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Introduction

1.1 The actuality of the thesis

Long memory, or long-range dependence, is a well-established empirical fact,
which appears in various scientific fields (finance, astronomy, chemistry, hydrol-
ogy, telecommunications, statistical physics etc.); see e.g. monographs Beran [§],
Doukhan et al. [28], Palma [46] and the numerous references therein. Statistical
inference under long memory is more difficult since observations are strongly de-
pendent and their limit laws may be different from the classical i.i.d. r.v. set-up.
Most of the studies in the area of long memory focus on the stationary situation.
It is clear that in the case of a long (and sometimes very long) sample, the sta-
tionarity assumption might be often violated and not realistic. Therefore the study
of nonstationary long memory is important to theory and applications. In particu-
larly, parametric and semiparametric models of time series with nonstationary long
memory should be developed together with inferential procedures for analyzing such
series.

A natural class and most studied class of time series form — linear models. The
parametric class FARIMA(p, d, q) is probably the most important class of stationary
long memory processes. Therefore nonstationary and time-varying generalizations
of this class present considerable interest.

It is well-known that the asymptotic properties of various tests and statistics
rely on the limit distribution of partial sums process of observations, through the
invariance principle. The study of the limit distribution of partial sums process of
linear models with nonstationary long memory is an essential step towards their
applications.

1.2 The aims and the problems of the thesis

The main object of the thesis is the study of the limit distribution of partial sums
of certain linear time series models with nonstationary long memory and certain
statistics which involve partial sums processes. In particularly, we focus on the
following problems:

1. The description of the limit distribution of partial sums processes of infinite
variance time-varying fractionally integrated (tv-FARIMA) filters. These filters were



introduced in Philippe, Surgailis, Viano [53], [51], who studied this problem under
finite variance set-up.

More specifically, we assume that the innovations belong to the domain of at-
traction of an a-stable law (1 < a < 2) and show that the partial sums process of
filtered tv-FARIMA series converges to some a-stable self-similar process.

2. The limit of the Increment Ratio (IR) statistic for Gaussian observations super-
imposed on a slowly varying deterministic trend. The IR statistic was introduced
in Surgailis, Teyssiére, Vai¢iulis [61] and its limit distribution was studied under the
assumption of stationarity of observations. The IR statistic can be used for test-
ing nonparametric hypotheses about d-integrated (—1/2 < d < 3/2) behavior of the
time series which can be confused with deterministic trends and change-points. This
statistic is written in terms of partial sums process and its limit is closely related
to the limit of partial sums. In particularly, the consistency of the IR statistic uses
asymptotic independence of distant partial sums, the fact is established in the thesis
for a wide class of linear processes.

1.3 The methods of the thesis

The proofs of the limit behavior of partial sums are based on the so-called
"scheme of discrete stochastic integrals" (introduced in [59]), and the properties
of the weak convergence of probability measures. The asymptotic behavior of the
IR statistic uses the method of Hermite expansions and the so-called Arcones’ in-
equality (see [1]).

1.4 The novelty of the thesis
All results of the thesis are new.
1.5 The history of the problem and the main results

Definition 1. A covariance-stationary time series (X;) = (X;, t € Z) is said to
be covariance long memory (or covariance long-range dependent) if the sum of its
covariances absolutely diverges:

D Jeov(Xo, Xy)| = oo; (1)

teZ,

otherwise the process (X;) is called covariance short memory.

A related definition of long memory is given in terms of spectral density
f(A), A € [—m, 7], see e.g. Beran [8], p.42. While these definitions are simple and
intuitive, they are limited to stationary processes with finite second moment. More-
over, condition (1) is not very constructive and further assumptions on the decay
of the covariances are necessary to show the limit distribution of simplest nonlinear
statistics of observations (X;,1 <t < N) even if (X;) is a Gaussian process.
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A different notion of long memory (called distributional long memory) is given
in Cox [21], Dehling and Philipp [23] and other works.

Definition 2. A strictly stationary time series (X;) is called distributional long
memory if its partial sums process, when suitably normalized, weakly converges to
some random process with stationary dependent increments. More precisely, this
means that there exist some constants Ay — 0o (N — o) and By and a stochastic
stationary increment process (J(7),7 > 0) # 0 with dependent increments, such

that
[NT]

AV (X = By) —wop J(7), (2)

t=1

as N — oo, where [a] stands for the integer part of a real number a, and —ppp
denotes the weak convergence of finite dimensional distributions.

Lamperti [40] showed that under mild additional assumptions the normalizing
constants in (2) grow as N¥ (with some H > (), more precisely,

Ay = L(N)N*" (3)

where L(N)) is a slowly at infinity varying function, and the limit process (J(7), 7 >
0) is self-similar with index H. The last property means that for any a > 0, finite
dimensional distributions of processes (J(7),7 > 0) and (a=# J(a7),7 > 0) coincide:

(J(T),T > O) =FDD (aiHJ<CLT),T > O),

where =ppp denotes equality of finite dimensional distributions. The exponent H in
(3) is called the Hurst index of time series (X;). In the finite variance case EX? < oo,

_ 2
usually A3 = N*var(X) = E <Z£1(Xt - EXt)) and the variance var(X) of the

sample mean is called the Allen variance (see Heyde and Yang [35]).

Definition 3. (Heyde and Yang [35]) A time series (X;) with finite variance is
called LRD(AV) (Long-Range Dependence (Allen Variance)) if

lim Nvar(X) = lim N'E (i(Xt—EXt)) = 00, (4)

N—o0 N—oo
t=1

otherwise (X}) is called SRD(AV) (Short-Range Dependence (Allen Variance)).

Heyde and Yang [35] note that the LRD(AV) definition allows for departure
from stationarity. For nonstationary processes with finite variance, the Hurst index

is defined by
N
H = inf {lim sup N*2hvar(ZXt> = 0} , (5)

N—co —1



see Philippe et al. [52]. Heyde and Yang [35] extended the characterization prop-
erty (4) to infinite variance (nonstationary) processes. Accordingly, (X;) is called
LRD(SAV) (Long-Range Dependence (Sample Allen Variance)) if

2
(Zt]\il Xt)
S, X7

For stationary processes, (6) essentially amounts to the observation that a central
limit theorem does not hold for partial sums of (X;) ([35], p. 883).

The above definitions (4)-(6) present a theoretical interest but they are not
very useful for modeling and statistical analysis of time series with nonstationary
long memory. In fact, there are few “genuinely nonstationary” times series models
with long memory discussed in the literature. Philippe et al. [52| discuss several
classes of almost periodically correlated processes constructed from the well-known
FARIMA (Fractional Autoregressive Moving Average) class by amplitude modu-
lation (AM), phase modulation (PM), memory modulation (MM) and coefficient
modulation (CM). The most interesting from these classes is CM, also called time-
varying FARIMA (tv-FARIMA). This model was introduced in [51| and [53]. It is
the main object of the first part of the thesis.

We recall that the most important class of long memory models form fractionally
integrated autoregressive processes FARIMA((p, d, q), defined as stationary solutions
of the difference equation

o(L)(I — L)X, = 9(L)ey, (7)

where L is the backward shift operator, ¢(L), (L) are polynomials in L of degree
P, g, respectively, and the operator (I — L)? is defined by the binomial expansion

(I=0)" = 3 v @L,

where 1y(d) := 1 and

L(—d+j)

¥(d) = T (—d)

(j>1).

For properties of FARIMA (p,d, q) processes we refer to Brockwell and Davis
[15]. Tt is well-known that in the case 0 < d < 1/2 and under suitable condi-
tions on the polynomial ¢(-) and the i.i.d. noise (¢, t € Z), the autocovariance
function of the FARIMA (p, d, q) process decays as t*¢~! and its partial sum process
converges in distribution to a fractional Brownian motion (fBm) Wy (7) with Hurst
parameter H = d + (1/2). The last result is a particular case of a more general
result due to Davydov (1970, [22]) for partial sums of general second order linear
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processes. Several authors (Astrauskas (1983, [3]), Kasahara and Maejima (1986,
[37]), Avram and Taqqu (1992, [5]), Vaiciulis (2003, [64])) discussed partial sums
limits of linear processes with infinite variance, in particular, stationary solutions
of FARIMA(p, d, q) in (7) with i.i.d. noise €; belonging to the domain of attraction
of a-stable law (1 < o < 2). In the latter case, a stationary solution of (7) exists
for 0 < d < 1 —1/a and the corresponding limit process of N—4-1/« ng] Xiis a
so-called fractional stable motion.

Recently, Philippe et al. [51, 53] (hereafter: PSV) introduced time-varying frac-
tionally differentiating filters

A(d)z, = Zaj@)xt,j, B(d)z, = Y _bj(t)zi, (8)

where d = (d;,t € Z) is a given function of t € Z,

w0 = (EFHERD (Y, o

J

bi(t) = (dt1—1> (dt—j2+ 1) <dt—j—‘;)1 + 2) (%)’ j>1, (10)

ag(t) = bo(t) :== 1. If d; = d is constant, then

o = b0 = (P (247 - oo

and (8) coincide with FARIMA filter (I —L)~¢. The operators A(d), B(d) are related
by B(—d)A(d) = A(—d)B(d) = I, where —d := (—d,,t € Z).

PSV [51, 53| (see also PSV [52]) studied partial sums limits of time-varying
fractionally integrated processes X; and Y; defined by

X, = A(-d)'Gz, = B(d)Ge, = > (bxg);(t)ey, (11)

j=0

WE

Y, = B(-d)'Ge, = Ad)Ge, = > (a*g);()ery, (12)

=0
where (g4,t € Z) is an i.i.d. (or martingale difference) sequence, with zero mean and
unit variance,
J J
(b*g);(t) ==Y bi(t)gj—i,  (axg);(t) == ai(t)gj—i

=0 i=

0
are the impulse responses of the product operators B(d)G, A(d)G, respectively,
and G is a short-memory filter with absolutely summable coefficients:

Gy = Zgﬂt—j, with Z |9;] < oo and Zgj 7# 0.
=0 =0 =0
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PSV [51, 53] discussed two classes of sequences d, namely: (I) the class of almost
periodic sequences d having a mean value d € (0,1/2), and (II) the class of (asymp-
totic) sequences d = (di, t € Z) having limits dy = lim; 1 d; € (0,1/2). They
showed that the case (I), "averaging of long memory" of nonstationary processes
(X:) and (Y};) occurs and their partial sums converge to a usual fBm with Hurst pa-
rameter H = d + (1/2). In the case (II), the partial sums of (X;) and (Y;) converge
to two different Gaussian self-similar processes depending essentially on the asymp-
totic parameters di only and having asymptotically stationary or asymptotically
vanishing increments (see Chapter 1, Definition 1.3).

In Chapter 1 we extend the results of PSV [51, 53] in two directions. Firstly,
we consider the class of time-varying processes (X;) and (Y;) in (11), (12) with
infinite variance, by assuming that innovations (¢;,t € Z) are i.i.d. r.v. belonging
to the domain of attraction of a-stable law (1 < a < 2). We show that in this
case, partial sums of (X;) and (Y;) converge to some a-stable self-similar processes
which are a-stable counterparts of the Gaussian process introduced in PSV [51].
Secondly, we combine the classes of almost periodic and asymptotic sequences d =
(di,t € Z) (which were discussed separately in PSV [51, 53]) into a more general
class of sequences d = (d;,t € Z) admitting possibly different Cesaro limits ds €
(0,1 —(1/«x)) at fo0:

dy = lim n~* Zdi’ d_ = lim n~* Zd,i, (13)
i=1 i=1

and satisfying some additional conditions (see Chapter 1, Definition 1.1 and 1.2 for
precise formulation). Clearly, the existence of dy = lim;_, 1, d; implies the existence
of the limits in (13), with d+ = di. On the other hand, if (d;,t € Z) is almost
periodic with mean value d, then (13) hold with d, = d_ = d.

The main results (Theorems 1.1 and 1.2) are given in Sec. 1.2, together with
main auxiliary Lemmas 1.1 and 1.2. Since the formulations of these theorems are
rather involved, here we present a corollary from Theorems 1.1 and 1.2 (Corollary
1 below), which does not require complex notation.

Consider the case of tv-FARIMA filter corresponding to "change-point in mem-
ory", i.e.
(dy, ittt >4,
de = {d_, if t < to, (14)

where ty € Z is a fixed integer, and d. € (0,1/2) are some values. Note (14) satisfies
(13) with dy = dy. According to the definitions (9)-(10),

t—k—1+d_ .
H ?Ij’ if s <t <ty,
s<k<t
t—k—1+d_ t—k—lt+dy -
at—s(t) — H T H R — if s <tg< t,
s<k<to to<k<t
t—k—1+d .
H Tﬂ’ iftg <s<t
s<k<t



and

A [ el if s < ¢ < to,
s—1<k<t—2
k—st1td_ k—stlid, -
bt—s(t) — dy H 0 H Thsio if s <tg<t,
s—1<k<tp to<k<t—2
k—s+1+d .
T if tg <s <t
s—1<k<t—2

k—s+14+d_

From these equations, one easily obtains the asymptotics

t—s _d+
at—s(t) ~ {w ( )

—d
Yes(—d-) 5=

and

bt_s(t) - {,@Z}t—s(_d-f-)

Yio(—dy) p)

—d—9¢(—d4)

Corollary 1. Let

and

~ 1 (t _ S)d+_17

~ L — g)d-lpde—d

~ r(ti) (t —s)™,
—d — _
~ _dir-(kdi) (t _ S)dJr ltd7 dJr’

s>0, t— o0,

$<0, t— oo,

5§>0, t — o0,

s<0, t— oo.

be time-varying fractionally integrated filters in (11) and (12), respectively, corre-
sponding to d as in (14), with symmetric a-stable innovations (e¢). Let

l<a<?2,
Then
[N7]
N—d+—(1/a) Z Y, —¥pD
t=1
[N7]
N—d+—(1/a) ZXt —FDD
t=1
[N7]
N4~/ Z X: —FDD
t=1
[NT]
N~ {/e) Z X: —FDD

t=1

di € (0,1— (1/a)).

ca(J() +U(7)),

cLJ(7), if do>d_,
CEV(T)7 Zf d+ < d,,
cs(J(r)+V(r), if dy=d_=d.



Here, c4, cﬁ are some constants, and the limiting processes J, U,V are defined below,
as stochastic integrals with respect to a symmetric a-stable Lévy process Z on the
real line:

1w = [ 2 [[w=ot
v = [ 2w [w-n

oo

vin = [ otz [[-nt

—00

Some comments about Corollary 1 are in order. In the absence of "jump d; —d_
in memory" (i.e., in the case dy = d_ = d), the processes (X;) and (Y;) are the
classical FARIMA(0,d,0) and Corollary 1 is well-known; see [3], [5], [37], [64] and
other papers which discuss weak convergence of partial sums of infinite variance sta-
tionary processes. We note that in this case, the limit process in (15) and (18) is a
fractional stable motion (see [54]). On the other hand, the corollary exhibits a rather
simple parametric class of time series models with nonstationary distributional long
memory (c.f. Definition 2): not only the processes (X;) and (Y;) are nonstationary,
but the nonstationarity persists in the distributional limit, since for d, # d_, all
three limit processes in J + U, J and V have nonstationary (and dependent) incre-
ments. A surprising limit process is V in (26), which is a.s. infinitely differentiable
on (0,00) and so very unusual from the point of view of limit theorems for partial
sums processes. Further properties of these limit processes are listed in Chapter 1
below.

