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Abstract

The research area of current PhD thesis is the analysis of time periodic Navier—
Stokes equations in domains with cylindrical outlets to infinity (system of pipes).
The objects of investigation is so called non-stationary Poiseuille solution in the
straight cylinder and Navier-Stokes equations in domains with cylindrical outlets
to infinity. First of all, in this thesis is proved the existence and uniqueness of
the non-stationary Poiseuille solution in Holder spaces. Then the existence and
uniqueness of the time periodic Stokes problem obtained in weighted Sobolev
spaces. Finally, the existence of time periodic solutions to Navier-Stokes problem
in weighted Sobolev spaces is proved. The weight-function describes asymptot-
ical behavior of solutions, thejx| — co. The obtained results are theoretical.
However, they could be used to solve practical problems of fluid dynamics.






Reziume

Disertacijoje nagrigjami Nave-Stokso lygiy periodiniai laiko atzvilgiu uz-
daviniai srityse su cilindriniais &imaisj begalybe. Pagrindiniai tyrimo objek-
tai yra taip vadinami Puazelio sprendiniai tiesiame cilindre ir Stokso, beieéNavj
Stokso lygiy sistemos cilindry sistemoje. Pirmiausia dagbedomas Puaze-
lio sprendinio egzistavimas ir vienatis Hiolderio eede. Tadarodomas peri-
odinis Stokso uzdavinio sprendinio egzistavimas swsinSobolevo erédse. Ir
galiausiai,jrodytas periodinio sprendinio Nae-Stokso uzdaviniui egzistavimas
svorinese Sobolevo erése. Svoria funkcija apiludina sprendiniy nykimo greitj,
kai |z|] — oo. Gauti rezultatai yra teoriniai, t&au gali huti pritaikyti sky<iy
dinamikos praktiniams uzdaviniampresti.
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Introduction

Topicality of the problem

The research area of this work is the analysis of time periodic Navier—Stokes
equations in domains with cylindrical outlets to infinity. In this thesis the exis-
tence and uniqueness of the non-stationary Poiseuille solution to the Navier—Stokes
equations is proved. Time periodic problems for Stokes and Navier—Stokes equa-
tions are studied in domains with cylindrical outlets to infinity. The existence of
the solutions to these problems is proved in weighted function spaces.

Actuality

Mathematical models of fluid dynamics are systems of linear and nonlinear
partial differential equations, known as Navier—Stokes equations. The rigorous
mathematical analysis of Navier-Stokes equations started at the beginning of the
XX century from works of the famous French mathematician J. Leray. This analy-
sis consists of studies concerning the correct formulations of initial boundary value
problems for Navier-Stokes equations, proofs of the existence and uniqueness of
solutions in different functional spaces, investigation of solutions regularity, con-
struction of asymptotics, etc. Such questions have been studied in many papers
and monographs [16], [27], [85].



2 INTRODUCTION

The existence theory developed in literature mainly deals with the flows of vis-
cous incompressible fluids in domains with compact boundaries (i. e. in bounded
and exterior domains). Although some of these results do not depend on the shape
of the boundary, many problems of scientific and practical interest (e. g. wa-
ter or petroleum flow in pipes system or blood flow in veins) related to flows of
viscous incompressible fluid in domains with noncompact boundaries were un-
solved. Therefore, it is not surprising that during the last 30 years the special
attention was given to problems in unbounded domains. However, during this time
only stationary problems were exhaustively investigated, while not much is known
about the non-stationary ones. Even the existence of a non-stationary analog of
the Poiseuille flow in a straight cylinder was not proved (the stationary Poiseuille
solution was constructed as far back as in XIX century). In this thesis we prove the
existence of the non-stationary Poiseuille solution in a straight cylinder and study
the time—periodic solutions of Stokes and Navier—Stokes equations in a domains
with cylindrical outlets to infinity (i. e. in a system of pipes).

Aims and problems

The main aim of the dissertation is the analysis of the time periodic Navier-
Stokes equations in domains with cylindrical outlets to infinity. To achieve this
goal, we have to solve following problems:

1. To investigate the existence and unigueness questions for the Poiseuille
flow of an incompressible viscous fluid in an infinite cylinder.

2. To investigate the existence and uniqueness questions of a time periodic
Stokes problem with cylindrical outlets to infinity.

3. To investigate the existence questions of a time periodic Navier-Stokes
problem for two and three dimensional domains with cylindrical outlets to infinity.

Novelty

All results obtained in the dissertation are new. The existence of the non-
stationary Poiseuille solution in Holder spaces was not know before. The time
periodic solutions to Stokes and Navier—Stokes equations in domains with cylin-
drical outlets to infinity are investigated for the first time.
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Defended propositions

1. The existence and uniqueness of solutions for the Poiseuille flow of a in-
compressible viscous fluid in an infinite cylinder is proved.

2. The existence and uniqueness of solutions for time periodic Stokes problem
with cylindrical outlets to infinity is proved.

3. The existence of solutions for time periodic Navier-Stokes problem in do-
mains with cylindrical outlets to infinity is proved.

History of the problem

The solvability of boundary and initial boundary value problems for Navier-
Stokes equations is one of the most important questions in mathematical hydro-
dynamics. It has been studied in many papers and monographs (e. g. [16], [27],
[85]). The existence theory developed there deals mainly with flows of viscous
fluids in domains with compact boundaries (i. e., bounded and and exterior do-
mains). Although some of these results do not depend on the shape of the bound-
ary, many problems of scientific and practical interest related to flows of viscous
incompressible fluid in domains with noncompact boundaries have remained un-
solved. Therefore, it is not surprising that during the last 30 years special attention
has been given to problems in such domains. J. Heywood has drawn attention to
the question of correct formulation of boundary value problems for Navier-Stokes
equations in domains with noncompact boundaries. In 1976 he demonstrated [20]
that in domains with noncompact boundaries the motion of a viscous fluid is not
always uniquely determined by the applied external forces and usual initial and
boundary conditions. Moreover, certain physically important quantities (such as
fluxes of the velocity field or limiting values of the pressure at infinity) have to be
prescribed additionally.

