)
lygti asimptoting iSraiska (6) gausime nauja lygti kintamujy (v(x,t),ﬁ(x,t))
atzvilgiu:

v, (x,0) = Av(x, 1) + (v(x, 1) - VIV, 1) + (V (x,1) - VI(x, 1) +
+ (v, 1) - VIV (x,0) + Vp(x,0) = f(x.0),

divv(x,t) =0,

v(x,1) ;o= 0,

v(x,0) =v(x,27),

Jv(x,t)-n](x)ds =0,j=1,.,J.

9

®)

Pagrindinis skyriaus rezultatas yra toks.

Teorema. Tegul 0QeC’ ir f(x,1)eL, ,(Qx(0,27)). Jeigu svorio
indeksas y, (1) nelygybéje yra pakankamai mazZas ir jeigu funkcijos V(x,t)
norma pakankamai maza, tai uzZdavinys (8) turi bent vienq sprendini
v(x,t)e W;g(Q x(0,27)),Vp(x,t) € L, ,(Qx(0,27)). Taip  pat  galio-ja
jvertis:

12



Vi (Qx (0,271'))H2 +|VB:L, (% (0,27:))“2 <B,

¢ia B— teigiama konstanta, priklausanti nuo uzdavinio duomeny.

Sprendinio egzistavimas irodytas tuo atveju, jeigu Puazelio sprendinius
apibudinanti funkcija V(x,f) normos atzvilgiu yra pakankamai maZza.
Analogiskas uzdavinys su jprasta pradine salyga iSsprestas K. Pilecko darbuose
be mazumo salygos.

5. Periodinis laiko atzvilgiu uZdavinys trimaciai Navjé-Stokso lygciai

Siame skyriuje nagringjama periodiné laiko atzvilgiu Navjé-Stokso lyggiu
sistema (7) trimatéje erdvéje Q.

Analogiskai, istaCius (6) iSraiska | (7) lygti, gausime (8) uzdavinj
trimatéje srityje Q.

Pagrindinis §io skyriaus rezultatas yra toks.

Teorema. Tegu 0QeC’, f(xi)e L, ;(Qx(0,27)). Taip pat svorio
indeksas y, (1) nelygybéje yra pakankamai mazas. Jeigu funkcijos V(x,t)ir
f(x,t) yra pakankamai mazos normos atZvilgiu, tai egzistuoja (8) uZdavinio
sprendinys v(x,t) e W, 5(Qx(0.27)), Vp(x,t) € L, ,(Qx(0,27)).  Taip pat

galioja jvertis:

VW25 (x 2m)) + |V Ly (2x (027)) <7,

cia r,— teigiama konstanta priklausanti nuo uZdavinio duomeny.

Sprendinio egzistavimas irodomas, jeigu visi uzdavinio duomenys yra
pakankamai mazi, iskaitant ir iSoriniy jégy vektoriu f(x,7).

13
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TIME PERIODIC PROBLEMS FOR NAVIER-STOKES
EQUATIONS IN DOMAINS WITH CYLINDRICAL
OUTLETS TO INFINITY

Topicality of the problem. The research area of this work is the analysis of
time periodic Navier-Stokes equations in domains with cylindrical outlets to
infinity.

Actuality of the problem. Mathematical models of fluid dynamics are
systems of linear and nonlinear partial differential equations, known as Navier-
Stokes equations. The rigorous mathematical analysis of Navier-Stokes
equations started at the beginning of the 20th century from works of the French
mathematician J. Leray. This analysis consists of studies concerning the
correct formulations of initial boundary value problems for Navier-Stokes
equations, proofs of the existence and uniqueness of solutions in different
functional spaces, investigation of solutions reguliarity, construction of
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asymptotics, etc. Such questions have been studied in many papers and
monographs.

The existence theory developed in the literature mainly deals with the
flows of incompressible viscous fluids in domains with compact boundaries (i.
e. in bounded and exterior domains). Although some of these results do not
depend on the shape of the boundary, many problems of scientific and practical
interest (e. g. water or petroleum flow in pipes systems or blood flow in veins)
related to flows of incompressible viscous fluid in domains with noncompact
boundaries were unsolved. Therefore, it is not surprising that during the last 30
years the special attention was given to problems in unbounded domains.
However, during this time only stationary problems were exhaustively
investigated, while not much is known about the non-stationary ones. Even the
existence of a non-stationary analog of the Poiseuille flow in a straight cylinder
was not proved (the stationary Poiseuille solution was constructed as far back
as in XIX century). In this thesis we prove the existence of the non-stationary
Poiseuille solution in a straight cylinder and study the time-periodic solutions
of Stokes and Navier-Stokes equations in domains with cylindrical outlets to
infinity (i. e. in a system of pipes).