The Increment Ratio (IR) statistic was introduced by Surgailis, Vaiiulis,
Teyssiére [61|. It is defined for given observations Xi,..., Xy as the sum of ra-
tios of partial sums

N—-3m—1

1
IR = ——— Y
N —3m k=0 ‘ Zfilﬁ-l(Xt—i—m - Xy)

k+m k+2m
t:k+1(Xt+m - Xt) + Zt:§+m+1 (Xter - Xt)

k+4+2m
+ ‘ >t (Xepm — X3)

with the convention 0/0 = 1; here m = 1,2,... is bandwidth parameter (see [17]
for generalization of the IR statistic). The IR statistic can be used for testing
nonparametric hypotheses for d-integrated (—1/2 < d < 5/4) behavior of time
series (X;,1 <t < N), including short memory (d = 0), (stationary) long memory
(0 < d < 1/2) and unit roots (d = 1). If partial sums process of X;’s asymptotically
behaves as an (integrated) fractional Brownian motion with parameter H = d+1/2,
the IR statistic converges (as N, m, N/m — 00) to the expectation

|ZI+ZQ|}
Ad) = E | 2222l )
(@) [|ZI\+|Z2|

9

(19)

(20)



where (Z1, Z,) have a jointly Gaussian distribution with zero mean, unit variances,
and the covariance

_9d+.5 + 4d+1.5 -7

o(d) :=cov(Zy,75) = 2(4— 4 9)

The function A(d) in (20) is strictly monotone increasing on the interval
(—1/2,3/2) and is explicitly written in [61]. For Gaussian observations {X;}, in
[61], a rate of decay of the bias EIR — A(d) and a central limit theorem (see below)
in the region —1/2 < d < 5/4 are obtained. The corresponding IR test rejecting the
null hypothesis Hy : d = dy in favor of Hy : d # dj has the critical region

IR = Ado)| > 2aa0(do)y| 55— (21)

where z, is a standard normal quantile, and the function o(d) is numerically tab-
ulated in Stoncelis and Vaiciulis |57] (see also the graph in [61]). A simulation
study in [61] shows that the IR test for short memory (d = 0) against stationary
long memory alternatives (0 < d < 1/2) has good size and power properties and is
robust against changes in mean, slowly varying trends, and nonstationarities.

In the thesis (Chapter 2), we assume that the observed sample comes from the

model
X, = gne+ X7 (1<t <N), (22)

where gy, is a slowly varying deterministic trend, and {X}} is a stationry /stationary
increment Gaussian process. We want to study the impact of the trend on the limit
distribution of the IR statistic. In particular, we obtain conditions on the trend and
stationary component guaranteeing that the limit distribution of the IR statistic
under the model (22) follows the same central limit theorem as in the absence of
trend.

Let us recall the main result of [61]. For brevity, we formulate it under slightly
stronger assumptions than in [61].

Assumption A. {X?} is a zero mean stationary Gaussian sequence with spectral
density f(x),z € [—m, 7], of the form

fz) = la| (e +O(al?)  (z—0),

where ¢y > 0,0 < f < 2d+ 1, and d € (—1/2,1/2) are some constants. Moreover,
f(x) is differentiable on (0,7) and |f'(x)| < C|z|~'??, where C' > 0 is some positive
constant.

Assumption B. The differences { XP— X ,} form a zero-mean stationary Gaussian
sequence whose spectral density satisfies

f@) = a7 (o +O(2")) (2 —0)

10



for some constants ¢ > 0,0 < § < 2d —1,1/2 < d < 5/4. Moreover, f(z)
is differentiable on (0,7) and |f'(z)] < Clz|*"??, where C' > 0 is some positive
constant.

Let IRY denote the IR statistic in (19) with X, = X}.

Theorem 1 [see [61]] . Suppose that {X?} satisfies Assumption A or Assumption
B. Then, as N,m, N/m — oo,

EIR’ — A(d) = O(m™), (23)
E (IR — A(d))” = o(1), (24)
(N/m)Y2(IR° — EIR®) = N(0,0%(d)), (25)

where o(d) > 0 is defined in [61], and = denotes the convergence in distribution.

Introduce the following notation

k+m
Gon(k) 1= V' | D (gnlt +m) = gu(®))|
t=k+1
1 N—-2m-—1 ‘
G =55 kZ G (k) (i=1,2),
m 2
V2= B( Y (X, - XD)
t=1

Under Assumptions A or B, for any d € (—1/2,5/4),d # 1/2,
VZ ~ c(d)ym't* (m — 00), (26)

where ¢(d) > 0 is a constant which is explicitly written in [61] (Eqs. (2.20) and
(2.22)).

The main result of Chapter 2 is Theorem 2, which gives a bound of the bias of

the IR statistic and a central limit theorem for the centered IR statistic for trended
observations as in (22).

Theorem 2. Suppose that observations X;, t =1,..., N, follow the model as in
(22). Let N and m =m(N) both tend to oo so that m = o(N).

(i) Let {X?} satisfy Assumption A or Assumption B. Then
EIR — A(d) = O (max <m—ﬁ,G_3n)) .
In addition, if G_}n — 0, then
E (IR — A(d))* — 0.

11



(ii) Let {X?} satisfy Assumption A or Assumption B. If
G = o(m/N))  (i=1,2), o7)
then
(N/m)"? (IR —EIR) = N (0,0%(d)),
where o*(d) is the same as in Theorem 1.

Corollary 2. Let {X?} satisfy conditions of Theorem 1, m™" = o((m/N)'/?)

and gn(t) satisfy (27). Then the IR test of the hypothesis Hy : d = dy, dy €
(—=1/2,5/4), dy # 1/2 under the model (22) follows the same asymptotic confidence
intervals in (21) as in the absence of trend.

It is well-known that various tests and graphical methods often confuse trends
with long memory. This phenomenon is known as "spurious long memory" (see e.g.
Lobato and Savin [43]). Two natural questions in this context are (I) "how small
a trend must be to be no longer asymptotically detectable (by a given test)?" and
(IT) "how large a trend must be to be distinguished from stationary observations?".
Bhattacharya et al. [10] studied these questions for the R/S statistic and weakly
dependent observations. Shimotsu [56] provided a test to distinguish between a true
and spurious FARIMA (0,d,0) processes. See also Kiinsch [39], Teverovsky and Taqqu
[63], Diebold and Inoue [26], Giraitis et al. [30], Leipus and Viano [41], Giraitis et al.
[32], and the references therein. In particular, Giraitis et al. [30] studied questions
(I) and (II) for the V/S and related R/S-type statistics and a (general) weakly
dependent stationary process {X°} (case d = 0). They showed "small trends"
(corresponding to case (I)) can be roughly characterized by the requirement

N 1/2
lgnll2 = (Zw%(ﬂ) = O(1). (28)

On the other hand, if the trend gy satisfies ||gn|l2 — oo and some additional
conditions, the V/S statistic converges to a different limit than in the absence of
trend, and so it is fooled by the trend. For hyperbolic trend

gn(t) = 1|t + coN|7, (29)

the two cases (I) and (II) correspond to v < —1/2 and v > —1/2, respectively (see
Giraitis et al. [30] for details). Another important example is the case of change
point in mean:

0, 1<t<I[rN],
gn(t) = { un, [TN]<t<N,

for some 0 < 7 < 1. Clearly, condition (28) for gy in (30) is equivalent to |uy| =
O(N~Y2). On the other hand, if |ux|N'? — 0o, then Assumption 2.3 of Giraitis

(30)

12



et al. [30] is satisfied, and so the V/S test for short memory is again fooled by the
trend.

Example 1. Consider regression-type trend gn(t) = g(t/N), where ¢ is
a continuously differentiable function in the interval [0,1]. Then |[[gnl|la ~
N'/2 fol g*(t)dr — oo and so condition (28) is violated. On the other hand,
G, < sup,epoy |9/ (7)|(M*/NV,) = O(m? /NV,) = O(m??/N) for d = 0 (see (26))
and so condition (27) for i = 1 becomes m = o(N'/?). In a similar way, condition
(27) for i = 2 follows from m = o(N?/®). Since m?(N/m)'/? = o(1) is needed for
(21) in the absence of trend (see Theorem 1, (23), (25), or Corollary 2), we obtain
that the IR test for testing the short memory hypothesis Hy: d = 0 is not affected
by any regression-type trend for bandwidths m ~ N*, 1/(1+28) < X < 1/2.

Example 2. Consider the hyperbolic trend depending on N asin (29). Let —1/2 <
v<1/2and ¢; >0 (i = 1,2). Then

lgn(t+m) —gn(t)] = alt+m+ N7 ||1+

t+ CQN
= O(mlt+ NP = O(mN"),

m B
-1

implying G, = O(m>N7"'/V,,,) = O(m?/>N7=1) and, similarly, G2, = O(m>*N?'~2)
for V;, ~ const.m!/2. Therefore a similar conclusion about this trend being asymp-
totically ignored by the IR test in (21) (with dy = 0) as in the previous example
applies for bandwidths m ~ N*, 1/(1+28) < X < (1/2) — 7.

Example 3. Consider the change-point trend (30) with py arbitrary. Since
IR — IR°| < 4m/N (31)

by the definition (19) of the IR statistic, together with Theorem 1, (23), and (25),
this immediately implies that the IR test is asymptotically insensitive to such change
points (and also to any finite number of such change points). The last observation
can be applied to a couple of important trends. The first of them is so-called local

trend defined by

1, relr, 1],

=10 g TS0

where L(t) is a function slowly varying at infinity, and the difference 7/ — 7’ does
not depend on N. Then

dm + (7" —1')
N Y
and thus the local trend is asymptotically ignored by the IR test. The second one

is the change-point trend in the scale (volatility) model. One obtains (31) for this
model by using the scale invariance of the IR statistic.

IR — IR°| <
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We do not study problem (II) "how large a trend must be to be detected by
the IR statistic?", since our empirical simulations and the above discussion confirm
that the IR statistic is insensitive to trends and hence not good for detecting trends.
Certainly, some other statistics (e.g., the V/S statistic) are better fitted for such
purpose.

The main result is given in Chapter 2. The proof of Theorem 2 is given in Section
2.3. Monte Carlo simulations are given in Section 2.2.

In Chapter 3 of the thesis we discuss the joint weak convergence (f.d.d. and func-
tional) of the vector-valued process (UT(LI)(T), UT(LQ)(T)), T € [0, 1], where US)(T) =
A X U () i= AP S XL, are the normalized partial sums processes
separated by a large lag (m, m/n — oo) and (X, t € Z) is stationary moving
average process in i.i.d. (or martingale difference) innovations with finite variance.
The cases of long memory, short memory and negative memory moving average
(X;) are discussed. We show that in each cases the bivariate partial sums process
(Uél)(T), U (7)) tends to bivariate fractional Brownian motion with mutually inde-
pendent components. This result is applied to prove consistency of certain increment
type statistics in moving averages observations.

1.6 Approbation of the thesis

The result of this thesis were presented at the Conferences of Lithuanian Math-
ematical Society (2005, 2006, 2007, 2008) and the 9th International Vilnius Confer-
ence on Probability Theory and Mathematical Statistics (Vilnius, Lithuania, June
25-30, 2006).

One of the talk is published in:

K. Bruzaité, M.Vaiciulis, Time-varying fractionally integrated processes with in-
finite variance and nonstationary long memory, 9th International Vilnius Conference
on Probability Theory and Mathematical Statistics, Abstracts of Communications,
p.114, 2006.

Moreover, the results of the thesis were presented at the seminar on Probability
Theory and Mathematical Statistics of Institute of Mathematics and Informatics,
at the seminar on Econometrics of the Department of Mathematics and Informatics
of Vilnius University and at the seminar of the Department of Mathematics and
Informatics of Siauliai University.
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Chapter 1

Time-varying fractionally integrated
processes with finite or infinite
variance and nonstationary long
memory

1.1 Some preliminaries

Fractionally integrated autoregressive processes FARIMA (p, d, q) are defined as sta-
tionary solutions of the difference equation

o(L)(I — L)X, = ¥(L)ey, (1)

where L is the backward shift operator, p(L), (L) are polynomials in L of degree
p, q, respectively, and the operator (I — L)? is defined by the binomial expansion

(-1 = S w(d)

where 1y(d) := 1 and

 D(=d+) :
Yi(d) == S (=d) (J=1). (2)

For properties of FARIMA (p, d, q) processes we refer to Brockwell and Davis [15].
It is well-known that in the case 0 < d < 1/2 and under suitable conditions on the
polynomial ¢(-) and the i.i.d. noise (g, t € Z), the autocovariance function FXyX;
of the FARIMA(p, d, q) process in (1) decays as t**~! with ¢ — oo and its partial
sum process converges in distribution to a fractional Brownian motion (fBm) Wy (7)
with Hurst parameter H = d + (1/2).
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Time-varying fractionally differentiating filters, introduced in Philippe et al. [51,
53| (hereafter PSV), are defined as

A(d)x, = iaj(t)xtj, B(d)z, := i bi(t)x—j, (3)
j=0 Jj=0
where d = (d;,t € Z) is a given function of t € Z,
o = (P () (), )
bi(t) = <m£v<dwg+1>ch¢g+ﬂ).“(%:Z%i:i), i>1, (5)

ag(t) = bo(t) :== 1. If d; = d is constant, then

d\ rd+1\/d+2 d+j5—-1
o0 = 00 = (L) (27 = wiea
and (3) coincide with FARIMA filter (I —L)~¢. The operators A(d), B(d) are related
by B(—d)A(d) = A(—d)B(d) = I, where —d := (—d;,t € Z).
Finally, let us define time-varying fractionally integrated processes X; and Y}

(see PSV |51, 53|, also PSV [52]) by:

X, = A(-d)'Ge, = B(d)Ge; = (bxg);(t)er—j, (6)

M

<
Il
o

WE

Y, = B(-d)'Ges; = A(d)Ge; = (a*g);(t)ery, (7)

.
Il
o

where (g4,t € Z) is an i.i.d. (or martingale difference) sequence, with zero mean and
unit variance,

(b*g);(t) ==Y bi(t)gj—s,  (axg);(t) == ait)gj—i (8)

=0 i=0

are the impulse responses of the product operators B(d)G, A(d)G, respectively,
and G is a short memory filter with absolutely summable coefficients:

Gz = Zgjxt_j, with Z lgjl <oco  and Zgj # 0.
=0 =0

J=0
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Definition 1.1 A bounded sequence d = (d;,t € Z) will be called

(i) Averageable at +oo if the following limit exists

_ s+n
dy = lim n™! Zk_ dy uniformly in s > 0; 9)

(ii) Averageable at —oo if the following limit exists

d_ = lim n™* ZZ_ oy uniformly in s < 0; (10)

(111) Averageable if the following limit exists

— s+n
d= lim n~* Zk_ dy uniformly in s € Z. (11)

We call the limits d, in (9)-(10) the mean value of d at +00, respectively, and d in
(11) the mean value of d.

Definition 1.2 A bounded sequence d = (d;,t € Z) will be called

(i) Almost periodic at +o0o if for each € > 0 there exist k. > 0 and a periodic
sequence d* = (d;,t € Z) such that sup,,_|d; — di| <,

(ii) Almost periodic at —oo if the sequence d = (—dy, t € Z) is almost periodical
at +00,

(111) Almost periodic if for each ¢ > 0 there exists a periodic sequence d°® =
(d;,t € Z) such that sup,_7 |d; — df| < e.

Denote AP (respectively, AP(+00) and AP(—0o0)) the class of all almost pe-
riodic sequences which are almost periodic (respectively, almost periodic at +o0o
and almost periodic at —00). Denote A (respectively, A(+o00) and A(—o0)) the
class of all sequences which are averageable (respectively, averageable at +o0o0 and
averageable at —o00).