After the publication of J. Heywood’s paper the theory of Navier-Stokes equa-
tions in domains with noncompact boundaries received a great impulse in a row
of papers. Such problems were investigated in a wide class of domains having
“outlets” to infinity. First, it was proved in [24], [29], [30], [76], [82] that looking
for solutions with a finite Dirichlet integral it is necessary to prescribe additional
conditions (fluxes over the sections of outlets to infinity or pressure drops) in all
“wide” outlets which grow at infinity “sufficiently rapidly”. The weak solvability
of the steady Navier-Stokes problem was proved in the above mentioned papers for
arbitrary data. For the three-dimensional time-dependent Navier-Stokes problem
unique solvability is obtained only for small data.
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The next step in the evolution of the mathematical theory of viscous incom-
pressible fluids in domains with outlets to infinity was to consider natural physical
problems with prescribed fluxes in “narrow” outlets to infinity also (for example
in pipes). However, since any divergence-free vector-field with a finite Dirichlet
integral necessarily has zero fluxes over the sections of “narrow” outlets to infinity,
the usual energy estimate method becomes insufficient in this case. The Navier-
Stokes problem with additionally prescribed fluxes in “narrow” outlets to infinity
has to be studied in a class of functions having infinite Dirichlet integrals. The
basic results concerning such problems were obtained by O. A. Ladyzhenskaya
and V. A. Solonnikov [28]. In this paper a special technique of integral estimates
(the so called “techniques of Saint-Venant’s principle”) is developed and the exis-
tence of solutions having an infinite Dirichlet integral was proved. This result is
obtained without any restrictions on data, assuming as the only necessary compat-
ibility condition that the total flux is equal to zero. In particular, the solvability
of the steady Navier-Stokes problem is proved for arbitrary data in domains with
cylindrical outlets to infinity and it is shown that for sufficiently small fluxes this
solution is unique and tends exponentially (as— oo) in each cylinder to the
corresponding Poiseuille flow. Notice that for domains with two cylindrical out-
lets to infinity the steady Navier-Stokes problem with prescribed Huxas also
been studied by C. J. Amick [3] where a solution approaching the Poiseuille flow
as|z| — oo is constructed for smallF’|. In [49], similar results were obtained in
domains with “layer-like” outlets to infinity.

The time-dependent Navier-Stokes system in domains with outlets to infinity
is much less studied. In [31], [77], [80], [81] the existence of solutions with pre-
scribed fluxes is proved. These solutions have a finite or infinite energy integral,
dependent on the geometry of the outlets to infinity. In particular, if the outlets
are cylindrical and the energy integral is infinite, then the time-dependent Navier-
Stokes problem is proved in [31], [77], [80], [81] either for small data or for small
time intervals.

In [77], [80], [81], V. A. Solonnikov studied both steady and time-dependent
Navier-Stokes problems in a very general class of domains with outlets to infinity.
He developed an axiomatic approach for such problems without making assump-
tions abaut the shape of the outlets and imposing only certain general restrictions.
The function spaces used there are also very general. Many papers were devoted
to the investigation of related questions, such as regularity, asymptotic behavior
and uniqueness of solutions to the steady Stokes and Navier-Stokes problems in
noncompact domains. It is evident that the behavior of solutions to the Navier-
Stokes problem as:| — oo strongly depends on the geometry of outlets to infin-
ity. Therefore, studying the properties of solutions to the Navier-Stokes problem
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in such domains it is convenient to study the problem in weighted function spaces
which reflect the decay properties of solutions|as — oco. We mention pa-

pers [37], [54]-[56], where steady Stokes and Navier-Stokes problems are studied
in weighted function spaces assuming the “parabolic-like” structure of the out-
lets to infinity. Likewise in papers [39], [40], [42], [58], [72] where asymptotics
properties of solutions to steady Stokes and Navier-Stokes problems are studied
in domains with outlets to infinity coinciding for larde| with an infinite layer.

In papers [9]-[11], [17], [35], [43], [73], [12]-[15], analogous questions were
studied for the aperture domain and the domain having sector-like outlets to infin-
ity. Finally, we mention papers [1], [23], [36], [38], [50]-[52], [68], [69], [79],
where certain existence theorems for regular solutions are proved in domains with
strip-like outlets to infinity and in domains with outlets having periodically vary-
ing sections. For two-dimensional domains with outlets to infinity, more general
results concerning the pointwise decay and asymptotic properties of the solutions
are obtained in [4]-[5].

Navier-Stokes problems in cylindrical outlets to infinity with the usual initial
condition were studied in [66]. However, the time periodic problems of these
equations, which are very important to practical applications, have not yet been
studied in domains with cylindrical outlets to infinity.

Approbation

The results of the dissertation were published in the followings periodical sci-
entific papers:

¢ KEBLIKAS, V.; PILECKAS, K. On the existence of non-stationary Poiseuille
solution,Siberian Math. J.2005, 46(3), p. 514-526.

e KEBLIKAS, V. On the time-periodic problem for the Stokes system in do-
mains with cylindrical outlets to infinitylithuanian Math. J. 2007, 47(2), p.
147-163.

The results of the dissertation were presented at:

¢ 9t" International conference on mathematical modelling and analysis, Latvia,
Jurmala, 2004.

e 10" International conference on mathematical modelling and analysis,
Lithuania, Trakai, 2005.

Contributing talks were given at the seminars at Institute of Mathematics and
Informatics and Vilnius Gediminas Technical University.



6 INTRODUCTION

Structure of the dissertation

The dissertation consist of an introduction, five chapters, conclusions and the
bibliography.

e In the first chapter, the necessary function spaces are defined and certain known
auxiliary results are formulated.

e In the second chapter, we study a non-stationary Poiseuille solution. Poiseuille
flow is an exact solution of the steady Navier-Stokes system in an infinite straight
pipe of constant cross-sectionand has the prescribed flux overo. Moreover,

it is natural to study time dependent analog of Leray’s problem. However, in this
case there already appears to be a problem with the definition of time dependent
Poiseuille flow. In prescribing the fluk(t), we have to solve fol/ (z/,t) andq(¢)

more complicated nonstandard inverse parabolic problem. The theory of inverse
problems for the parabolic equations was studied by many authors [44]-[46]. Nev-
ertheless, we failed to find in the literature any result concerning the solvability of
our problem. The analogical inverse periodic Poiseuille flow problem was solved
in [8], [19].

e In the third chapter, we study the time periodic problem for the Stokes system in
domains with cylindrical outlets to infinity.