Aims and problems. The main aim of the thesis is the analysis of time
periodic problems for Navier-Stokes equations in domains with cylindrical
outlets to infinity. To achieve this goal, we have to solve following problems:
1) To investigate the existence and uniqueness questions for the Poiseuille flow
of an incompressible viscous fluid in an infinite cylinder; 2) To investigate the
existence and uniqueness questions of a time periodic Stokes problem with
cylindrical outlets to infinity; 3) To investigate the existence questions of a
time periodic Navier-Stokes problem for two and three dimensional domains
with cylindrical outlets to infinity.

Novelty of the results. All the results obtained in the thesis are new. The
existence of a non-stationary Poiseuille solution in Hiolder spaces was not
known before. The time periodic solutions to Stokes and Navier-Stokes
equations in domains with cylindrical outlets to infinity have been investigated
for the first time.

Approbation. The results of the thesis were presented at the
9" International conference on mathematical modelling and analysis and at the

10" International conference on mathematical modelling and analysis.
Contributing talks were given at the seminars at Institute of Mathematics and
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Informatics and Vilnius Gediminas Technical University. The results of the
thesis were published in the following periodical scientific papers:

PILECKAS, K.; KEBLIKAS, V. On the existence of non-stationary
Poiseuille  solution.  Siberian  Math. Journal, 2005, Vol. 46(3),
p. 514-526.

KEBLIKAS, V. On the time-periodic problem for the Stokes system in
domains with cylindrical outlets to infinity, Lithuanian Math. Journal, 2007,
Vol. 47(2), p. 147-163.

The scope and structure of the dissertation. The dissertation consists of
an introduction, five chapters, conclusions and the bibliography. There are 108
pages of text and 86 bibliographical sources.

In the first chapter, the necessary function spaces are defined and certain
known auxiliary results are formulated.

In the second chapter, we study a non-stationary Poiseuille solution. Poiseuille
flow is an exact solution of the steady Navier-Stokes system in an infinite straight
cylinder of constant cross-section o and has the prescribed flux F over o .
However, in this case there already appears to be a problem with the definition of
time dependent Poiseuille flow. In prescribing the flux F(t), we have to solve for
v(x,t) and q(t) the more complicated nonstandard inverse parabolic problem.

In the third chapter, we study the time periodic problem for the Stokes system
in domains with cylindrical outlets to infinity.

In the forth chapter, we study the two-dimensional time periodic Navier-
Stokes problem. Here, it was proved that at least one solution in weighted
Sobolev spaces exists. However, it‘s existence was proved only if some of the
data is small enough.

In the fifth chapter, we study the three-dimensional time periodic Navier-
Stokes problem. The solvability in weighted Sobolev norms was obtained for
all small data (including external forces).

General conclusions

1. The existence and uniqueness of a non-stationary Poiseuille solution to
Navier-Stokes system in a straight cylinder is proved.

2. The existence and uniqueness of a solution to the time periodic Stokes
problem in domains with cylindrical outlets to infinity is proved in weighted
Sobolev spaces.

3. The existence of a solution for the two-dimensional time periodic Navier-
Stokes problem in domains with cylindrical outlets to infinity is proved in
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weighted Sobolev spaces. The results were obtained for ,,small“ fluxes.
However, the external forces could be ,,large®.

. The existence of a solution for the three-dimensional time periodic Navier-
Stokes problem in domains with cylindrical outlets to infinity is proved in
weighted Sobolev spaces. The results were obtained for all ,,small“ data,
including both fluxes and external forces.

. It is shown that the obtained solutions in every outlet to infinity

asymptotically tend as |x| —> 00 to the corresponding time periodic

Poiseuille solution.
. From the obtained results, we conclude that in the case of ,,rapidly vanishing
external forces, the time periodic solution of Navier-Stokes equations in

outlets to infinity are almost coincident for a large |x| with a corresponding

time periodic Poiseuille solution. In particular, if there is no external force,
then the time periodic solution of the Navier-Stokes problem exponentially
tends towards the time periodic Poiseuille flow. Thus, in studying viscous
fluid flow problems in complicated systems of pipes, one can get the
information for large distances by solving much easier linear parabolic
problems describing the time periodic Poiseuille flows in pipes.
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