Proposition 1.1 [see [16]] AP C A, AP(+00) C A(+0), AP(—0) C A(—00).
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Proof. The first inclusion well known. Let us prove part (i). Let d be almost periodic
at +00. For any p > 1, there exist k, > 1 and a periodic sequence d® = (dgp),t €7)
such that sup,., |d; — dP| < 277 This implies SUDy~ 1., v, |dP) — d\9| < 277 4 27
and therefore sup,_7 d? — d\?| < 277 4+ 27 by periodicity. The same inequality
holds for the mean values of the periodic functions:

|d®) —d®)| <277 +277  (p,g>1)

and therefore .
lim d® =: d, (12)
p—00
exists. Let us show that this limit d, satisfies (9), in other words, that for any & > 0
there exists n. > 0 such that

nfl

Zs+n(dk - (L)‘ <e (Vs>0, Vn>n.). (13)

By definition (12), there exists p. > 1 such that |d®s) —d,| < £/4,27P < ¢/4 and
therefore

s+n s+n s+n
n S - OL)‘ < 0> (d - d§p6>)‘ S0 - d(ps))‘ +a% —d,).
k=s =s =s

Here, the last term is less than €/4. and sup__pz n~" s glre) — d(l’a))‘ < e/4 for
n > n. and some n. by periodicity. Let 7, :=n ZZZ(dk—d,gps))), then 7, < 277 <

e/4 for s > k,,, while for 0 < s < k,_, we have 7, < n=t S0 (|dy| + 7)) + (¢/4),
where the last sum does not exceed (2|d|| + 277<)k,,/n, ||d|| := sup,_7 |d;|, and
therefore this sum is less than /4 provided n > n! := 4(2||d|| + 1)k,_/c. Hence (13)
holds with n. :=n. v n!. O

-1

Remark 1.1 If d = (dt,_t € Z) is bounded and the limit dy = lim,_ ., d; exists,
then d € AP(4+00) and d; = d; (the approximating periodic sequence d° in this
case is the constant sequence (df = d;,t € Z), for each € > 0).

Remark 1.2 (i) The inverse inclusions in Proposition 1.1 are not true. Indeed, let
diy=1ift =2 k=1,2,....d; = 0 eslewhere on Z. Then d = (d;,t € Z) € A(+0)
but d ¢ AP (+00).

To check the first relation, write n™*> 1= d), = n =} (L(n+s) — L(s — 1)), s > 0,
where L(t) = #{1 <k <t:k=2"(Ji=1,2,..))}. Then L(t) =1 for 2" <t < 2!*!

and therefore
logt logt log2t
OT <) < 9 1 = o

log2 — log2 ~ log2’
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implying n~' Y75 di < (nlog2)~Y(log(2(n + s)) — log(s — 1)) < n~ (1 + log(n +
1)/log2) = o(1) uniformly in s > 2. Therefore d € A(+o00) with d; = 0 as mean
value at +o0. )

To check the second relation, assume ad absurdum, that there exist £ > 0 and
periodic sequence (dy,t € Z) such that sup,.z|d; — di| < 1/2. Then sup,_zd; > 1/2

and d;, < 1/2 for all 20 < t < 27! and any i > 0 large enough, which is a
contradiction since 2¢ exceeds the period starting with some 7 > i > 0.

(ii) Let d; = sgn(t),t € Z. Then (d;,t € Z) € AP(4+0o0) with mean value d; = 1
at +oo but (dy,t € Z) ¢ A. Indeed, (2n)~'337*"d, — 1 uniformly in s € Z does
not exist.

Remark 1.3 Each of the classes AP, AP(+0), AP(—00) is closed under algebraic
operations, shifts and uniform limits. Moreover, these classes are also closed under
compositions with continuous functions. In particular, if (di,t € Z) € AP(+00),
then (|d|*,t € Z) € AP(400) for any o > 0.

Definition 1.3 Let W = (W (1), 7 > 0) be a stochastic process. We say that

(1) W has asymptotically stationary increments if as T goes to +00

(W(T+7') — W(T), T Z 0) —FDD (W(T), T Z 0)

where W is a nontrivial stochastic process and —ppp for weak convergence of finite
dimensional distributions only.

(i1) W has asymptotically vanishing increments if the conevrgence (i) holds with

W(r)=0.

Let (Z(z),# € R), Z(0) = 0 be an a-stable process with homogeneous and
independent increments, 1 < a < 2,EZ(z) = 0 (see e.g. Sato [55], Samorodnitsky
and Taqqu (1996) for definition). In particular, for o = 2, Z(x) is a Brownian
motion. Introduce the following stochastic processes

ur) = [ 2 [0t (14)

Uiy a (1) = /0 Z(daf)/oTy‘”‘d‘(y—:v)d“ld% (15)

—00

Vioa (1) = / () Z(da) /07<y—x>d+1dy, (16)

— 00
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Note that J; is independent of Uy, 4 and Vg, 4 , that Ujq = V4, and that
Jd(T) + Ud,d(T) = Wd(T) T Z 0, (17)

is a fractional a-stable process with stationary increments, with self-similarity index
H = d+ (1/a). In particular, for o = 2, the process in Wy in (17) is a fractional
Brownian motion with Hurst parameter H = d + 1/2 € (1/2,1). The processes
Ja,Ud, a_,Va, o were introduced in PSV [53| for o = 2. The following proposition
generalizes the corresponding result in PSV [53] for 1 < a < 2.

Proposition 1.2 [see [16]] Let d,d,d_ € (0,1 — (1/«a)), « € (1,2]. Then:

(i) The processes Jq,Uq, a_,Va, a_ are well-defined. They are self-similar with
respective indices d + (1/a),dy + (1/a) and d— + (1/a) and have a.s. continuous
trajectories.  Moreover, finite dimensional distributions of Jg,Uq, a_,Va, a_ are
«-stable.

(ii) The processes Uy, a_ and Vg, a_ have asymptotically vanishing increments,
while Jy has asymptotically stationary increments tending to those of a fractional
stable process Wy in (17).

(iii) Trajectories of Uy, a_ and Vg, 4 are a.s. infinitely differentiable on (0, 00).

Proof. We restrict the proof to the case 1 < a < 2, the case o = 2 was proved
in PSV [53]. Note all processes in (14-11) can be written as stochastic integrals of

the form [ f(x;7)Z(dz) with a corresponding integrand f(;;7)), [ = [p. Tt is well-

known that [ f(z)Z(dx) is well-defined and has a-stable distribution if f € L*(R),
moreover, for any ¢ > 0 there exists a constant C' = C. > 0 such that

B| [ 1) Ztd0)|"™" < Clmax(ffames 1 as ) (18)

where || - ||, is the norm in L*(R); see e.g. Surgailis [58]. Using (18) (where ¢ > 0
should be chosen small enough), all facts in (i)-(ii) can be proved similary as in
the case @ = 2 in PSV [53]. To prove (iii) for Uy, 4 in (15), note the integrand
flasr) = [ y™ = (y—2)"'dylj_ () is infinitely differentiable with respect to
7 > 0 and ||an)(-; T)||aze < C is uniformly bounded for e > 0 sufficiently small on
any compact interval |1, 73] C (0,00) (the constant C' depends on 71 > 0, n > 0,
e > 0). This implies that Uy, 4 (7) is n-times differentiable in L*~(Q) on 7 € (0, o0)
and the derivative Uézzd_ (1) = fi]oo £ (2:7)Z(dx); moreover, one can easily check

that Uéﬁ?tL (1) is a.s. continuous on (0, 00) and therefore it coincided with the nth
pathwise derivative of Uq, 4 (7). The proof of (iii) for Vg, 4 in (11) is analogous.
Proposition 1.2 is proved. U
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1.2 Main results

Recall the definition of time-varying fractionally integrated filters A(d)G, B(d)G
in (3)-(5), (8). In order to study partial sums limits of the integrated processes
Y; = A(d)Gey, Xy = A(d)Gey, we introduce the following conditions on the sequence
d and the short memory filter G.

Assumption A1l. Let M be a class of sequences d averageable at +0o and —oo
and closed under algebraic operations, shifts, and uniform limits.

Examples of such M are: (1) M = AP, (2) M = {d : limy_ 4o d; = dy €
R exist}, (3) M = AP(+o00) N AP(—00).

Assumption A2. Assumed € M, d; ¢ Z_ = {0,—-1,-2,...} for any t € Z,
d+ € (0,1 —1/a). Moreover, let there exist C' and 0 < § < 1 such that for all s <t

t

‘(t— 9 (d —CL)‘ < Ot—s|  (0<s<t), (19)
‘(t— 5)! Xt: (d; —J_>\ < Ot—s| (s<t<0). (20)
i=s+1

Assumption A3. Assume that g := Z;io g; # 0 and there exist some C,6; > 0
such that
gl < ¢ (=), (21)

Let be given a sequence d = (dy, ¢ € Z) € M having mean values dy. at +00 as
in (9)-(10). Define a new sequence (d;,t € Z) having a single jump at ¢t = 0 as

i ::{d+, if t >0,

d_, ift<0O.
Denote
) = [T+ 220) s = [ (1+ 2=
k<t k>t
Introduce also .
Qp(s) == ZWZB(S +1i), s€L (23)
=0
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Definition 1.4 Write ¢ € D(a) (1 < a <2) if
(i) @« =2 and Ee = 0, Ee? < oo,

(1) 1 < o < 2,Ee =0 and there exist some constants ¢; > 0,c¢; + co # 0 such that

67

Ple >z) ~cz™ (x — 00), Ple <z) ~ ez (x — —o0).

Let ¢;,t € Z be a sequence of i.i.d. rv’s, with zero mean, whose generic distri-
bution € € D(«a), 1 < a < 2. The last assumption implies that the ;’s belong to
the domain attraction of a-stable law (Ibrahimov and Linnik [36], Theorem 2.6.7),
in other words

nqu& = Z, (24)
t=1

where = denotes convergence in distribution and Z is an a-stable r.v. with the
characteristic function

0z _ J e (Oicr,00), ifl<a<?2,
Ee — { 6_0.292/27 lf o = 2 (25)
where % := Ee? and
0)1°T(2 —
wa(b;c1,c9) = %((cl + ) COS(%) —1i(c1 — co)sign(h) sin(%)). (26)

The following Lemma 1.1 describes limit behavior of weighted sums of ¢’s. In
this lemma, we do not use the special form of weights Q5(t) in (23). The notation
in (27)-(28) is convenient in the formulation of Theorem 1.2.

Lemma 1.1 [see [16]]| Let e,t € Z be i.i.d. 1v’s, ¢ € D(),1 < o < 2.

(i) Let 1 < a <2 and (Qgp(t)) € AP(4+00). Then
n_l/aiQB(t)gt = Zy, (27)
t=1

where Z is a-stable r.v. whose characteristic function is given in (54-56);

(i1) Let 1 < a <2 and (Qp(t)) € AP(—00). Then

N " Qp(t)e = Z-, (28)



where Z_ is a-stable r.v. whose characteristic function is given in (54-56);

(iii) Let o = 2 and let (Q%(t)) be averageable at +oo. Then (27) holds, with
Zy ~N(0,0%), 0f = 0%Q%,.

(iv) Let a = 2 and let (Q%(t)) be averageable at —oo. Then (28) holds, with
Z_~ N(0,0?%), 0% =5%Q%_.

Let (Z(x),x € R), (Zy(z),z € R), (Z_(x),z € R) be a-stable processes, Z(0) =
Z+(0) = Z_(0) := 0, whose distribution is completely determined by the distribution
at time z = 1:

Z(l) law Z, Z+(1> ~law Z+7 Z*<1) “law Zﬁ’

where Z,7Z,,7Z_ are defined in (24), (27), (28), respectively, and =j,, stands
for equality of distributions. We shall also assume that (Z,(z),z € R) and
(Z_(x),z € R) are mutually independent.

Let a-stable self-similar processes
+ 7- + - + - + W
Ja, Jd aJda Ud+,d—aUd+,d,>Ud+,d,a Vd+,d—7Vd+,d,v‘/;z+,d,a Wa, Wd ’Wd

be defined as in (14)-(17), with the random measure Z(dz) replaced by
Z(dz) = dZ(z), Z4(dz) = dZ,(x), Z_(dx) = dZ_(z), respectively.

Let —pjo,1] denote weak convergence of random elements in the Skorohod space
D[0, 1] endowed with the sup-topology. Introduce (asymptotic) constants cy, cﬁ by
g 1 d
cp = QAfg cg === 5 hs

) B~ ara)

where §a, is the mean values at +00 of g4 = (ga(t)). Our main results are the
following theorems.

Theorem 1.1 [see [16]] Let Y; = A(d)Ge; as defined in (7), where (e,t € Z) are
id.d. ™v’s, e € D(a), 1 < a < 2. Assume that d, M and G satisfy Assumptions
A1-A3, respectively, and that

di € (0,1 — (1/a)). (29)
Then

[N7]

N,(zr(l/a)zyt —pp1 ca(Jz, (7) + Uz, a (7). (30)

t=1
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Theorem 1.2 |[see [16]|| Let X; = B(d)Ge; as defined in (6), where (g4, t € Z),d, G
satisfy the same conditions as in Theorem 1.1, including (29).

(i) Let d, > d_. Moreover, in the case 1 < a < 2, assume d € AP(4+0oc). Then

) (]
N SN, pay T (7). (31)

t=1

(ii) Let dy < d_. Moreover, in the case 1 < a < 2 assume d € AP(—00). Then

) (N7]
N—d,—(l/a) Z Xt _>D[0,1] CE‘%;,J, (7_)

t=1

(iii) Let d; = d_ =: d. Moreover, assume that for 1 < o < 2, the sequence d is
almost periodic at +oo and —oo (i.e., d € AP(+00) N AP(—00)). Then

. [N7]
N—d-(1/) ZXt — Do) CBW(;_(T),
t=1
where cp = ch =cp ford, =d_=d.

Theorems 1.1 and 1.2 essentially follow from Lemma 1.2 below combined with
Lemma 1.1, see the proofs in Sect. 1.3. Lemma 1.2 relates the asymptotic behavior
of coefficients of time-varying filters A(d), B(d) and their "short memory perturba-
tions" A(d)G, B(d)G, to the asymptotic behavior of FARIMA coefficients t;(—dy.).
The proofs of Lemmas 1.1 and 1.2 are given in Sect. 1.3.

Lemma 1.2 [see [16]| Let d, M and G satisfy Assumptions (A1)-(A83). Then there
exist C, 09 > 0 independent of s,t and such that

(axq)is(t) = Gqa(t)—s(— CL) + @A(t s), 0<s<t, (32)
Gt aa(t)vrs(—d_) 245 ds) }+04(t,s), s<0<t,
A IQ ($)Ui—s(—di) + Op(t, s), 0<s<t,
(b*g)tfs(t) - dt 1¢t( d_ )Q CZ S < (33)
(—d3) B(8)Yi—s(—dy) +Op(t,s), s<0<t,
where
_ o] 02 —d2 —d2 (12 §)J 0<s<t,
Oa(t. )] < Clle =+ s 4 1) { G20 0 05 e <t sy
—02 —62 —62 (t - 5>d+ 17 0<s< t,
n(t.5) = Cllt = s+ s+ 12 { (G0, o V50Sh

25



The sequences g1 = (a(6), a5 = (a5()), Qs = (Qp(0)) in (22)-(25) are well
defined and belong to the class M. Moreover, if d € AP(+00) (respectively, d €
AP(—0), then Qp € AP(400) (respectively, Qp € AP(—0)).