¢ In the forth chapter, we study the two dimensional time periodic Navier—Stokes
problem. Here, it was proved that at least one solution in weighted Sobolev spaces
exists. However, it's existence was proved only if some of the data is small enough.
The analogical problem with the usual initial conditions was proved without any
small data in [64], [66]. Time periodic Navier-Stokes problems previously was
studied in many papers (e. g. [21], [26], [74], [84], [86]). But we could not find
there any method for solving our problem without smallness of the data.

¢ In the fifth chapter, we study the three-dimensional time periodic Navier-Stokes
problem. The solvability in weighted Sobolev norms was obtained, of course, for
all small data (including external force).



Function spaces and auxiliary
results

In this chapter we introduce function spaces which are used in the thesis
and formulate certain embedding theorems and multiplicative inequalities that are
important for further considerations. In particular, we define weighted function
spaces in domains with cylindrical outlets to infinity, where the weight-function
regulates the behavior of elements of these spacksg as .

1.1 Function spaces and main notations

By c,cj,j = 1,2,..., etc., we denote different constants whose possible de-
pendence of parametets, ..., a,, Will be specified whenever it is necessary. In
such a case, we shall write= c(ay, ..., a,).

Let V be a Banach space. The norm of an elemantthe function spac¥’ is
denoted byj|u; V||. Vector-valued functions are denoted by bold letters, however
the spaces of scalar and vector-valued functions are not distinguished in notations.
The vector-valued function = (uy, ..., u, ) belongs to the spadé, if u; € Vi =

n
1L,...n,and|w; V| = 3 Jlui; V).
=1

Let G be an arbitrary domain iR, n > 1, with the boundaryG. We shall
use the following notations:
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e (C°°(G) is the set of all infinitely many times differentiable @functions;
e (C§°(G) is the subset of functions fro@*°(G) with compact supports ity;

. Wé(G),l > 0,q € [1,00), is the Sobolev space of functions with the finite
norm:
lus Wy(@)| = > [1D%us; Ly (G)
o<t
Hlel

o —
whereD$ = G0 2,0002,0% 25" la| = a1 + ag + as.

. VQVé(G) is the closure of§°(G) in the norm||- ; WA(G)]|.

o Ly(G) =W(G).
e L. (G) is a space of all real Lebesgue measurable functions defin@dnith
the finite norm:

[u; Loo (G )H—esssup\U( )| < oo
z€G

e C!Y(G) (Iis an integer) is a Banach space of functiaiis) for which D%u(x)
is bounded and uniformly continuous@for all 0 < |a| < I. The norm inC!(G)
is defined by the formula:

lu; CH(@)|| = Z sup [D%u(
‘a|0xEG

o C(G) (6 € (0,1)) is the subspace af*(G) consisting of functions whose
derivatives up to the orddrare Holder continuous i6'. C'*9(G) is a Banach
space with the finite norm:

D%u D%u(y
Ju: @] = s €@ + 3 sup P =D,
|a‘lxy€G Y

Consider now functions dependent on the space varialldeZ and the time
€ (0,7).

. WQQZ’Z(G x (0,7)),1 > 01is an integer, is a Hilbert space of functions that have

generalized derivative®; D¢ with everyr and« such thatr + |« < 21. The
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norm inW2"/(G x (0,T)) is defined by the formula:

. 2L, _ A r r o 2 2
w2 x om) =3 3 //]Dthu(x,t)] dedt|

j=0 27‘+‘Oz| 0 G

e Wy'(G x (0,T)) andW,°(G x (0,T)) are spaces of functions with finite
norms:

T 1/2
s WAL (G x (0,T)) | = ( / / <|ut<x,t>\2+|u<m,t>|2+|Vu<x,t>|2>dxdt>
0 G

and

T 1/2
Ju; Wy (G x (0,T))]| = (//(|u(:c,t)\2+ |Vu(:z:,t)|2)dxdt> .
0 G

o Wy (Gx(0,T))andW, (G x (0, T)) are subspaces &F," (G x (0,T)) and
W, %(G x (0,T)) consisting of functions satisfying the conditiatz, t)|5¢ = 0.

o CUFIH(G % [0,T)),1 > 0is an integery € (0,1/2), is the Holder space of
continuous functions having i x [0, T'] continuous derivative®< with respect

to x up to order2/ and continuous derivativel; with respect ta up to the order

1. The norm inC2+2%149 (G x [0, T7) is defined by

2l

lu; CH2(G < (0, 7)) = Y sup  [Dgulx,t)
|alzoz€G,t€[0,T}

l
D%u(z,t) — DSu(y,t
+ Z sup | Dju(z,t)| + Z sup [Dzule,t) zg (v, )]
Oxeé,te[O,T] |a‘:2l (I,y)Eé,tG[O,T} ‘J; N y’
|t — s]°

Ir|=

£
"2 weCL(t)e[0.1]
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LetQ Cc R™, (n = 2, 3) be a domain with/ cylindrical outlets to infinity:

=Q<0>U(L:JlQ

i. e., outside the sphete| = r( the domainf2 splits into.J disjoint components
Q; (outlets to infinity) which in some coordinate systemi® are given by the
relations

Q; = {z) e R": 2 e aj, 29 >0}, j=1,..,J, (1.1)

wherez®' = (2 2§y forn = 3, 21" = 2{) for n = 2 ando; ¢ R
is a bounded domam i. e. for(J > 0 outlets to infinity coincide with infinite

pipesIl; = {z) e R: 20) € ¢j, —o00 < 2! < 00} (if n = 2, the outlets;
coincide with infinite strips and cross-sectiens= (0, »;) are bounded mtervals).
We introduce the following notations:

Qjp ={xeQ;: xT(Zj) <k}, wit = \ Y, j=1,...,J,

ajk = wjk-1 Ywjr Uwjgy1, 1=1,..J, (1.2)

Quy = Qo) U (Uﬂjk) ZQ\<QQj)7

wherek > 0 is an integer.

DenoteB = (61, ...,4;) and letEg (z) = Eg,(x G )) be smooth monotone
weight-functions irf2; such that

Egj (x) >0, a1 < E_ﬁj (l‘)Eﬁj (x) <ag Vx € Qj, Egj (0) =1, (1.31)

blEﬁj (k) < Egj (x) < szgj (k:), Vx € Wik, (1.32)
|VEg (v)| < b3y« Ep,(z), Vo € Qy, (1.33)
lim Eg, (z) = oo, if 8>0, (1.34)

where the constants, as, b1, bo, b are independent df andbs is independent of
Bj. Simple examples of such weight-functions are

Eﬁj (.’E) = (1 + 5‘1';’])’2)51 and Eﬁj (J;) = eXp(2ﬁj$$Lj)).