1.3 Proofs

Before turning to the formal proofs of Theorems 1.1-1.2 and Lemmas 1.1, 1.2, let us
clarify the meaning of the introduced infinite products in (22). Let first 0 < s < t.
Then from (4), (2) one has

7 a;—s(t)
t—s(t) = tos(—dy) ——F—=—

walt) = vt

= d 1 d — dy

= Yeel= +>s£t< M - 1>

- ¢t—s(_J+>QA(t)‘9A(tJ 5)7 (36)

where
B dy—dy dy—d N\
Oalt;s) = 0<Hk<s (1+d++t—k—1) g(1+d_+t—p—l>
(et ) @7
s dp +t—k—1

tends to 1 as t — oo and ¢ — s — o0; see Lemma 1.1 below. The resulting relation
ai—s(t) ~ P_s(—dy)qa(t) in (36) gives the behavior of the fractionally integrated
filter a;,_4(t) as t — 0o, t — s — oo. Next, let s < 0 < ¢. Then

- 3 ’(ﬂt(—CL-) at—S@)d’t(_J—)
a-s(t) = Yis( d)%(_({_) Uro(—d_)ibr(—dy)
-\ i(=dy) dp — d- di — dy
= wt_S(_d_)ibt(—J—) s<;-11<0 (1+ d_+t—p— 1> 09@( + dy +t—k—1
- Wi(=dy)
— ¢t_s(—d_)wt(_J_)qA(t)QA(t, s),
where
dk _ d77 -1 dk — Jk -1
0a(t,s) :ZIQ(l—'—J_—i—t—k—l) :g<1+—§k+t—k—1> (38)

tends to 1 and therefore a, () ~ wt,s(—cl)zzgiijq/;(t) as s — —oo and t > 0;

see Lemma 1.4. Lemma 1.4 also gives related asymptotics of the filter coefficients
bi—s(t) in terms of the FARIMA (0, d+,0) coefficients and the function ¢p(t) in (22).
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In the sequel, C will stand for a generic constant C' which may change from line
to line.

Lemma 1.3 [see [16]|] Let d, M satisfy Assumption (A1)-(A2). Then the infinite
products in (22) converge uniformly in t € Z. Both sequences qa = (qa(t)) and
g = (qg(t)) belong to M.

Proof follows that in PSV([51|, Lemma 2.2), with appropriate modifications. To
prove the uniform convergence of g4(t), it is enough to show that, as n, m — oo

sup |ga(t —n,t) — qa(t — m,t)| — 0,
teZ,

where

qa(s,t) = H <1+M> =: H (1 + Bk(t)).

s<k<t d+t—k—1 s<k<t

The sequence (d;, t € Z) is bounded, thus there exists ng such that |3;_,(t)| < 1/2
for all p > ng,t € Z. Since, the uniform convergence of ga(t — n,t) is equivalent to
the uniform convergence of q4(t —n,t)/qa(t —ng,t). Therefore, we can suppose that
no = 1. Then ga(t —n,t) > 0Vn >1 and

t—nm—1

IT @+ 8et) -1

k=t—m

lga(t — n,t) — qa(t — m,t)| < qa(t—n,t) (n <m). (39)

For |x| < 1/2, we have e*** < 14z < e*. Thus we obtain qa(t — n,t) <

exp {4 A(t)} and

t—nm—1 t—n—1 t—n—1 t—n—1
eXP{k;mﬁk(t) —k;mﬁi(t)} < klt_[m 1+ Bi(t) <6Xp{ktzm5k }

We claim that there exists a constant C' such that inequality

t—n—1

> Bt < on, (41)

k=t—m

holds for any ¢+ € Z and any m > n > 1. Whence, S/_% |3:(t)] < C and
ga(t — n,t) < exp {Zz;lt_n Bi(t)} < C are bounded uniformly in ¢ € Z,n > 1.
From (39), (41) we also obtain

|qa(t —n,t) — qa(t —m, )] < C(le”"" =1 +[“"" —1)) <Cn™®  (n < m),

proving the statement of the lemma about the uniform convergence of the products
ga(t) in (22). As the class M is closed under algebraic operations, shifts and
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uniform limits, therefore g4, = (ga(t —n,t)) and g4 = (ga(t)) belong to M. The
proof for g = (qp(t)) follows similarly.

It remains to prove the claim (41). We shall separately consider three cases:
Case (1): 0<t—m<t—n—1,Case (2): t—m <0<t—n—1, and Case (3):
t—m<t—n—1<0.

Consider first Case (1). Then [ (t) = 3% (t—m < k < t) by the definition
of d,. Using summation by parts,
t—n—1 t—n—2
t—m,t—n) +(k+1,t—n
S ) = 2l > L @)
et d+—|—m—1 ot d++t—k—1)(d++t—k’)

with Dy (k,t —n) := 32/_"'(d; — dy). The hypothesis (19) implies that | D (k,t —
n)| < Clk - (t —n)]*2 for 0 <t —m < k < t—n, where C does not depend on
k,t,n,m. In particular, |D, (t —m,t —n)| < Clm — n|*~? and

‘D+(t—m,t—n

A\ )’ < Clm—=n|""%/m < Cn™?,
d++m—1

for m > n. Similarly,

t—nm—2 t—n—2 o]

D 1.+ — o _ 1-6 1-46
Z _ Dy (k+ b - n)| <C Z |k —(t—n) < OZ ¢ <
e (A t—k—1)(dy +t— k) N (=5E -

proving (41).

Next, consider Case (2). Spht ST Bt) = S () + 0, Be(t) =
%1 4 %. Then || < Cn™° according to (41) above Con81der Y9. Note Fi(t) =

Gl (t —m <k <0). Similarly as (42),

e CD(t-m) O D (k+1)
=2 ﬁk(t)_d_+m—1+k:tzm(d_+t—k:—1)(d_+t—k)

k=t—m

with D_(k) := 3., (di — d_). The hypothesis (20) implies that |D_ (k)| < C’|k|1’5
for k < 0. Therefore |D_(t—m)/(d_+m—1)| < C(m—t)}"%/m < Cm™° < Cn~° and

D (k1) (d_At—k—1)(d_+t—k)| S O350, 010/ (t+0)> < Ct0 < On~°
as t > n. This proves (41) in Case (2).

Finally, consider Case (3). Similarly as (42), with G (t) = _dimd- e obtain

d_+t—k—1
i (t m,t —mn) iy D_(k+1,t—n)
Z Oul®) = “Tm-1 Z (d_+t—k—1)(d_+t—k)
k=t—m k=t—m > n
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with D_(k,t —n) := /27" (d; — d_) satistying |D_(k,t —n)| < C|k — (t — n)|*~
in view of the hypothesis (20). The remaining details of the proof are the same as
Cases (1) and (2) above. This proves the claim (41) and the lemma, too. O

Lemma 1.4 [see [16]] Under the hypotheses of Lemma 1.3,

st = qm{gj;g PR AP
where qa(t),04(t, s) are defined in (22), (37), (38), respectively. Moreover,
04(t,s) — 1] < Clt —s|°  (s<t) (44)
for some constant C' independent of t,s. Also,
o) = ap()hris(=d,)05(0,) { s 505058 )
(1/d_)m, if s<0<t,
where qp(t) is defined in (22) and
~ i .
kl_[t—l < —s5+1 +kd k) (46)
satisfies
0p(t,s) =1 < Cls —t|° (s <t), (47)

with some constant C' < oo independent of s,t.

Proof. Let us prove (44). Let 0 < s < t. According to (37) and using the same
notation as in the proof of the previous lemma, 04(t,s) = [[_" (1+ ﬁk(t))fl

k=—0o0
Using (40)-(41), it is easy to infer that
Oa(t,s <exp{2|ﬁk )|+ Z 18, (t) }Sec(t—s)_5
p=—00

and, similarly, 04(t,s) > e=Clt=9)7" implying (44) for 0 < s < t. In the case
-1
s < 0 < t, use (38). Then, similarly as above, 04(t,s) = H;;io <1 + ﬁp(t)> <

exp { pr—oo |ﬁp(t)|} < eC=97" 9, (t,s) > ¢ Ct=)"" thereby proving (43)-(44).
The proof of (45)-(47) follows similarly. O

Proof of Lemma 1.2. Consider (32). Let 0 < s < t. According to (43),
(a% g)i—s(t) = gaa(t)i—s(—ds) = qa(t) (él(t, 5) + Os(t, S)) :
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where

(:)1(t,8) = Zgiwt—s—i(_cz—i—)_gqvbt—s(_cz-l-)a

t—s

Os(t,s) = Y githai(—di)(0alt,s +1i) — 1).
i=0
Using Lemma 1.4, the terms éi(t,s),i = 1,2 are estimated exactly as in

PSV([53], proof Lemma 5.1) and satisfy (34). Hence (32), (34) follow in the case
0 < s < t, noting that g4(t) are bounded uniformly in ¢, see Lemma 1.3. For
s <0<t (32), (34) follow similarly, by using our Lemma 1.4 and the estimates in
PSV([53], proof of Lemma 5.1).

Next, consider (33), (35). Again, the case 0 < s < t is similar to PSV (|53,
proof of Lemma 5.1). Let s < 0 < t. According to (45),

(b*g)t—s(t)—d;l 1511 :(( ))lbt J(=d)Qgp(s) = Oil-—z; (t,5) + Og(t, s),
where
Bult.s) = _szlgqum)(wt = n et AL )
Bult,s) = Szlgzqwmwt ) == gy s 4 - ),
Bi(t,) = —¢t_s<—d+>%iigiq3<s+w,
Boltis) = (dir/dy) Z G5 + DWosmi(~d: )0t 5 + 1)

Noting that |g,qp(s +i)| < Ci™'~ % in view of (21) and boundedness ¢p, the
proof of the fact that Oi(t,s),i = 3,...,5 satisfy (35) (with factor |s|(@-—d+)V0
replaced by |s |d— d), s completely analogous as in PSV([53|, proof of Lemma

5.1). Consider |Og4(t, s)| < CZtHS ~100(t 4 |s| + 1 — i) 1. By splitting the last
Sum into two sums » ;= D00 piep)/2r Zz = Z(t+|s|)§2§i§t+|s| (theiﬁrst sudm
may be empty), we obtain >, < C(t + |s])®™ ! Zi:|5| iTIT0 <Ot — )]s,

< Ot + |s|)~ 2 (t+|5 )/2idi=1 < O(t — §)4+~1=% thus proving the bound
> g
(35) for Og(t, s) and the representatlon (33), (35) as well.
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Relation qa,qp € M was proved in Lemma 1.3. Whence and from the fact that
M is closed under translations, linear operations and uniform limits, it follows that

QBEM.

Let d € AP(+00). Then gp € AP(+00), as the class AP(+0c0) is closed under
shifts, products and uniform limits; see Remark 1.2. Consequently, Q5 € AP(400)
as the series in (23) converges uniformly in s € Z. The proof for d € AP(—0o0) is
analogous. Lemma 1.2 is proved. U

Proof of Lemma 1.1. Parts (iii)-(iv) follow by the classical Lindeberg central limit
theorem. Let us prove part (i); the proof of part (ii) is analogous. As Qp €
AP (+00), for any § > 0 there exist a ks > 0 and a periodic sequence (¢;5,t € Z)
such that

sup |Qp(t) — lis| <. (48)

t>ks

Write
Y Qs = > lser+ Y (@) —lig)er = Sus+ Rus.
t=1 t=1 t=1

We need to show
E| Ry, s < y(6)n~/® (49)

for some o < a, all n > 1 and some v(¢) independent of n and tending to 0 as
6 — 0; and, moreover, that

n S, s = Zs (V6 > 0,n — o) (50)
Zs = Zy (6—0), (51)

where Z, is a-stable r.v. defined in (54-56) below.

To show (49), we use the inequality

" a—e n i (a—e)/(a+te)
E’ Z CiE; S O{Tlis/a Z ‘C@'|a7€ —+ (ns/a Z ’Ci|a+s) }7 (52)
i=1 i L

see Astrauskas [3]|, which is true for any numbers ¢4, ..., ¢, and any € > 0 such that
a+¢e < 2. Inequality (52) follows by writing &; = (&}, — Ee},,) + (g7, — Ee7,,),
egm = g5l(|es] < nt/e), 5/5,,71 = gsl(|es| > nl/o‘), and using E\eg’n—Esan]o‘“ < Cnfle,

Ele/, — Ee/,|*7* < Cn~%/*, together with independence of &;, i > 1. Relation (49)
follows from (52), (48) and boundedness of (Qy(t)), with y(8) = C|6]*" — 0 (§ — 0).
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Let ({;5,t € Z) be periodic with period m < oo. Then (50) holds with Zs is
a-stable having the characteristic function Fe®% = exp{—w,(0;c1s,cas)}, where
wa(B;c1, o) is given in (25-26) and ¢15 > 0, ca5 > 0, ¢15 + c25 > 0 are uniquely
determined by equations

|£5|O‘<Cl -+ Cz) =cC15 + C25, |€5|asgn(€5)(02 — Cl) = C25 — C14, (53)

where |0s|®, |ls|*sgn({s) are mean values of the periodic sequences (|¢;s]*),
(16+,5]“sgn(lss)), respectively. Clearly, (|Qp(t)|*) and (|Qp(t)|*sgn(Qp(t))) can be
aproximated at 400, in the sence of (48), by (|:5]*), (|¢:s|*sgn(¢:s)), respectively,
and therefore one can pass to the limit 6 — 0 in (53) and in Ee% thereby proving
(51) and Lemma 1.1, with

FEexp{ifZ.} = exp{—wa(0;c14,c21)}, (54)
azx = Qs Tgys0y.a + Qs T0s<0y.Co, (55)

e = Q|50 + Q8| Tigu<0) 1. (56)

O

Proof of Theorem 1.1. We shall use the scheme of discrete stochastic integrals as in
PSV |51, 53] or Astrauskas |3|, with appropriate modifications. Accordingly, relation
(30) is written as

/ f(r.2)Zn(dz) —ppoy / f(r, ) Z( dx) (57)

where Z(dx) is the a-stable random measure in the stochastic integral representa-
tions (14)-(11) of the limit process in (30), and Zy is a discrete random measure
defined by

Zy(a' 2"] .= N~ Z Es.

' N<s<z!'N

Let 1 < o < 2 (the case a = 2 is simpler and omitted). Fix a sufficiently
small ¢ > 0,1 < a—¢ < a < a+ ¢ < 2, and consider the Banach space
L*#(R) of all measurable real functions f = f(z),x € R with finite norm || f||os :=
max (|| flla—e || flla+e). The a-stable stochastic integral [ f(z)dZ(z) = [ fdZ is
well-defined for any f € L**(R) and satisfies

Bl [ raz|"" < el

see (18). Let LY (R) € L*(R) consist of functions f taking constant values
fs on intervals Ay = (s/N,(s + 1)/N],s € Z. The discrete stochastic inte-
gral [p f(2)Zn(dx) = [ fdZy is defined for any f € LY (R) by [ fdZy :=
Yo [sZNn(Ay) for each function f € L**(R), and satisfies a similar bound

| [ raze| ™ < ez, (58)
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with some constant C' independent of f (see (52), also Astrauskas [3]). Convergence
in distribution

fndZy = | fdz (59)
[ wazm= |

of a sequence of discrete stochastic integrals [ fydZy (fy € LY (R)), N =1,2,...
to an a-stable stochastic integral [ fdZ (f € L**(R)), follows from

(Zn(@h, 2], Zn(ah, o)) = (Z(2), 2", Z(2l,, 7)) (60)
for any m < oo and any disjoint intervals (2}, z7],i = 1,...,m; and
||fN - f”a,a — 0; (61)

see Astrauskas [3], also PSV [51, 53].