Note that the inequalityl.33) holds for the first weight-function with,. = |5;|9,
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and for the second one with. = |3;|. Below, in proofs of solvability for Navier-
Stokes system, we neeg to be “sufficiently small”. For the exponential weight-
function Eg, (7) = exp(Qﬂj ) this is the case, if we assume tha| is suffi-

ciently small. In the case of the power weight-functip, () = (1 + 6\30” 2)Pi
this assumption could be satisfied taking sufficiently smahd there are no re-
strictions ong;.

Set
1, x € Q(O),

Eg(x) = (1.4)
E/gj(x%j)), S Qj, j=1..,J

Let us introduce weighted function spaces:

e C5°(Q) is the set of all functions fron>° () that are equal to zero for large
|z| (not necessary od?).

o Wéﬂ(Q), | > 0, is the space of functions obtained as the closur€pf2) in
the norm:

l

1/2
lu; Wh, ()| = ( > /Eﬁ(x)IDO‘U(w)Fdfr) :

la]=0 o
o Wy 5(Q) = L25(9Q).

o WY5(Qx(0,T)) (I > 0is aninteger)W, 5(2 x (0,T)) andW, 5(Q2 x (0,T))

are the spaces of functions obtained as closures of the set of all infinitely many
times differentiable with respect to andt¢ functions, that are equal to zero for
large|z|, in the norms

lus Wi (92 x (0,7))[| = Z > //E )| Dy D2u(z, t)|2dzd /2
u; = s(2)|Dy Diu(z, t)[*dzdt |

J=02r+|al=5 3

T 1/2
s WA (0, T))]| = (//E,@(x)(|ut(x,t)\2+|u(x,t)]2+|Vu(x,t)|2)dxdt>
0 Q
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and

T

1/2
lu; Wy (7)) (//Eg (Ju(z, t)]* + |Vu(z, t)] )d:cdt) :
0

respectively.

Note that, if3; > 0, the weight-indiceg3; shows a decay rate of elements
u € W} 5(Q) and their derivatives gs| — oo, = € Q;.

We will need also a “step” weight-function

1, 2z € Q(O),
Eg (29)), 2 € Qip, j=1,...,J,
E(ﬁk)@:) _ ) Bg(@d), w e Qg , (1.5)

Eﬁj(k‘), T < Q\ij, j=1,..J.

It is easy to see tha‘f(k)( ) = Eg(z) forz € Q,

VER (@)] < by B (@), (L6)

and, if 3; > 0, then
EY)(z) < Bg (), VzeQ.

Moreover, by definition

0, I=1,...,n, ¢ € Q(O),

0, I=1,....,n, =€ Q\Q,

- xTr) =
oa?) s 0, I=1,.on—1, 1€ Q,j=1,...,J,

0

——Eg(x), l=n, € Q,j=1,....,J.
axl(]) f ’
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Thus,

J
vEY (@) c | . (1.7)
j=1

Remark. The general weight functiongg(x) and the corresponding weighted
spaces first were introduced by K. Pileckas in [65]-[67].

1.2 Auxiliary results

In this section we collect known results which will be used below.

Lemma 1.1.1f u € W3"'(G x (0,T)) then Dy D2u(x, t) With 2r + |o| < 21 — 1
belongs to the spadd’Z " ~!*/=1(@) and there holds the inequality

r « 21—-2r—|al|—1 s
1D} DSu(-, t); W2 PN @) < ellus WEH(G x (0,T))],  (1.8)

where the constantis independent of € [0, T'].

Lemma 1.2. LetG C R? be a bounded domain. For anyc W, (G) holds the
multiplicative inequality

lus La(G) || < ellus W3 (G)||?||us L2 (G2 (1.9)

Lemma 1.3. LetG C R? be a bounded domain. For anyc W} (G) holds the
multiplicative inequality

lus Ls(G)|| < ellus Wy (G)||'/?||u; La(G) ||/, (1.10)
If u € W2(G), then the following multiplicative inequality
145 Loo (G| < el Vu; Le(G)| /2 [|us L (G2

< of|Vus Wa (G| |lu; W3 (G) ||/ (1.11)
is valid. The constants in (1.10), (1.11) depend only-on
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Lemma 1.4. LetG C R? be a bounded domaiff; < co. Then the embedding
operator] : W} (G x (0,T)) — L4(G x (0,T)) is compact.

Proofs of Lemmas 2.1-2.4 could be found in [2] and [27] books.

Lemma 1.5. LetG C R? be a bounded domaifi; < oo and let{u,(z,t)} be a
weakly convergent in the spa(ziéf’l(G x (0,7")) sequence of functions. Then

T
/ IVt (-, ) = Vum(-,); La(G)|*dt — 0, as n,m — 0.
0

Let 2 be a domain with cylindrical outlets to infinity (see section 1).

Lemma 1.6. For any functionu € W%yﬁ(Q) which is equal to zero oA holds
the following weighted Poincaré inequality

/Eg(w)|u(w)|2dx < C/Eg(w)|Vu(a:)|2dx. (1.12)
Q Q

Note, that if we take in (1.123 = 0, we get usual Poincaré inequality

/|u(a;)|2dx§co/]Vu(m)2d:c.
Q

Q
Lemma 1.7.Letu(-,t) € W}(Q), w(-,t) € Ly(Q), divu(z, t) = 0, V¢ € [0,T],

/u(x,t) ‘n(z)ds=0, j=1,..,J.

93

Then there exists a vector-fieW ®) (-, t) € Wi(Q) with WP (., 1) € W2(Q)
J _
such thasupp, W) (z,1) ¢ |J Q;; and
=1

divwW® (2, 1) = ~div(EY (z)u(z, 1)).
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There holds the estimates

/Ek \VWk)(a:th:c<ny*/ z)u(z,t)>dx
Q
<c7*/E ()| Vu® (2, 1) 2da, (1.13)

/E ) (@) VW (2, 1) 2dz < ey, /Eg“) (@)ul® (2, 0)2de.  (1.14)
Q
Moreover, ifu(x, t) is time periodic with a period’, i. e. u(z,0) = u(z,T), then
alsoW *) (z, t) is time periodic with the same period. The constantd ih3) and
(1.14) are independent of k ande [0, T').