Consider the convergence of finite dimensional distributions in (57). For sim-
plicity, we shall restrict ourselves to the convergence of one-dimensional integrals at

7 = 1. The integrands fy(x) = fn(1,2), f(z) = f(1,2) in (57) are given by
N
fn(x) == NN (axg)_st), € ((s—1)/N,s/N|, seZ,

@) = CA(/;@,_@ Ly Toay(x) + /Oly@‘f—@—x)cf—1dyﬂ1-oo,01<:c>>,

respectively (for s > ¢, we put a;_s(t) = b;_s(t) := 0). Convergence (60) is immediate
by the central limit theorem (24) and independence of g, s € Z. To prove (61), from
Lemma 1.2, (32), (34), it suffices to show the convergences

Ifx = fllag — 0, 1 ¥llae — (62)

where

fule) = gga N~? ﬂl}

N
(x) { Z?\?l Vs x>0,
Zt:l wt_—slﬂ:_/@bt_a r S 07
_ N N
i _ t) — e x>0,
bw) = N () { Lt @,
2 =1(qa(t) = Ta )b by, 2 <0,
s € Z, and where ¢ | = 1,_s(—dy) if s < t, := 0 otherwise. The proof of the
first relation in (62) is analogous as in PSV(|53], proof of Theorem 5.1), taking into

account condition dy € (0,1 — (1/a)) (29) of Theorem 1.1 and choosing & > 0 small
enough (the choice of € > 0 depends on d).

2\

Consider the second relation of (62), or || fxIo1llae + || /A -c0,0]lla,e — 0. For
brevity, we shall restrict to the proof of || fy]j—cc,0lla,e — 0, which is equivalent to

= Y St~ T | = o), (69

s=0 t=1
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for o/ taking values o/ = a+¢ and o/ = a —¢.

Let G(t) := S (qa(u) — @ay), then v, = |G(t)/t| — 0 (t — o0) since

u=1

(qa(t) — qap,t € Z) is averaging at +oo with mean value 0 at +oo. Denote
¢rs = Y0y /1, . Using summation by parts, for s > 0 we obtain

N _
S (alt) ~ T )ens = GV )pwa+ S GOGrins — 0.
t=1 t=1
From definition (2) easily follow the bounds
[G(=d) < Ct, Y (—d) — ( d))| < Ct (64)
[ (=d) < Ct Uk (=d) =y (=) < C (65)
implying
onsl < C(N )TN

A

|otr1,s —orsl < C <(t + 3)5—*215@*5— Tt S)J_fltcf_,_fj_fl)
C(t+s) ="Mt ===1 (1,5 > 1).

IN

We thus obtain

/

WE

RN S O,yzo\z[/ NO/(I-FCLr—Jf)

00 N
(N+ S)o/(cl—l) +OZ (Z’Ytta_g’(t-l-s)‘z*_l)a

s=0 t=1

i
o

s
= O(A]\/vl—"_O/CLL )a

where we used 7; = o(1) and (1 —d_)o/ > 1 (the last inequality is satisfied in view
of d_ < 1—(1/a), since € > 0 can be chosen arbitrarily small). This proves (63),
(61) and the convergence of finite dimensional distributions in (57) and in Theorem
1.1.

The proof of tightness in the space D[0, 1] with the sup-topology follows by
Kolmogorov’s criterion. Namely, it suffices to show that there exist C,y > 0 such
thatforanyN>1andany0<7'<7—|—h§1

NG+ oz
’ Zt [NT]

Using the representation of the sum in the Lh.s. of (66) as a discrete stochastic
integral, together with (58) and Lemma 1.2, (32), (34), boundedness of (ga(t)), the
proof of (66) reduces to

< ORI+ N1/ a—e) (66)

[N(7+h)] o )
Z( Z ’w ) < Ch1+’yN1+d+a" (67)
=[NT]
') [N T+h) B
5 (" wtrl)” = cum "
t=[NT]
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where we use the same notation as in (63).

Let us check (68); the proof of (67) follows similarly and is omitted. By using
(64)-(65), integral approximation to the sums on the Lh.s. of (68) and a change of
variables, (68) follows from

00 T+h _ _ _ o
I(1, h) ::/ (/ (t + s)d-"1d+—d- dt) ds < Ch'™.
0 T

If dy > d_, then I(r,h) < [* (ffh(t + 5)-! dt>a ds < [J7 (foh(t +

s)d-—1 dt) ds = O(h'*?-) and (68) holds with v = o/d_ > 0. Let d, > d_,

then I(7,h) < I(0,h) = O(h'**'4+) and (68) again holds with v = o/d, > 0. This
proves (66) and concludes the proof of Theorem 1.1. O

Proof of Theorem 1.2. We shall prove part (i) only; the proof of (ii) and (iii) is
similar and will be omitted. Similary as in the proof of Theorem 1.1, we restrict
ourselves to the proof of one-dimensional convergence (at 7 = 1) in (31), for 1 <
o < 2. With Lemma 1.2 (33) in mind, write Sy := Y&, = 37 S, n, where

N N
SiN = Z5SQB(S)Z¢t—s(—J+)7
S;l d
SQ,N = ngQB Zl/)t s d+ (t—1—1>
s=1
N
S3,N = ngZ@B(tas)v

s=1 t= s
S4,N = Z Zb*gt s
s<0 t=1
It suffices to show
N=HW08 v = eIt (1), (69)
E|S;y|oF = o(N@@+0/a)y i — 9 3 4 (70)

for some € > 0. Consider (70) for i = 2. Using (52) and boundedness of Q)5(s), this
follows from

N N
_  |aze -
N S| SO (doa — )| = o)
s=1 t=s
The proof of the last relation uses the fact that (d,_; — dy, t € Z) is averaging
at +o00, with zero mean value, and is similar to the proof of (63) above (see also
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PSV [51],proof of Theorem 3.1). We omit the details for brevity. Relation (70) for
i = 3,4 follows similarly from Lemma 1.2 (33 - 35).

Relation (69) can be proved using the scheme of discrete stochastic integrals
as in proof of Theorem 1.1. To that end, write N*d+*(1/a)Sl,N = thdZJnN,

cEJ(i(l) = [hdZ,, where Z, is defined in Lemma 1.1 (27), h(z) = ¢}, f;(y —

)"y, hy(z) = N~ SO 4, (=dy) (z € ((s —1)/N,s/N],s =1,2,..., N),:=
0 elsewhere, and the discrete random measure

Z+,N(x’,q;”] = Nﬁl/a Z QB<S)€S

' N<s<z!'"N

coverges to Z in the sense of (60) (see Lemma 1.1, (27)). The remaining details
of the proof of (69) are analogous as in the proof of Theorem 1.1. Theorem 1.2 is
proved. 0
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Chapter 2

The Increment Ratio statistic under
deterministic trends

2.1 Main result

The Increment Ratio (IR) statistic was introduced by Surgailis et al. [61]. It is
defined for given observations X,..., Xy as the sum of ratios of partial sums

N—-3m—1

1
IR = >
N —3m k=0 ‘ Zfi/ﬁﬂXter - Xy)

k+m k+2m
t:k+1 (Xter - Xt) + Zt:k+m+1(Xt+m - Xt)

+ ’ S o (Xegm — Xo)

(1)

with the convention 0/0 = 1; here m = 1,2,... is bandwidth parameter (see [17]
generalization of the IR statistics). The IR statistic can be used for testing non-
parametric hypotheses for d-integrated (—1/2 < d < 5/4) behavior of time se-
ries (X;, 1 <t < N), including short memory (d = 0), (stationary) long memory
(0 < d < 1/2) and unit roots (d = 1). If partial sums process of X;’s behaves asymp-
totically as an (integrated) fractional Brownian motion with parameter H = d+1/2,
the IR statistic converges (as N, m, N/m — 00) to the expectation

(2)

A(d) == E { 12, + 2y } ,

| Z1| + | Zs|
where (Z1, Z,) have a jointly Gaussian distribution with zero mean, unit variances,

and the covariance

—Qgd+5 + 415 7
2(4 _ 4d+.5)

o(d) :=cov(Z1,73) = (3)

The function A(d) in (2) is strictly increasing in the interval (—1/2,3/2) and is

explicitly written in [61]. For Gaussian observations {X;}, in [61], a rate of decay
of the bias EIR — A(d) and a central limit theorem (see below) in the region
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—1/2 < d < 5/4 are obtained. The corresponding IR test rejecting the null hypoth-
esis Hy : d = dj in favor of Hy : d # dy has the critical region

[ IR — Ado)| > Zaj20(do)y/ NTLW’ (4)

where z, is a standard normal quantile, and the function o(d) is numerically
tabulated in Stoncelis and Vai¢iulis [57] (see also the graph in [61]). A simulation
study in [61] shows that the IR test for short memory (d = 0) against stationary
long-memory alternatives (0 < d < 1/2) has good size and power properties and is
robust against changes in mean, slowly varying trends, and nonstationarities.

We assume that the observed sample comes from the model
X; = g+ X (1<t<N), (5)

where gy, is a slowly varying deterministic trend, and {X}} is a station-
ary/stationary increment Gaussian process. We want to study the impact of
the trend on the limit distribution of the IR statistic. In particular, we obtain
conditions on the trend and the stationary component guaranteeing that the limit
distribution of the IR statistic under the model (5) follows the same central limit
theorem as in the absence of the trend.

Let us recall the main result of |[61]. For brevity, we formulate it under slightly
stronger assumptions than in [61].

Assumption A {X}?} is a zero mean stationary Gaussian sequence with spectral
density f(z),z € [—m, 7] of the form

fl@) = |27 (co+O(zl”)) (2 —0), (6)

where ¢y > 0,0 < f <2d+1,d € (—1/2,1/2) are some constants. Moreover, f(z)
is differentiable on (0,7) and |f'(z)| < C|z|~'7%¢, where C' > 0 is some positive
constant.

Assumption B The differences { X7 — X! ;} form a zero mean stationary Gaussian
sequence whose spectral density satisfies

flz) = |27 (co + O(2"))  (z—0) (7)

for some constants ¢ > 0,0 < § < 2d —1,1/2 < d < 5/4. Moreover, f(z)
is differentiable on (0,7) and |f'(x)| < C|z|'*"2?, where C > 0 is some positive
constant.

Let IR° denote the IR statistic in (1) with X, = X}.
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Theorem 2.1 [see [61]] Suppose that {X?} satisfies Assumption A or Assumption
B. Then, as N,m, N/m — oo,

EIR’ — A(d) = O(m™), (8)
E (IR° — A(d))® = o(1), (9)
(N/m)V3(IR® — EIR®) = N(0,0%(d)), (10)

where o(d) > 0 is defined in [61], and = denotes the convergence in distribution.

Introduce the following notation:

k+m
G(k) = Vi'| 3 (gnlt+m) — gn (1)),

t=k+1
1 N—-2m—1

G = N ; G (k) (i=1,2),
m 2

Vi = B( o, - X))
t=1

Under Assumptions A or B, for any d € (—1/2,5/4),d # 1/2
V2 o~ c(d)ym't* (m — 00), (11)

m

where ¢(d) > 0 is a constant which is explicitly written in [61], (Eqgs. (2.20), (2.22)).
The main result of the Chapter is Theorem 2.2, which gives a bound of the bias of

the IR statistic and a central limit theorem for the centered IR statistic for trended
observations as in (5).

Theorem 2.2 |[see [18|] Suppose that observations X, t =1,...,N, follow the
model (5). Let N and m = m(N) both tend to oo so that m = o(N).

(i) Let {X?} satisfy Assumption A or Assumption B. Then
EIR —A(d) = O <max (m_B,G_?ﬂ)) . (12)
In addition, if G_}n — 0, then

E (IR — A(d))* — 0. (13)
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(ii) Let {X?} satisfy Assumption A or Assumption B. If

G, = o((m/N)"?) (i =1,2), (14)
then
(N/m)"? (IR —EIR) = N (0,0%(d)), (15)

where o*(d) is the same as in Theorem 2.1.

Corollary 2.1 Let {X?} satisfy conditions of Theorem 2.1, m™® = o((m/N)/?)
and gn(t) satisfy (14). Then the IR test of the hypothesis Hy : d = do, dy €
(—=1/2,5/4), dy # 1/2 under the model (5) follows the same asymptotic confidence
intervals in (4) as in the absence of trend.

2.2 Monte Carlo simulations

In this section, we examine the finite sample performance of the IR and V/S tests
by means of a sample Monte Carlo study. We consider testing

Hy : X, satisfies Assumption A with d =0 (16)
Versus
Hy : X, satisfies Assumption A with d € (0,1/2). (17)

Applying the IR test, we reject Hy if IR — A(0) > z,0(0)/m/(N — 3m).
Now we describe the testing procedure proposed by Giraitis et al. [31]. The V/S
statistic is defined as Vy/ §?V7q, where

k

-l (- w) (ST -w) )

k=1 j=1 k=1 j=1

is the estimator of the variance of the partial sum process S} = Z?zl(Xj —Xn), k=
1,..,N, and 8%, is the estimator of 0 = 37°° _ cov(Xy, X;) defined by

N—j
R 1 — - .
’Yo+22<1——>%', ”Yj:NZ(Xk—XN)(Xk+j—XN)> 0<j<n

k=1

The V/S test rejects the null hypothesis (16) of short memory in favor of long-
memory alternative (17) if Vv /5% 4 > Ko, where K, is « critical value of the distri-
bution

r)=1+2 Z(—l)ke_%%%.
k=1
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The data generating process is assumed to be (5), where X} has one of the forms

WN: X2 =¢, & ~iid N(0,1),
AR: X? =05X) ,+&, & ~iid. N(0,1),
FI: X?=(1—-L)"Y%, & ~iid. N(0,1),

with L being the backward shift. The standart normal random variables are gener-
ated by the acceptance-complement method [24]. The realizations of the first-order
AR process are generated recursively from the autoregressive equation with initial
value X = 0. The FI(1/4) processes are simulated using the truncated moving-
average expansion [6]. For Monte Carlo simulations, we choose the deterministic
trends gy (discussed in Introduction Examples 1-3):

1
T1 : gN<t> = Z(t+ N)1/4,

1. 2nt
Ty : gn(t) = Z_LSIH(_N ),

1 (N N 2 (N 3N 3 (3N
T3:gN(t):E]{Z<t§§}+1—OI{E<t§T}+1—OI{T<t§N}a

where I{A} is the indicator of a set A.

We have simulated 10000 replications of each series of length N = 1000. Tables
1-3 show the percentage of replications in which the rejection of the short-memory
null hypothesis (d = 0) was observed. The choice of bandwidths m and ¢ in the
range [N'/3] < m,q < [N'/?], as a reasonable compromise between size and power
distortions for the V/S and IR tests, were suggested in [31] and [61], respectively.

Table 1. Frequency of rejection of the null hypothesis of short memory for "pure stochastic"

processes. Test size 5%.

WN AR FI
IR, m—10 4.7 19.0 55.4
IR, m=30 4.8 7.6 29.2
V/S, ¢=10 4.2 7.0 62.0
V/S, =80 3.6 4.4 38.8

Table 2. Frequency of rejection of the null hypothesis of short memory for short-memory

processes perturbed by deterministic trends. Test size 5%.

WN+Ty, WN+T, WN+T3 AR+Ty AR+T, AR+ Ts

IR, m—10 4.7 5.0 47 19.1 19.1 19.0
IR, m=30 4.8 7.1 5.5 7.6 8.3 7.6
V/S, ¢=10 4.2 99.9 71.0 14.3 74.5 26.4
V/S, ¢=30 3.6 99.8 61.1 9.5 65.2 18.1
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Table 3. Frequency of rejection of the null hypothesis of short memory for long-memory

processes perturbed by deterministic trends. Test size 5%.