Let G be a bounded domain iR™,n = 2,3. Consider inG the following
problem:
divW (z,t) = g(x,1),
(1.15)
W(x7t)|aG =0
assuming that
/g(m,t)dm =0, Vtel0,T]. (1.16)
G

Lemma 1.8. Let G C R™ be a bounded domain with the Lipschitz boundary
OG. If g(-,t) € WE(G), g:(-,t) € Ly(G) and (1.16) holds7t € [0, 7], then
problem (1.15) admits at least one soluti®(-,¢) € W2(G) with W, (-, t) €

W1 (G).There holds the estimates

W0 W3 (G < llg( 1) Wa (G)]], (1.17)
VWi (- 1); La(G)| < ellge(-,); La(G)]|- (1.18)

with a constant c independent gfz, t) andt € [0, 7.

Lemmas 2.5-2.8 are proved in [66].






Non-stationary Poiseuille solution

2.1 Formulation of the problem

In this chapter we study the initial-boundary value problem for the non-stationary
Navier-Stokes system in an infinite cylindr = {z € R3 : 2/ = (z1,22) €
o,x3 € R}:

u(x,t) — vAu(z,t) + (u(z,t) - Vu(z,t)) + Vp(x,t) =0,
divu(z,t) =0,

(2.1)
u(z,t) =0,

u(x,0)lon = a().
We look for a solution of problem (2.1) having a prescribed time-dependent flux
F(t) through the cross-sectian

/ ug(z’,t) da’ = F(t). (2.2)

[

We assume that the initial data has the fatma= (0, 0, a3), whereas = as(z’)
does not depend ary. Finally, we suppose that there holds the necessary compat-

17
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ibility condition
/ as(x') ' = F(0). (2.3)
We look for the solutior{u(z, t), p(x, t)) of problem (2.1), (2.2) in the form

u(z,t) = (0, 0, v(2', 1)), p(z,t) = —q(t)xs + po(t), (2.4)

wherepy(t) is an arbitrary function of.

Definition. The solution of the problem (2.1), (2.2) having the form (2.4) is called
a Poiseuille solution.

Substituting (2.4) into (2.1), we get fofz’, t) andg(t) the following initial-
boundary value problem for the heat equation

v (' t) — vA'v(2 t) = q(t),
v(a',t) =0, (2.5)

v(2’,0) = az(a'),

whereA’ denotes the Laplace operator with respect to variabdles (x4, x2).

The right-hand sidg(¢) of equation (2.5) is not given; it has to be determined so
that the solution(2/, t) of (2.5) satisfies flux condition (2.2), i. e.,

/ v(2',t)dx’ = F(t). (2.6)

o

Thus, we arrive at the following inverse problem:

Givenas(z') and F'(t), find a pair of functiongv(z/,t), ¢(t)), satisfying the
initial-boundary value probleni2.5) and the integral conditior2.6).

Note that the the existence of the stationary Poiseuille solution is well known
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[33]. It solves the stationary Navier-Stokes system

—vAu(z) + (u(z) - Vu(x)) + Vp =0,
divu(z) =0,
u(z)laq =0, 27
fU3 Ydx =
in the cylinderIl and has the form:
urp(z) = (0,0,qrv(2')), pr(z) = —vqres + po, (2.8)

wherepy —is an arbitrary constant, andx’) is the solution of the Dirichlet bound-
ary value problem for the Poisson equation

—vA'v(2') =1,
(2.9)
U(:U/)‘@a =0.

/ x—y/|V' N2da' := ko > 0,

the constant]F could be chosen so that the Poiseuille solution satisfies the flux
condltlonf Yda' = F,i. e.qr = Fry*.

Since

In the stationary case the constamt defining the pressure drop is propor-
tional to the fluxF'. So the stationary problem with the prescribed pressure drop
is equivalent to the one with the prescribed flux. In contrast, for the non-stationary
case the functiorg(¢) defining the pressure drop is determined as a solution to
inverse problem (2.5), (2.6). Thus, the non-stationary case the problem with a
given pressure drop(t) is not equivalent to one with a given fluX(¢). Anal-
ogously, could be considered the Poiseuille solution in a two-dimensional strip
II = {x = (z1,22), z1 € (0,h), z2 € R}. In this case we suppose that the
initial data has the form = (0, a2(z1)) and the flux condition is:

h
/UQ 1'1, dml F(t),
0
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wherea(z’) and F'(t) satisfy the compatibility condition:

h
/ag(xl)dxl = F(O)
0

The corresponding non-stationary Poiseuille soluferp) has the form
u(z,t) = (0,v(z1,1)), p(z,t) =—q(t)z2 +po(t),
wherev(z1,t) andq(t) satisfy the inverse problem

( 0%v(xy,t
ve(21, 1) —Vva(;;l)
1

=q(t),

v(0,t) = v(h,t) =0,
(2.10)

v(z1,0) = ag(x1),

Ofv(:m, t)dzy = F(t).

2.2 Construction of an approximate solution

Let us consider i x (0,T) the inverse problem
ve(a!,t) — vAv(a/,t) = q(t),
v(@' )]s = 0,

v(2’,0) = a(z’), (2.11)

Jv(@, t)da’ = F(t),

(e

[ a(z")dz’ = F(0).

o

We shall study problem (2.11) in Holder spaces. First, we consider problem (2.11)
with a(2’,t) = 0.
Denote byu(z') and \; the eigenfunctions and eigenvalues of the Laplace
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operator in the Sobolev spa&iézl(a):

{ —vA"ug(2") = Apug(2'),
(2.12)

ug(z)]ge = 0.

It is well known (see, for example [6]) that, (z’) are orthonormal id, (o), i. €.,

/uk(:z:’)ul(:r’)dx’ = 5kla

(o

wheredy,; is Kronecker symbol. Moreovel; Vuy (z)Vu(z)ds’ = Agd. Note

that\r > 0 and{\z} — oo ask — oc.