FI+ T, FI+T» FI+ T
IR, m—10 55.4 55.7 55.8
IR, m=30 29.3 31.0 29.4
V/S, ¢=10 65.6 81.7 69.0
V/S, q=30 42.2 66.6 46.9

Table 1 (see also Tables 1 and 6 in [61]) indicates that the IR and V/S tests have
similar good sizes when X, ..., Xy is a sample from i.i.d. Gaussian sequence. The
results in Table 1 (see also Tables 1 and 5 in [61]) also indicate that, in the absence
of a trend, the V/S test has better size and power than the IR test when X3, ..., Xy
is the observed sample from a stationary weakly/strongly dependent Gaussian se-
quence.

Finally, from Tables 2-3 (see also Tables 2 and 3 in [61]) we may conclude that
the IR test is far more robust to deterministic trends than the V/S test. We want to
note once more, that this property is ambivalent. It is useful for testing hypothesis
about the unknown memory parameter d. On the other hand, the robustness of the
IR statistic to the trends restricts its usage for testing hypotheses about trends.

2.3 Proof of the Theorem 2.2

Define

[z + y|
2] + |yl

Y(x,y) = x,y € R. (19)

Lemma 2.1 [see [18]|| Suppose that (U,V) is a zero mean Gaussian vector with
EU? =EV? =1 and o = Cov (U,V), |o| <1. Then, for any reals a and b,

E[(a+Ub+V)—¢(U V)| <C <><a2+b2> (20)
E[(a+Ub+V)—o(U, V) < Calo) (a® + %), (21)
E[Uv(a+U,b+ V)] < Cs(0) (al + |b|> , (22)
[E[Vy(a+Ub+ V)] < Cs(e) (Ja + [b]). (23)

where the constants C;(0) > 0, i = 1,2,3 depend only on |g| < 1.

Proof. Let us prove (20). For a® + b* > 1, the inequality in (20) is trivial, since the
Lh.s. in (20) does not exceed 1. Let a* + b* < 1. Then

EW(a+Ub+V)—yU V) = E[pU,V) (e "0V _1)] (24)
= Wl(a,b)—i-Wg(a,b), (25)

42



where

h(z,y,a,b) = [2(1 — 92)}_1 (2z(ob — a) + 2y(oa — b) + (a® — 20ab + b*))
Wi(a,b) == —E [¢(U, V)R(U, V, a,0)] .
Wala,b) == E [y(U, V) (e Vo) —1 4+ n(U,V,a,b))] .

Some of these expectations can be explicitly calculated:

E[(U, V)] =2P,+Q,, (26)
BE[Uy(U, V)] = E[Vy(U, V)] =0, (27)
E[UVY(U, V)] = 20P, + (1 + 0)Q,, (28)
E[U%(U, V)] =E [V*(U,V)] = 2P, + (1+0)Q,, (29)

where

P, = (1/m)arctan/(1+0)/(1 — o),
Q, = (1/m)/(1+0)/(1—0)log/(1+0)/(1— o)

The proof of (26) is given in [61], the remaining relations (27)-(29) can be proved
similarly. Using (26) and (27), we obtain

a® — 2o0ab + b? a® + b?

Wian)] = Gt BNV < T

(30)

Next, we have

(Wa(a,b)] < (1/2)E [@(U,V)R*(U,V,a,b)I (h(U,V,a,b) > 0)]
+(1/2)E [¥(U, V)R (U, V,a,b)e "V [ (h(U,V,a,b) < 0)]
=: Wy(a,b) + W, (a,b),

Alz—nm

where we used inequality

2
le* —1—2z2| = S% max (e*,1), ze€R.

Using (26)-(28), we get

Wi(a,b) < (1/2)E[R*(U,V,a,b)] < %. (31)
Next, we have
Wy'(a,b) < (1/2)E[h*(U,V,a,b)e "VV:eb)]
(B[R +a,V 4+ bab)] < LEEY) (32)

T 21—
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Now (20) follows from (25)-(32), with Cy(0) = 7/(1 — 0*)*.

Since the proofs of the inequalities in (22) and (23) are similar, we consider the
inequality (22) only. For |a| + |b] > 1, (22) is trivial, since the Lh.s. does not exceed
E|U| < 1. Let |a|] + |b] < 1. We have

E[UY(U +a,V+b)] = —aE (U, V)e "V 4 E [Ug(U, V)e "OVe]33)
The absolute value of the first term on the r.hs. in (33) does
not exceed |a|E [e7"UVab)] < (o] + |b]). Next, E[Uy(U,V)e hUVad)]
E [Uy(U, V) (e7"UV:eb) — 1)] by (27). The last expectation is equal to the sum

~E[UNU,V,a,b)y(U, V)] +E [Up(U, V) (e "UVe) — 1 4 h(U,V, a,b))]
—: Wi(a,b) + Wala,b).

Equalities (26)-(29) imply
Wi(a,0)| = 20P, + (0 +B)Q,| < 2(1P,] + Q) (Jal + [b).

The term W(a, b) is estimated similarly to Wa(a,b) above. Write

Wafat)] < %E [|U|h2(U,V,a,b)]—|—%E[|U+a|h2(a+U,b+V,a,b)}
< % (EU2)'? (BRY(U, V, a,b))"?
+ % (E(U + a)®)""? (BR (U + 0,V + b,a,0)) /.

One can easily verify that

69 (|a] + [b])"
(1—02)*

69 (|a| + |b])*
4 < 7
Er*(U +a,V +b,a,b) < 0=y

Er*(U,V,a,b) <

Hence ‘Wg(a, b)’ < (11/((1 = 0*)2))(Ja| + [b]), thereby proving (22).

Finally, let us to prove (21). For 2(]a| 4 |b]) > 1, the desired inequality holds
with Cy(r) = 1/(m(1 — 0?)). Consider the case 2(|a| + |b]) < 1. Let S, = {(z,y) :
2% + y? < v}, where v := {2(|a| + |b])} /2. Write

E[p(a+Ub+ V)= U V) = E{ea+Ub+V)—y(UV)}{(UV)€ S}
+ E[{¢v(a+Ub+V)—y(UV)
= Ji(a,b) + Jo(a,b).

——
~
—
=
=
RANS
5
[}
T
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The bound of Ji(a,b) is trivial:

mes (SV) |(]| + |b|
a b < —
Jl( ) ) =9 (1 2) 1 B)

where mes(.S,) denotes the area of S,. To evaluate Jy(a,b), we use the inequality

4(lal + 16])

max{ [z, [y[}’ (z,y) e R\ S, (34)

[V(a+z,b+y) —Y(z,y)| <

which will be proved later. Then

2 R?(1—psin(2¢))
Jo(a,b) < 8(lal + 19 / / R e ) dR
- a(l-o max{sm ®, cos2 <p}

)
?)
(|6L|+|b|)2 T In(1+(1/9)) d
m(1— 0%

where 7 := (1/2)v2(1 — psin(2¢)/(1 — ¢*). Hence, using inequality In(1+ z) < z for
any = > 0, one obtains Jy(a,b) < 32 (]a| +b])/(7(1 —]0|)), and thus (21) holds with
Colo) = 12/(1 — |ol).

It remains to prove (34). Assume for simplicity a > 0 and b > 0. The left-hand
side of (34) is equal to zero in the region

max{sin? ¢, cos? <p} ’

(x,y) € {(0,+00) x (0,400) U (=00, —a) x (—oo,—b) U (—a,0) x (=b,0)}.

If (z,y) € (—00,0) x (0,400) \ S,, it is convenient to split the last re-
gion into four disjoint parts. Let first (z,y) € (—a,0) x (0,+00) \ S,. Then
[Y(a+z,0+y) —Y(x,y)| = (—22)/(y — x) < 2(a +b)/y. Next, let the inequal-
ities x < —a and y + = > 0 be satisfied. Then

2(a(y +b) — b(z +a)) < 2max{a,b} < 2(a+)
(y+b)—(@+a)ly—2)~ yv = ¥y

Ifz+a<0,—(a+b) <y+x<0and2?>+y?>> v, then y—a+b> 0. Using
this, we get

W(G‘anb‘iry) —w(ﬂf?yﬂ =

2|(y* — 2°) + (yb — za)
(y+0) = (z+a)(y — )

2y + x| 2 jmax{a, b}| <4(a+b)
(y+b)—(r+a) (wy+b—(r+a) - -z

|¢(a+$7b+y) —w(%yﬂ

In the case © < —(a+0b) and 0 < y < —x — a — b, we have

2a(y +b) — 2b(z + a) < 2(a + b)'

B N (Ve ) R
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Using a similar argument, one can prove (34) for (x,y) € (0, +00) X (—00,0)\ S,
Assume now that —b <y <0, —co < x < —y —a — b and (x,y) € S,. Then

2(y+b) < 2(a+0b)
(y+b)—(z+a) — -z '
where one can check the last inequality directly. Finally, in the case —a < x < 0,

y<—x—a—>b,and (z,y) € S,, we have |(a + x,b+y) —P(z,y)| < —2(a+b)/y.
Lemma 2.1 is proved. 0

|¢(6L+£L’,b+y) —¢($ay)| =

Proof of Theorem 2.2. Note that, for fixed m € N, random variables

Jjt+m

=V, 'Y (XD, - jez, (35)

t=7+1

form a stationary Gaussian sequence with zero mean and unit variance.
(i). Let us prove (12). With (8) in mind, it suffices to show that
[BIR — BIR’| = O (G_$n> . (36)

Applying inequality (20) with U = Y,,(j), V = Y.(9), a = G,,(j), and b =
Gm(j + m), one obtains

N—-3m—1

Y B Yuli) + Gnlh), Yulj +m) + G(j +m))

=0

1

. 0
|EIR — EIR’| < A

B¢ (Y (5), Y (5 +m)) |

Z (GZ,(j) + G2 (i +m)) < CGZ,

J=0

<

for some constant C' < oo independent of m for all m large enough. Here, o, :=
E[Y,.(5)Yn (7 +m)] does not depend on j and lim,,, .o 0, = 0(d) € (—1,1) depends
only on d (see [61]).

The proof of (13) follows from

E (IR - EIR")" = 0 (C},) (37)

and (9). Similarly as in the proof of (36) above, we apply inequality (21). The
left-hand side of (37) does not exceed

N—-3m—1

N—13m Z E[¢( m(7) + Gm(g), Y +m) + Gp(j +m)) —
= W00 Yl < B (16, + Gl +m)) < €



(ii) We follow the proofs in |61] and |7]. Rewrite IR and IR as

IR = N—13m _;_ mm(j),  IR® = N_13m _j;_ M (J),
where
Mm(J) = YY) + Gn(j), (i +m) + Gn(j +m)),
(i) = O (Yu(), Yiulj +m)) .

Clearly, relation (15) follows from (10) and
N
var (Z(nm(j) - ?7%(]’))) = o(Nm). (38)
j=0
Introduce random variables
Eim(G) = You(),  &om(h) = (1= 05) (VG +m) — 0mYm (). (39)

For any given j = 0,1,2,...,m € N, random vector ({1,,(j),&2m(j)) has a stan-
dard Gaussian distribution in R?, i.e. &1,,(4) and &5, (j) are independent standard
normal random variables. Define

9% (z,y) = (2, 0mz + (1 — 0%) V%), (40)
Gim(@,y) =1 (24 Gu(h), omz + (1 — 02) Py + Gu(j +m)) . (41)

Then

Let H,(x), n=0,1,2,... denote the standard Hermite polynomials with leading
coefficient 1. Write the Hermite expansion:

o A" () . .
nm(j) = WHk(§0m<]))HZ(£1m<]))7
k.l >0 o
where
() = Elgsm(Eam(1)s Eam(D) Hi(Erm (G)) HeEam ().
Write

M (7) = Enm (5) = 1, (5) + 1 (),
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where

M) = ADDEmG) + ST () Eam (),
Am) (s
i) = % B (€0 Hlanli))
k+e >2 o

Relation (38) follows from

E(Zn:n(j)) = o(mN) (42)

and

5= E(Z (n%(j)—nfn(jHEn%(j))) = o(mN). (43)

J=1

Let us prove (43). We shall use the following inequality, due to Arcones [1], in
the particular case of Gaussian vectors in R

Namely, for any integer r > 1, any standard Gaussian vectors (&1, &), (&1,&5),
any functions Fj(zy,22), i = 1,2, (z1,29) € R?* with || F}||? := EF?(£1,&) < 0o both
having Hermite rank equal or greater than r, the following inequality holds:

lcov (F1(&1,&2), Fa(£1,65))| < [|Full||F2lle”, (44)

where
0 = max{|E§,¢E | u,v=0,1}

is the maximal correlation coefficient between (&1,&;) and (€7, &5).
From definitions (40)-(41), we have

T (5) = 1 (7) + Enp () = Fm (E1m(5), E2m ()

where

Fyn(@1,@2) = gim(@n, @) = iy (a1 — o) ()
- Egj,m(flm(j)a Som(F)) — g?n(xla T9) + Eg?n(glm(])a om ()

Note that for any j = 0,1,2,... and m € N, the Hermite rank of F},, is not less
than 2. From inequality (44) we have

oV (Fjm(€1m(5): €2m (1)), Fean(€1m(€), E2m(ON] < N Eyuull| Eeaull (25, 0))*  (45)

and, therefore,

N
k=1
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where
om(J, 0) = max{|E . m(j), Eom(f)] + u,v=1,2}.

The quantity 9,,(j,¢) = 0m(j — ) depends on j — ¢ and is estimated in Lemma
5.1 of [61]; in particular,

> (en(i)?* < Cm (47)
je.
for some constant C' = C(d) > 0 independent of m. Using the fact that ||F},,| <4
is bounded, from (46) and (47) one obtains

N
S < AN Eml Y (@5, 0)?
k=1 jGZ

N
< im (N 1zm,mu)
1
N
|

k
4mN<N DM
k

IN

1/2
Fj,m||2> : (48)

=1
To finish the proof of (43), we use the fact that for each j =0,1,... and m € N,
1Eml® < CLUACmD] + GG +m))) + (|G ()] + |GG +m))*} . (49)

Then the right-hand side of (48) does not exceed CmN(GL + G2)) = o(mN),
and (43) follows. To show (49), by definition of Fj,, one has

Fsl? < Ol = dblP +3{ ($76)) + (50)° . o)

where
gim = G5l < C (1Gm(7)] + |Gon(G +m)]), (51)
0]+ [eR 0] < C UGG + (Gl +m)), (52)

see (40)-(41) and Lemma 2.1. Putting together (50), (51), and (52) gives (49).
Relation (42) follows from

E( il 0573><j>51m<j>> — o(mN), E( > cé??(j)ggm(j)) — o(mN) (53)

j=0 7=0

as N,m, N/m — oo. Since the proofs of the relations in (53) are similar, we will
consider the left relation only. Applying (52), (47), and the Cauchy inequality, we
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obtain

E( _Z_ 05’78’<j>£1m(j>) = _Z_ DA OE (Enm()E1m(0))

Jj=0 5,6=0
N—-3m—1 9 N—-3m—1
< { > (dPm) }{ 3
j=0 7,6=0

1/2
< CNG_%{NZ@m(j))Q}
jel
< CNG2%{Nm}'? = o(mN),

according to (14). This proves (53) and also Theorem 2.2.
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Chapter 3

Asymptotic independence of distant
partial sums of linear process

3.1 Main results

Let (&,t € Z) be a (weak) white noise, with zero mean FE& = 0, unit variance
B =1, B&E =0 (t#s). Let

o
X =Y b, teZ (1)
i=0
be a moving average (linear) process, where b;,i = 0,1, ... are nonrandom weights

satisfying Y ;o) b7 < co. We shall assume that b; satisfy one of the following condi-
tions:

(i) b; = L(i)i% ", for some 0 < d < 1/2 and a slowly varying at infinity function
L(-);

(i) 3220 bs] <00, > 574 bi 7 0;

(iii) b; = L(i)i%"t, for some —1/2 < d < 0 and a function L(-) slowly varying at
infinity; moreover, > .~ b; = 0.