The constant function 1 can be decomposed into the Fourier series:

1= Zﬁkﬂ,k(l‘l),
k=1

wherefy = [ug(z')d2',k =1,2,...,and Y. 32 = |o|. We look for an approx-
o k=1
imate solution(v(), ¢(N)) of the problem (2.11) in the form

N

oM (2! t) = Zw,(CN) (t)ug(z"). (2.13)
k=1

Inserting (2.13) into (2.11), for function@,iN)(t) we get ordinary differential

equations:
w7 (0) + Mo (1) = Brg ™ (@),

?rg/-\
32
—~
=
I
X[
-
(= \ -
¢}
i
=
|
>
-
-
|
2
=
QA
3
3
U
R
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Thus, we get that
N t
oM (! 1) = Zﬁk(/exl)(_)\k(t —7))g"™M(7) dT) ug(z’).  (2.14)
k=1 o

Now we choose the functiogt’V)(¢) in order to satisfy the condition

/ oM (2 t)da’ = F(t), Vte (0,T). (2.15)

Inserting (2.14) into (2.15), we obtain the equality

N

/U(N)(l‘/, t)dx' = Zﬁk / exp(—Ag(t — T))q(N) (1) dr
0

SR
e
ol
H\
S~—
a
H\

Il

=
-
\.\/

which is equivalent to the Volterra integral equation of the first kind for the function

g™ (¢):
t

N
> s / exp(=Ap(t — 7)™ (7) dr = F(2). (2.16)

k=1

Suppose that the derivative 61t) exists. Differentiating (2.16), we deduce that

1 & /
A0 - 3" 8w [ealt =) dr =), (217)
0

V4
N =1

N
wheresey = Y 37 andp™) (1) = F'(t)/n. This is a Volterra equation of the

k=1
second kind with the kernel

N
KWMN(t,7) = PINe Zﬁz)\k exp(—=Ag(t —7)).
k=1

The solvability of such equations is well known; see [34] for instance. However,
it is not possible to pass to the limit & — oo directly in (2.17), since the series
sl S B2 that defines the limit kerngk () (¢, ¢) att = 7 diverges.

k=1
We will prove below that under natural compatibility conditions the sequence

{(vM (&, 1), ¢™M(t))} converges ad/ — oo in the formC2:+25: 143 (9 x (0, T)) x



2.3. Uniform estimates for the solution to integral equati®n7) 23

C'*9(0,T) to a solution(v(z', t), ¢(t)) of problem (2.11).

2.3 Uniform estimates for the solution to integral
equation (2.17)

In this section we prove uniform estimates in the Holder space for the solu-
tion ¢!™)(¢) of the integral equation (2.17). Consider first the auxiliary integral
equation

exp(=e(t — 7)) N (7)) dr = g(1). (2.18)

-3

2
—~
o~
S~—

|

|~
o
>~
ol

O\_,w

Note that differently from (2.17), the sum in (2.18) starts froms 2.

Lemma 2.1.Suppose thag € C°(0,T) andg(0) = 0. Then there exists a unique
solution f(N) € C%(0, T) to (2.18). Moreover,f V) (0) = 0 and

M @) < ZX sup |g(r)], Vte[0,T], (2.19)
1 7€[0,T)
1FN; co0,7)| < 2%!19; co(0, ). (2.20)
1
Proof. Put
) = g(t),...,
1 Y /
(N) gy _ _+ 2 . . (N)
0 = 20> A / exp(-u(t = )N () dr...
@) =3 fM). (2.21)
n=1
Then

1M @) < sup Jg(r)],
T7€[0,t]

N

t
001 < S sup Jg(n)| S 5 [ exp(-hult - ) dr <
0

N refoyf] k=2



24 2. NON-STATIONARY POISEUILLE SOLUTION

N
1
< — sup |g(n)| Y B~ exp(~ M) < X sup (7)), ...,
XN re(0,] o #N Te(0,t]

01 (2) s lg(o)
N

T€[0,t]
N _ .
whereyy = Y 32 = »y — 7. Sinceyn/»n < 1, the series (2.21) that

k=2
determines a solution to (2.18) converges absolutely and uniformly on the interval
t € [0, T]. Moreover,

I < sup |g(r |z<”ﬂv> _

T€[0,t]
XN
= ——— sup [g(7)| = sup [g(7)l,
XN — N r€lo,t] 51 T€[0,1]

and (2.18) implies thaf(™) (0) = 0.
Estimate nowf™)(¢) in the Holder norm. Sincg'") (0) = 0, we have

t+h

N+ B~ £ = ‘%Zﬁm / exp(~ At + = ) ) (r)dr—

N

=3 0 [ exp(-hutt — )N dr
0

<

N 1=

1 Y /
+ZﬁkAk/exp( Me(t+h =) M) = £ 0 dr, n=12,....

N = 5

Estimating the right-hand sides here, we find that
567+ 1) = £5 (0] = gt +h) = 9] < B lg: (0, 7)),

AV m) = 10 < 20°)g; 0, T
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AN+ h) = @) < 20°|lg; C°(0,T))] (Z{N)
N

v

fT(LN) (t). The lemma

forall v¢,t + h € [0,T]. Hence,

2

1Y (0,7 < 2]g: C“(O,T)H(V

2

13

and consequently, the estimate (2.20) holdsféP () =

I
—

n

is proved.

Define now an operatoBy on the spac€?(0,7) = {®(t) € C%(0,T) :
®(0) = 0} by the formula

1 & /
BN®(t) = ()~ >~ B\ [ exp(-Au(t — 1)2(r)

Lemma 2.1 implies that there exists a bounded inverse operator
By': C%0,T) — C%(0,T) and that

IByY: C2(0,T) — C%(0,T)|| < 2%. (2.22)
1
In addition, .
By'g(t)] < =5 sup [g(r)]. (2.23)
51 T€[0,t]

Consider the full equation (2.17), rewriting it in the form
1 t
Bua ™) = N [exp(-Ault - )a™(r)dr oM. (220
0

Introducing the notatiog™) = Byg¢™) and¢™) = By'gn, we obtain from
(2.24) the integral equation

g M(t) = S0 [ exp(-d(t = M)(BRIM)(r) dr = o M(e). - (229
0

Lemma 2.2.Let o) (¢) € C%(0,T). Then there exists a unique solutighl’) €
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C%(0,T) to (2.25) satisfying the estimates

g™ (#)| < exp(Mit) sup |™(7)], (2.26)
T€[0,t]
lg™);C20,T)| < cexp@MT)||e™); C2(0,T)). (2.27)
Proof. Put

Z gM(t (2.28)

where v

g™ (1) = eM(1),
aM(t) = —M exp(=\i(t — 7)) (By'gs")(7)dr,... |

g1 () = JjNﬁ%Al exp(~ A1 (t — 7)) (Bitg®™)(r) dr, ...

/
/

Using (2.23), we infer by induction that
1 7€[0,t]

t
Py 1
\g§N)(t)! < —JQV sup \w(N)(T)’5%)\1/QXP<_/\1(t_T))dTS
E )

< A\t sup |<p(N)(T)|,... ,
T€[0,t]

t
PO —ﬁ%Al / exp(—Au(t = 7)) Z sup (gt (5)]dr <

1 s€[0,t]
A +1 ! )\ +1
n t n
< 1' sup \gp |/T"d7'— sup |<p(N)(T)],....
N eat / ”+1) (0,4
Thus,
Z| ® < sup 16> A" oning sup [0 (229
95 p o T = ep(t) swp o :

T€[0,t] n—0 : T€[0,t]
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and hence series (2.28), determining the solution to integral equation (2.25) con-
verges absolutely and uniformly on each finite intef@all’]. Moreover,

9™ (0] < exp(Ait) sup [p)(7)] < exp(MT) sup [p(B)].  (2.30)
T€[0,t] t€(0,t]

Using (2.22), itis easy to show that for the differeng€’) (t +h) — (™) (#)| holds
the inequality

9N+ 1) = gM(0)] < eh® expT)llg™; CO0.T), Vi t+h €0, T).
Thereforeg™) € C%(0, T) and (2.27) holds. The lemma is proved.

Lemma 2.3. Let ™) € C%(0,T). Then there exists a unique solutigh) ¢
C%(0,T) to (2.17) and

g™ ()] < ZX exp(t) sup ™ (7)], (2.31)
ﬂl T€[0,t]
lg™; C3(0, )| < cexp@MT)|™; C3(0,T)]. (2.32)

To prove this lemma it suffices to tak€") = B ¢!™) and to apply (2.22),
(2.23), (2.26), (2.27).

Denote byC*+9(0, T') the subspace of all functions &'9(0, T'), satisfying
the conditions

d d!
h(0) =0, —h(0)=0, ... —
() ) () ? ? dtl

5 h(0) = 0. (2.33)

Lemma 2.4. Let ™) € C'+9(0,T),1 > 0. Then there exists a unique solution
q™) e C"9(0,T) to (2.17) and

s

d® » d
= 4V) N = ,WV)

g ()] < exp(A1t) sup (T
dts ()‘ 3% ( 1 )Te(oyt) dTS ( )

. s=0,...,1, (2.34)

l¢™): (0,7 < cexp@MDIp™; O (0,1)]. (2.35)
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Proof. Differentiating (2.17) we find that,

1 N
) t) — — E 23\ (N)
) N kﬂﬂk kq

- Zﬂm / e Melt = 7)a ™) dr = o),

Integrating by parts in the third term and using the condigidf (0) = ™) (0) =
0, we rewrite this equation as

Mz

t
B / exp(=Ak(t = 7))g™ (1) dr = o™V (1).
N k=1 0

Thus, for¢V(t) we obtain an equation analogous to (2.17). Sipt¥(t)

CH9(0,T), i. e. s—go(N)(O) =0,5=0,...,l, the derlvatlvesc%q(N)( t),s =

1,...,1, satisfy (2.17) with the right-hand side equaljecp . Lemma 2.3

implies that%q(m( t) € C'9(0,T), and because of (2.31) and (2.32), the esti-
mates (2.34) and (2.35) holds. The lemma is proved.

2.4 Existence of a solution to problem (2.11)

Let us prove first that the sequengé’) (¢) converges in the norm of the space
C9(0,T).

Lemma 2.5. If F(t) € C*%9(0,T) with, I > 0 andd € (0,1), then the
sequenAce](N)(t) converges in the norm af’*9(0,7), and the limit function
q(t) € C"9(0, T) satisfies the inequalities

s+1
< exp A1t) sup ‘7FT , s=0,...,1, 2.36
dts ‘ 51 ( )TE[U,t] arori () (2.36)
lg; C°(0, T)|| < cexp2MT)||F; CHH(0, 7). (2.37)

Proof. It is easy to see that the differen@™ ") (¢t) = ¢(N+M)(t) — ¢(N)(¢)
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satisfies the relation

N t
oW Z / et =) QWM () dr =

k=1
N+M ¢
b S B [ exp(-hult - ) () dr
N+M S )

WD (@) — oM (@) = 0 (1) + I @) + L 8).
Since

lim oy = ;ﬁi =lol, ™(t) = F'(t) /=,

we find using (2.35) that

N
1
I Crl+5 O T < C‘ _ 7‘ 2 (N+M)’ Cl+5 O,T <
[ [ i PO 0.1)] <
1 1
= C‘ 7‘ > Brexp@M T[N o0, <
AN+M 1
1 1 / I+6
< c‘ ~ | exp@enT)|F'; CHO(0,T)| — o,
AN+M XN
N,M
| (0, 7)) <
N+M
< exp(2\T)||F'; C(0,T)| 62 -0,
¥N+M kZN:Jrl *
1 1
|E¥: 0, 1) = — | IF5C (0, 7) | o,
AN+M

asN, M — oo. Since the functio@-M)(t) is a solution to (2.17), by Lemma
2.4 (see the estimate (2.35)) we have

1QUAM; CH(0,T)|| <
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<255 epM D) (I + Y+ BE) €0, 7)) - 0
1

asN, M — oo. Thus,{¢" (¢)} is a Cauchy sequence @+9(0,7), and so there
exists a limit functiong(t) € C'*9(0,7). Estimates (2.36) and (2.37) fqtt)
follow from the corresponding estimates fgl (¢). The lemma is proved.

Now we shall prove the main result of the chapter.