Recall that a measurable function L(z), x > 0 1is called slowly varying at infinity
if L(-) is bounded on each compact interval, L(x) > 0 (x > x() for some xy and for
aech z > 0

L(A\z)

Ty - @)

We shall denote (b;) € v(d) (0 < |d| < 1/2) if (b;) satisfy (i) or (iii) with
corresponding d, the notation (b;) € ~(0) being equivalent to condition (ii). If
(b;) € v(d) (0 < d < 1/2), the process X; in (1) is called long memory with memory
parameter d € (0,1/2). We also say that X; in (1) has short memory if (b;) €
~v(0) and X; in (1) has negative memory with parameter d € (—1/2,0) if (b;) €
v(d) (—1/2 < d < 0). See e.g. [32], [34] concerning these definitions.
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Note that the process X; (1) is covariance stationary: the covariance
r(t) = EX. X = Y bibigy (¢ >0)
i=0

does not depend on s € Z. The variance

A% = E(ixt+m)2 - i r(t — s) (3)

t,s=1

2d+1

does not depend on m and grows as n with n — oco. More precisely, if (b;) € v(d)

then

o A(d)L2(n)n?+ if 0 < |d] < 1/2, (4)
" A(0)n, if d =0,

where ¢(0) = >~.°,b; and

_ I'(d+(1/2))
~ {D(2d + 1) sin(rd) 172

c(d)

is a constant depending only on d. Here and below, ~ stands for asymptotic equiv-
alence: A, ~ B, (n — 00) if and only if lim, ., A,/B, = 1.
Consider the normalized partial sums process

[n7]

Un(m) =AY X, T€(0,1]. (5)

Under condition (b;) € 7(d) and some additional weak dependence conditions
on the white noise sequence (&), the partial sums process in (5) converges to a
fractional Brownian motion with Hurst parameter H = d + 1/2:

Uy (1) —D[0,1] By (7) (6)

Recall that By (7),7 > 0 (a fractional Brownian motion with parameter 0 <
H < 1) is a Gaussian process with zero mean and the covariance

EBu(n)Ba()] = (1/2) (7 + 7P — | = 7'P), 7.7 >0

Notation —pp,1] stands for weak convergence of random elements in the Skoro-
hod space DJ0, 1] of cadlag functions [0, 1] — R?, with uniform topology.
Denote the vector-valued process

U(r) := (U(l)(T), U(2)(7')), T € [0,1], (7)

n



where Uqﬁl)(f) := Up,(7) is given in (5) and U (7) is the "shifted" partial sums

process
[n7]

UP(r) =AY Xpgm,  T€[0,1,
t=1

when the "shift" m — oo grows to infinity faster than n: m/n — co.
Let us formulate the main result. We shall assume the following condition:

[n7] [n7]

n~1/? < Z &t Z §t+m> —rwpp W(T), (8)

where W(r) = (WO (7), W®(7)), 7 > 0 is a standard Brownian motion with
values in R? and unit covariance matrix (in other words, the components W1 (7)
and W®(7) are independent copies of a standard Brownian motion W (7),7 > 0
with EW (7)W(7') = min(7,7’)), and —ppp stands for weak convergence of finite
dimensional distributions. The assumption (8) on the white noise is very weak and
is satisfied e.g. by any stationary ergodic martingale difference sequence with strong
mixing (see Remark 3.1 below). Our main result is the following theorems.

Theorem 3.1 [see [17]| Let X; be a linear process as in (1), where (b;) € ~y(d),
for some d € (—=1/2,1/2), and where (&) is a weak white noise satisfying condi-
tion (8). Then, as n,m,m/n — oo, the bivariate partial sums process U,(T) in
(7) converges, in sense of weak convergence of finite dimensional distributions, to a
bivariate fractional Brownian motion By (T) = (BS)(T), Bg) (7)) with Hurst param-
eter H =d + 1/2 and mutually independent components:

Un(T) —FDD BH(T) (9)

Recall that a sequence {&, t € Z} of random variables is called a martingale
difference sequence if E|| < oo and E(&41/&, s < t) = 0, a.s. for every t € Z.
The next theorem discusses the convergence of the bivariate process U, (7) in the
Skorochod space D|0, 1].

Theorem 3.2 [see [17|] Let X; be a linear process as in Theorem 8.1, where
(&) is a weak white noise satisfying condition (8). In addition, assume that (& )is

a stationary martingale difference sequence and one of the following conditions
(1)-(i1) holds:

(1) (b;) € v(d), for somed € (—1/2,0), and E|&|* < oo for some a > 2/(1+42d);

(i1) (b;) € v(0), and E|&|* < oo, for some a > 2;
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(iii) (b;) € v(d), for some d € (0,1/2), and E|&|* < .
Then, as n,m,m/n — oo,

U, (1) —pp1 Bu(r), (10)

where By (1) is the same as in Theorem 3.1.

Remark 3.1 Let us note that the assumption (8) holds for strongly mizing station-
ary martingale difference sequence (&), with zero mean and unit variance. Indeed,
any such sequence is ergodic and satisfies the Donsker invariance principle, see ([13],
Thm. 23.1). In particular, for any m € Z, as n — 0o we have marginal convergences

5’7(11) (7_) —FDD W(l) (T), 5722) ('7-) —FDD W(z) (T), (11)

where
[n7] [nT]

SW(7) = n1/2 Z&, SA(7) = n1/2 Z&Hm,
t=1 t=1

and WO (1), W(7) are standard Brownian motions. Moreover, for any 0 <
T <...<T,<1,p <1, the sequence of random vectors ((Sél)(rk),Sf)(Tk)),k =
1,....p) €ER® n,m=1,2,...is compact, or tight, in the topology of weak conver-
gence of probability measures on R*. Therefore (8) follows from (11) and the fact
that Sy(Ll)(T) and SY(LQ)(T> are asymptotically independent as n,m/n — oo, i. e.,

E exp {ixST(Ll)(T) +iyS?) (T)} — Eexp {L’ESS)(T)}E exp {inff) (7')} — 0, (12)

for any 7 € [0,1], (x,y) € R%. Under a strong mizing condition on (&), relation
(12) follows from ([36], Thm. 17.2.1), as the left hand side of (12) does not exceed
da(m), where a(m) — 0 (m — o) is the strong mizing coefficient. Thus, in the
case of a strongly mizing stationary martingale difference sequence (&), relation
(8) holds provided n,m — oo; condition m/n — oo is not needed here. An open
question is whether (8) is satisfied if one assumes only ergodicity instead of strong
maxing condition, as in the classical martingale central limit theorem.

See 47| for a result on CLT for partial sums of linear processes with strong
mixing innovations.

3.2 Discrete stochastic integrals

We will use the so-called "scheme of discrete stochastic integrals" introduced in |59].
We refer the interested reader to review [60].
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Given n,m = 1,2,... and a weak white noise (&), let define a vector-valued
random set function W, (B) = (W,El)(B), Wéz)(B)) on intervals B = (21, xs] C R of
the real line, as follows:

W.,.(B) = #( Z & Z fm+t>- (13)

t/neBt<n+m/2 t/neB,m+t>n+m/2

Note for any disjoint intervals B = (z1,x5], B' = (2, 2}], BN B’ =,

wOB A WIB) = (Y e+ Y«

t/mneBt<n+m/2 t/neB’ t<n+m/2

1
:m Z &

t/n€BUB’ t<n+m/2

= wWW(BUB)
and, similarly, WéZ)(B) + W,?)(B’) = WéQ)(B U B’). Therefore, the stochastic set
function W, satisfies the finite additivity property on the algebra formed by finite
intervals of the real line. In the sequel, we call W,, a random measure.
We shall need the following properties of the random measure in (13).

Proposition 3.1 [see [17]|

(i) For any intervals B, B’ C R

EWOEBWOB)] =0 (BAB =0, i=12) (14)
EWY(B)W,(B)] = 0. (15)

Moreover, for any interval B = (x1, xo| with |B| := x5 — 21 < 00,
EW(B)=0,  EWI(B)*<|B  (i=1,2). (16)

(i1) Assume condition (8). For any L > 1 and any mutually disjoint intervals
B; = (21, 29], 7=1,2,...,L, as n,m,n/m — oo,

(Wi (By), W(By), j=1.2,....L)
rDD (W“)(Bj),W@)(Bj), j:1,2,...,L>, (17)

where WO(B) = [, WO (dz),i = 1,2 are independent standard Gaussian noises.
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Proof. Part (i) follows by orthogonality of (&) and the definition (13). Part (ii) is
an easy consequence of (8). O

Introduce the Hilbert space L2(R) of vector valued functions f = (f, f?)) .
R — R? with the norm

It = ([ (@) + () ar) (18)

A function f € L?(R) will be called simple if it takes a finite number of constant
nonzero values f2 = (f14, f24) on intervals A = (iy/n, (io + 1)/n], i1 < iy. The
class of all simple functions will be denoted by L,(R). For any n > 1 and any
simple function f € L, (R) we define the discrete stochastic integral with respect to
the random measure W, in (13) as

I(£,W,) =Y (fH2W(A) + 22w (4)). (19)
A

Note EI(f, W,,) = 0. Moreover, according to Proposition 3.1 (i),

E(I(f,W,))* < 222:E (Z fi’AWTEZ"(A))
=1 A

< 23S (Al = 22 (20)

=1 A

We also introduce the stochastic integral of a function f € L?(R) with respect
to a vector-valued standard Brownian motion W:

I(f,W) := / (fO ()W D (dz) + O (z)W P (dx)) . (21)
It is well-known that I(f, W) ~ N(0, ||f||*); in particular,
EI(f,W)=0,  E(I(f,W))*= [f]*
Write = for the convergence in distribution.

Lemma 3.1 [see [17]] Let f, € L,(R) (n =1,2,...) be a sequence of simple func-
tions convergent to a function f € L*(R):

£, —f|l — 0 (n — o0). (22)
Let (&) satisfy condition (8). Then, as n,m,m/n — oo,

I(f,,W,) = I(f,W). (23)
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Proof. Let us consider the case where n takes values n = 2%, s = 1,2,..., i.e., the
partitions {(i1/n, (is + 1)/n], i1 < iz, i1,i2 € R} of R are monotone. This implies
the monotonicity L? (R) C L2,(R) (n’ < n”) of spaces of simple functions. For
non-monotone partitions, the proof below requires slight modifications. To prove
(23), it is suffices to show that for every u € R

wl (f,,Wp,) wl (f,W)
Ee — Fe )

From (22) it follows that, for every € > 0, there exist an integer 7 > 1 and simple
function f; € L;(R) with compact support such that

£, — £l + [[fn — f]| <e (24)

for all n > n.
We have

Fotul (£ Wa) _ Eeiu[(f,W)’ < ‘ Fotul (£Wa) _ poinl (£, W)

+ ‘ Fetul (€5, Wa) _ poiul (fﬁ,W)‘
+ ‘Eem[(fﬁ,w) . Eeiul(f,W)‘
= Vi+ W+

We need to show
lim V; =0, ¢=1,2,3.

n—oo

Using (20), we obtain

Vv, < E{ |ew1(fﬁ,wn) ‘ez‘uf(fn—fﬁ,wn) _ 1‘ }
< {E |eiu1(fﬁ,Wn) ‘2 }1/2{E ‘eiul(fnffﬁ,wn) _ 1|2 }1/2
L 12
< [ul{ BII(E, — 5, W) }
< 2l I, — ]| < 2=ul

for every n > n. A similar inequality holds for V5. The sum Vj + V3 can be made
arbitrary small for all sufficiently large n by an arbitrary choice of n and €. The
convergence lim,_,., Vo = 0 for every 1 < n < oo follows from Proposition 3.1 (ii)
and Cramér-Wold principle. O

3.3 Proof of Theorem 3.1

We need to show that for any 7; € [0,1],a; e R®,i =1,2,... k,k=1,2,...

k k

D (@, Un(r)) = > (ai,Bu(m)), (25)

i=1 i=1
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where (-, -) is the scalar product in R% For simplicity of notation, we shall restrict
the proof of (25) to one-dimensional convergence at 7 = 1, i.e. we shall prove that

aDUD (1) +aPUP (1) = «VBY (1) +ad@BY (1), (26)

for any reals aV,a® € R. To that end, we shall write both sides of (26) as
stochastic integrals, the left hand side as a stochastic integral with respect to the
discrete random measure of (25) and the right hand side as a stochastic integral
with respect to a Gaussian white noise W in (21), and then apply Lemma 3.1.
The cases (I): 0 < d < 1/2, (I): d = 0 and (III): —1/2 < d < 0 will be considered
separately. Put b, :=0 (i = —1,-2,...).

Case (I): 0 < d < 1/2. Write

where
FO0) = a%(@ [ =)t dy
0
D (d
- ¢ ZZ‘( >{(1 —2)' H{z <1} — (—2){z < 0}}, reR, (28)
where (y — )& := (y — 2)* ' if y > 2, := 0 otherwise, and where x(d) > 0 is
defined by

= [(f -t ay) as

See e.g. [62| for the stochastic integral representation of By and the explicit
form of the constant y(d). Next, write

(a, Uy (1)) = Xy + Xy,

where
Xy = A;l Zs§n+m/2 Z1?:1 (a(l)bt—s + a(2)bt—s+m)§s
22 = A;l Zs>n+m/2 Z?:l(a(l)bt—s + a(Q)bt—s—I—m)fs-
Using
&/ ?I(s <n+m/2) =Wi((s—1)/n,s/n),
Eopm/n 2 (s > —m/2) =W ((s—1)/n,s/n)
we obtain

(a,U,(1)) = I(f,, W,,), (29)

o8



where

fr(Ll)(x> — nl/ZAgl Z (a(l)btfs + a(z)mefS[(s <n+ m/g)) ’ (30)
t=1
D) = n2A7a® Z bi_sI(s>n—m/2) (31)
t=1

for z € ((s —1)/n,s/n],s € Z. Tt is easy to show that

/IR (f(2) = fD(@)) de =0 (n— o0), (32)

see [59] for details. Hence ||f, — f|] — 0 as n — oo. From (27-29) and Lemma
3.1 it follows the convergence (a,By(1)) = (a,Bg(1)), or the finite dimensional
convergence (25) in Case (I).

Case (II): d = 0. Recall from (4) that A, ~ c¢(0)n'/?, where the constant

Consider the representation (29), with f, given in (30-31), which is true in this
case, too. Let x € R be areal number and let s € Z be defined by z € ((s—1)/n, s/n].

Then as n — oo,
Z”: b, ifz>0,
bt—s - .
0, ifz<O.
t=1
Then it is easy to show that for each z € R,

f(@) = D), fO)— () (33)

as m,m,m/n — oo, where the limit functions are proportional to the indicator
function:

fOx) =aI(0<e<1), i=12 zeR (34)

It is also easy to show that the convergence (33) extends to the convergence in
L?(R).
In particular,

0 0 n 2
/ ’fT(LI) (3?)’2 d&? - A;L2 (Z (a(l)bt*s + a(2)bt+mfsj(5 S n+ m/2>)>

S§=—00 t=1

< Cnl{ (n |bt+s|>2+ Z <Zn:|bt+s+m|)2
s> t=1

0 =1 s>m/2—n =

29



for some constant C' depending on a”,i = 1,2 but independent of m,n. Here,
AN IETED 9 SA) JANETED w DS
s>0 t=1 t=1 s=0 t=1 u=t

and, similarly,

by (Z bersenl)

s>m/2—n =

Thus, condition (22) of Lemma 3.1 is satisfied, for f,, given in (30-31) and f given
n (34). Then Lemma 2.1 yields (a, By (1)) = I(f, W), where

I(£,W) = aWO (1) + a@W (1) = VB (1) + a@ B (1).

Case (III): —1/2 < d < 0. Again, consider the representation (29), with f,
given in (30-31). The limit rv, (a, Bgy(1)) can be written as

(a. By (1)) = I(f, W) = / (FD@WD (d) + fO (@)W O(dr)

where
' . f1 ) ldy, 0<z <1,
fO(w) = aVx(d) fo )t 1dy, r <0, (35)
x> 1,

i = 1,2, where x(d) > 0 is defined by

x(d)~? = /R (/100(?; - I)i‘ldy>2dx,

(see [65], Proposition 9.1). In order to apply Lemma 3.1, we need to verify (22), or

/R (fO(@) - fO@)?de — 0 (i=12). (36)

We shall verify the last relation for @ = 1 only, as the case ¢ = 2 is analogous.
For simplicity, we shall assume a™") = a(® = 1. According to (35), it suffices to show

[ (50w @ [“w-oa) a o (37)
[ (0@ —x@ [ o an) e - o 38)
[ u@ras — o (39)
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as n,m,m/n — oco. Write

FV(2) = gin(@) + gan(@),

where

gin(x) = n1/2A,‘lebt_s,
=1

gon(@) = n'PATS b I(s < ntm/2), (40)

t=1

for x € ((s —1)/n,s/n]. Then (37) follows from

[ oo+ x@ [Cw-a ) ar - o
[ty — o (41)

Using condition Y ;°,b; = 0, we can rewrite
L(i)i%! ~
gin(T) = —ay, Z CL = ngni (), z e ((s—1)/n,s/n] C (0,1],

where a,, := c(d)L(n)n™ /2 /A, — 1, see (4). Therefore it suffices to show (41) for
J1n () instead of g1, (z). Note for each z < 1,

N > L(”%) ny|\ 41 > d—1
o) =~ | S (") ay g [ -t

n

and the first relation in (41) follows by a standard argument involving the dom-
inated convergence theorem, provided the asymptotic constants are related by

x(d) = ¢7!(d).
Let us prove the second relation in (41). We have

[ a@ar = 4230 (3 b’

s=1 t=1
and the required relation follows from
n n 2
S = D0 (D bhiw ) = (LA, (42)
1 t=1

S=

Assume m > 2n and L(u) > 0 (u > n) without loss of generality. Then the inner
sum in (42) does not exceed
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d-1 _ - u/n w1
Z L{w)u B ’ Z L L(n)(u/n)® ’

u>m-—s u>m-—s
. L(nx) )
< 0 d—1+46
: Z (s T
< CL(n)n“S(m s), (43)

where 0 < § < —d and where we used the following well-known property of slowly
varying functions: for any zo > 0,6 > 0, there exists a constant C' = C(z,0) < 00
such that for alln > 1

sup  — < C.
T€[x0,00) x L(n)
Consequently,
—2(d+96)
Spm < CL2(n)n1+2d<L> _ O(LZ(n)nQdH)
m—n

as d+ 6 < 0 and n/(m —n) — 0. This proves (42).
Relation (38) follows from

0

/0 (gm(x)—X(d)/ol(y_x)d—ldy>2dx — 0, / (gon(2))2dz — 0, (44)

— 50 —00

where ¢1,,, g2, are defined in (40). Similarly as above, the first relation in (44) follows
by the dominated convergence theorem, by writing g1,,(x) = @, g1, (), with

oy = c(d)L(n)n™ 2 /A, — 1

and
S () 1 "L L(t —s)(t —s)47!
o) = g ; L(n)nd
1 ['Ln [ny};[m]) [ny] — [na]yd-1
- c(d)/o L(n ( n > dy
I .
— @/O(y—x)d dy

for each x < 0, x € ((s — 1)/n,s/n]. This proves the first relation in (44). The
second relation in (44) follows from

=2 (ibwm—s)Z = o(L*(n)n***). (45)

s<0 t=1
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Indeed, assuming L(u) > 0(u > m), we have
D bipmos = > L(t—s+m)(t—s+m)"
t=1

t=1
—&ZHm

< C’L(n)nl ‘5( — 5)dtot, (46)

IN

Then (45) is immediate by

LQ(n)nQ_% Z(m + 8)2(d+6—1) < C«L2<n)n2—2§m2(d+6—1)+1

s>0

1—-2(d+9d)
n) — 0<L2(n>n2d+1>’

_ C’LQ(n)nHQd(—
m
as 1 —2(d+ ) > 0 for § > 0 small enough.

Finally, let us prove (39), which follows from

n+(m/2)

Pom = Y (thm ) o(L2(n)n2+). (47)

s=n+1 t=1
Using (46) and taking m > 4n (which implies (m/2) — n > m/4) we obtain
n+(m/2)
CLQ(n)n2—26 Z (m _ 8)2(d+5—1) < CL?(n)n2—26 Z 2 H+3-1)
s=n+1 u>(m/2)—n
CLQ(TL) 2— 26(771/4) (d+6—-1)+ CLQ( ) 1+2d(n/m)172(d+5)
0(L2(n) 2d+1)

Pn,m

IN

[ IA

proving (47) and (39). The proof of Theorem 3.1 is complete. O

3.4 Proof of Theorem 3.2

We need to establish tightness of the random function sequence U, (7). We shall
use the Kolmogorov criterion: there exist 6 > 0,C' > 0 such that for any 0 < 79 <
T1<T<landanyn >1

E U, (1) = Up(7)| [Un(72) = Un(m)| < Clra — 7] (48)
It suffices to show (48) for 75 — 79 > 1/n, as 0 < 75 — 79 < 1/n implies
[Un(71) = Un(70)[ [Un(72) — Up(m1)| = 0.

The inequality |[n7'] — [n7"]| < 2n|7" — 7”| holds for 7/, 7" € R. Thus we need
to consider the case 7; = k;/n,i = 1,2, where 0 < k; < ko < n are integers. By
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applying Holder inequality for o« > 2 (it will be specified later), we obtain that (48)
follows from

E|Up(kz/n) = Un(kr/n)|” < C|(ks = ki) /n|'*. (49)

The process X; being covariance stationary, (49) reduces to the inequality

1+6
E|U.(k/n)]° < c‘

(50)

where k := ky — ky.
To estimate moments of weighted sums in martingale differences, we use the

following Lemma 3.2, which is a consequence of Burkholder’s inequality (see also
[66], Lemma2).

Lemma 3.2 [see [17]] Let (n;) be martingale difference sequence such that En;|® <
oo for every j € Z and some B > 2. Then ezists a constant C(f) < oo depending
on [ only, such that

E)Zmﬂ

Proof. Let F; := o{ns,s < j}. We shall use the well-known Burkholder inequality
(see e.g. [20]):

20|l <co {(Semr)” e (S ruin )"t 6

By Minkowski inequality,

8/2
B0 (Y BE ) s 3 (BGE ) < Y B

where the last step follows from Hélder inequality

<o)X eemp)” G1)

8/2
E(E|F;-1)"" < Elnyl?, (52 2).
Lemma 3.2 is proved. U

To prove the bound (49), write

k
Un(k/n) = A, chkfj, Cjk = Z bs—j.

1<k s=1Vj

By Lemma 3.2, for a given a > 2,
« /2
EUn(k/m)|" < CH8° (5, 0.¢) < CBlgolo4E, (53)
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where the constant C' < oo does not depend on n, k.

Consider first the case (iii), or (b;) € v(d) (0 < d < 1/2), a = 2. Using the
asymptotics (4) and the property (44) of slowly varying functions, for any € > 0 one
can find a constant C(g) < oo such that

j_;i < C’(g) (§>1+2d—5

holds for any k,n > 1. Then (50) holds with a = 2 and § = 2d — ¢ > 0 provided ¢
was chosen so that 0 < e < 2d.

(54)

Next, consider the case (i), or (b;) € v(d) (—1/2 <d < 0), a > 2/(1+2d). Then

(54) yields

Az /2 k a(l4+2d—e)/2

Zk < =~

() <)

for some C' = C(e, @) < oo, implying (50) by (53) with § = (a(1+2d—¢))/2—1 > 0,
provided ¢ > 0 is chosen small enough. The last case (ii), or (b;) € v(0), a > 2,
follows similarly from (50-54). Theorem 3.2 is proved. O

3.5 Application: convergence of increment-type
statistics

Let f(x,y) be a real nonnegative function, defined for all (x,y) € R? and continuous
at almost every (a.e.) point (z,y) € R?, such that

fla,y) <Cr(L+ |zl + [y))' ™0, (z,y) € R? (55)

for some constants Cy < oo and 0 > 0. Let

N-3n—1 k+n k+2n

1 _ _
Rrm s 30 £ D (Ko = X0, 470 Y (K= X)), (56)
k=0 t=k+1 t=k+n+1
where 1 < n < N/3 and Xj,..., Xy is a sample from a second order stationary

process (X;,t € Z); A, defined in (3). Note that the sum in (56) can be rewritten
in terms of increments of partial sums process U, of (5):

N—-3n—1

> F(AUL(k/n), AU, (1 + k/n)), (57)

k=0

Ry =

N —3n

where



AU, (1) = A(AUL(T)) = Un(T +2) + Upn(7) — 20U, (7 + 1)

are the first and the second order increments, respectively. We call (56) an incre-
ment-type statistic. If the function f is scaling invariant, i.e.

fQz, Xy) = f(z,y),  VY(z,y) e R? VA>0.

the statistic Ry (56) is scale-free, in other words it does not change when (X, 1 <
t < N) are replaced by linear transformations (aX; +b, 1 <t < N), with arbitrary
a # 0, b € R. A particular case of the statistic R; corresponding to the function
fla,y) = (lz +yl)/(lz] + [y]) was studied in [61].

Theorem 3.3 [see [17|| Let X; be a linear process as in (1), where (b;) € v(d), for
some d € (—1/2,1/2), and where (&) is a weak white noise satisfying condition (8).
Then as N — oo, n — 00, N/n — oo,

B(R; — Ay(H))* — 0, (58)
where the function Ay(H) is defined by
Af(H) = Ef(A*By(0), A*By(1)).

Here (A?By(0), A2Bg (1)) is a Gaussian vector with zero mean and the covari-
ances

E(A’By(0)? = E(A’By(1))° = 4— 2%+
E[A’By(0)A’By(1)] = —(1/2)3%F 42243 _(7/2).

Proof. By (55) and stationarity of (X;)

< {E<f(A2Un(O),A2Un(1))) } < C(1 4 2B A2, O < .

where the constant C' < oo does not depend on n, k. Thus,

N-3n-1
1

ER; = - ; Ef(A*U,(0), AU, (1))

= Ef(A*U,(0), A%U,(1)).

From (9) if follows that

(AzUn(O), A2Un(1)) —FDD <A2BH<O), AzBH(l)) (TL — OO),
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implying f(A%U,(0), A%U, (1)) = f(A?By(0), A2Bg(1)) and
Ef(A*UA(0), A*Un(1)) — (A*Bp(0), A’By(1)), (59)
as N > n — oo.
Next, let us prove
2
E(n(k)a()) = (EF(A2Bi(0), 2By (1)) | (60)
as n — o0, |j — k|/n — oco. Here we defined
(k) = (AU, (k/n), AU, (1 + (k/n))).
From Theorem 3.1 it follows that
(8200 /n), AU (1 + (/). AUy (j/n), AU, (1 + (/n))
—eop (A2BY(0), AB (1), B (0), B (1))
where (Bg)(T) and (B}f)(r) are independent fractional Brownian motions. When-

ce follows that the sequence of random variables (n,(k)n,(j), n € N) converges in
distribution to

F(A*Bi(0), A’ By (1) f(A’Bi (0), A*Bi7 (1)),
by applying the continuous mapping theorem. Applying (55), we have

E(na (k)= CE(1 + AU, (k/n) + AU, (1 + (k/n))>2
C(1+ E(A%U,(0))%) < C.
Then using Holder inequality again,

E(na(k)na(7)/ 7 < C.

To establish (60) we use well-known moment criterion: if the sequence (Y},)
converges in distribution to a random variable Y and E|Y,,|? are bounded for some
0> 0, then E|Y,|¢ — E|Y|? for any g < o (see |29],p. 306). Relations (59-60) imply

cov (AU /), AU, (1 + (k/m), F(A2U(G /), A2U,(1 + (i/n))) = 0, (61)

as n — 00, |7 — k|/n — oo. Denote L.h.s. of (61) by g,(k,j). Relation (58) now
follows from (61) and the inequalities

on(k,3) < 0*(k,k)o*(4,7) = 0,(0,0)

2/(1=8) 1-5
{B(r@%,0),8%0,10)) '}
3CH(1+ E(AU,(0))*)'° < C,
with C' < oo independent of n, k, j, by writing

<
<

<
<

N—-3n—1
var(Ry) = (N =3n)"> > on(k, j)
k,j=0
and using the dominated convergence theorem. Theorem 3.3 is proved. U

67



Conclusions

Most of the studies in long memory assume that observations are stationary or have
stationary increments, which is not realistic in the case of a long sample. The study
of nonstationary long memory and (linear) models of time series with nonstation-
ary long memory is important to theory and applications. The thesis studies the
limit distribution of partial sums for certain linear time series models with nonsta-
tionary long memory, and the limit distribution of some statistics under trended
long memory observations. In particularly, the results of Philippe, Surgailis, Viano
[51] about time-varying fractionally integrated (tv-FI) filters with finite variance are
extended the case of infinite variance processes and to more general "memory gov-
erning" sequences. Under the assumption that innovations are belong to the domain
of attraction of an a-stable law (1 < a < 2), we show that the partial sums pro-
cess of infinite variance tv-FI filters converges to some a-stable self-similar process
with nonstationary increments. The limit distribution of the Increment Ratio (IR)
statistic for Gaussian observations superimposed on a slowly-varying deterministic
trend is studied. The IR statistic was introduced in Surgailis, Teyssiére, Vaiciulis
[61] for testing nonparametric hypotheses about d-integrated (—1/2 < d < 3/2) be-
havior of the time series, which often can be confused with deterministic trends and
change-points. Conditions on the trend are obtained so that the IR statistic follows
the same asymptotic Gaussian confidence intervals as in the absence of trend. We
also establish the consistency of the IR-type statistics for general linear models with
long, short, or negative memory. The proof of the last fact is based on asymptotic
independence of distant partial sums.
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Notation

— some positive constant, which may change
from line to line
— the set of all real numbers

C

R

N — the set of all natural numbers

Z — the set of all integer numbers

L — the backward shift operator

1 — the unit operator

L*(Q) — the set of all real random variables, which are defined

on set {2 and have second moment
L*(R) — the Hilbert space of vector valued functions

f=(fW f2): R — R? with norm
16 = ( fr((FO@)? + (7O @)2)dr)”

DJ0,1] — the Skorohod space of real-valued functions
on the interval [0,1] without second order discontinuities
H,(x) — Hermite polynomial
L(7) — slowly varying at infinity function
Bpy(t) — fractional Brownian motion
[(x) — the Gamma-function
mes(A) — the Lebesgue measure of setA

[] — the integer part of number
Ay ~ by(n — o0) — meaning, that lim, . §* =
a, = O(b,)(n — o0) — meaning, that |a,| < C|b,|, for some C >0, N € N

and for alln > N
an = 0o(by)(n — 00)  — meaning, that lim, .. * =0
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=law — equality of distributions

=rpp — equality of finite dimensional distributions

= — convergence in distribution

—wppp — weak convergence of finite dimensional distributions

—ppo,] — weak convergence of random variables in the Skorohod
space DI0, 1]
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