Theorem 2.1.Letdo € CH+2+20 F(t) € C'*119(0, T) anda(x) € CH+2+2°(0,T)
with? > 0, § € (0, 1/2). Suppose the compatibility conditions of order 1

dm

(Ama(x/))‘ag = 0, dtim

F(0) = /Ama(a:’)dx, m=0,...,1+1, (2.38)

are valid. Then there exists a unique solution
(v(a',1),q(t)) € CHH2HE (55 (0, 7)) x C°(0,T)
to problem(2.11), and

lv; CEH2EEE0 (0, T) | + |lg; CHH(0,T)|| < e(T) || F; G140, 7).
(2.39)

Proof. Consider first the case(z’) = 0. Suppose thaF’ € C!+119(0, T'). By
construction, the function

k=1

N t
o) = 3 ([ explonute = 1)) dr) ()
0

solves the initial-boundary value problem:
U,EN)(:n’,t) —vAvWM) (2 1) = fFN) (2! 1),
oM (2", t)|9s = 0, (2.40)
oM (2, 0) =0,

N
wheref(N) (2/ t) = ¢(N)(t) 3 Brur(x’). Thus (see for instance [32], [75]),
f=1

[ Wyt (o x (0.7 < ell fN; La(o x (0.T))] (2.41)
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and the constantis independent olV. Using Lemma 2.5, it is easy to show that
the sequence

U0y = {ae Zﬂkuk )}

converges in the norm dfz (o x (0, 7)) to ¢(¢). Since the problem (2.40) is linear,
the difference

VWM (g 1y = oWNFM) (o ) — o) (2 1)
is a solution to the analogous problem with the right-hand gide™") (' t) —
SN (a,t). By (2.41) we conclude that ™) (t) is a Cauchy sequencelifi, ' (o x
(0,7)), and so the limit
Jim o™ (1) = o(a’, 1) € Wy (o x (0,7)
exists, yielding a generalized solution to
v (2 t) — vAv(2',t) = q(t),
v(z',t)]os = 0, (2.42)
v(2’,0) = 0.

The right-hand sideg(t) € C'*9(0,T) of (2.42) depends only oh Thus,q(t) €
C2A+201+9 (5 % (0,T)), and

lg; C*+29%2(o % (0, 7)) < ellg; C+0(0, )]

Furthermoreg(t) satisfies the compatibility conditions
dl
0)=...=—q(0)=0.
Consequently (see [32], [75]),€ C2H2+201+140 (5 % (0,T)) and
||U; C2l+2+26,l+1+5(0_ % (O,T))H < ch; C2l+25,l+6(0_ « (O,T))H <

< dlg; C(0,T)| < cexpMT)||F; CHIH(0,T)).
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By construction, for allV the functionss¥) (2, t) satisfy the flux condition

/U(N)(x',t)dx =F(t), Vtelo,T],

[

which holds for the limit function:(2’, t) as well. Therefore(v(z',t),q(t)) is a
solution to the inverse problem (2.11) fofz’) = 0 and estimate (2.39) holds.
Consider now the case of an arbitrarf’) € C*+2+°(7). Look for a solution
of the problem (2.11) in the form of the sua(z’,t),q(t)) = (v1(2/,t),0) +
(va(2',t), q(t)), wherevy (2, t) is a solution to the initial-boundary value problem

v (2 t) — vAv (2, t) = 0,
vi(2',t)|os =0, (2.43)
vi(2',0) = a(a’).

Sincea(z’) satisfies the compatibility conditions of order 1 (see (2.38)), there
exists a unique solution (', t) to (2.43), satisfying the estimate

Jo; CHEBEL 5o (0,T))]| < ella; X)) (2.44)
For (va (2, t), q(t)) we obtain the inverse problem
vor (/1) — vAvg (2, t) = q(t),
va(2',t)]os = 0,

(e, 0) — (2.45)

[wa(x!)da' = F(t) — [ w1 (2, t)da’ : = F(t).

Using the second equalities in the compatibility conditions (2.38), we see that

am ~

Moreover,F(t) € C'*119(0, T) and

HFv Cl+1+6(O,T)|| < C(”F, Cl+1+§(O,T)H+H’L)1; C2l+2+26’l+1+5(0'><(0,T))H) <
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< c(|[F; CHIE0, T)| + [la; CHHHH()]).
Therefore, there exists a solution, (2, t), q(t)) € C?H2+H2014149 (55 (0, T)) x

C'9(0,T) to (2.45), satisfying the estimate

lvg; C2HEHEI (5 (0,T)) [ +]lg; CH0(0,T)|| < e(T)||F5 CHHH(0,T)| <

< c<T>(HF; G430, )| + [ c”+2+25<a>||).

Thus, (v(2/,t),q(t)), wherev(z') = v1(2/,t) + va(2/, t), is a solution to (2.11),
and estimate (2.39) holds.

Let us prove the uniqueness of the solution. TaKe) = 0 anda(z’) = 0.
Multiply (2.11) by v (2, t) and then integrating by parts inwe get:

1d
i [ e 0P s v [ [9u P s = g) [ o i =0

Integrate the last equality with respecttfo

t
1
Q/yu(x’,t)mx’w//\VU(x’,T)dem’dT:o.
o 0 o

Hence,v(2/,t) = 0, and from (2.11) we find thaf(¢t) = 0. The theorem is
proved.

Let us consider in the infinite cylinddl = {x € R",n = 2,3 : 2/ =
(x1,..,xn—1) € w,z, € R} the Navier-Stokes equations with time periodic con-
ditions, i. e. we consider the following problem:

u(z,t) — vAu(z,t) + (u(z,t) - Vu(z,t)) + Vp(z,t) = f(x, 1),

divu = 0,
(2.46)
u(z,0) =u(x,T),

u(z,0)|sn = a(z).

We look for a solution of problem (2.46) having a prescribed time periodic flux
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F(t) through the cross-sectien

/ un (@ t)da' = F(t), F(0) = F(T). (2.47)

g

We assume that the initial data has the ferm: (0, ..,0, a,,), wherea,, = a,, (')
does not depend om,. We also suppose that external forEeéhas the form
f = (0,..,0, f,(2', 1)), wheref,(z',t) is a time periodic function:f,,(z',0) =
(2, T).

The Poiseuille solution of problem (2.46), (2.47) has the form

U(z,t) = (0,..,0, Uy(2', 1)), P(x,t) = —q(t)zy. (2.48)

Substituting (2.4) into (2.1), we get fof2’, t) andq(t) the following problem
for the heat equation

Unt(x,a t) - VA/Un(xlvt) = Q(t) + fn(xlvt)a

Un(2',1)] 5, = 0,

Up(2',0) = Uy, (2, 27), (2.49)

Theorem 2.2. There exists the time periodic Poiseuille solutid@d(z), P(x,t)),
i. e. the exact solution of the time periodic Stokes (and Navier—Stokes) problem
(2.46), having the form (2.48) and satisfying the flux condition

/Un(x/, t)da' = F(t).

g

The pair of functiongU, (', t), ¢(t)) is the solution of problem (2.49). For
any periodicF'(t) the problem (2.49) admits a unique time periodic solution
(Un(a',1), q(t)) € (W5 (o x (0,27)) x La(0,27)). Moreover, there holds the
estimate

1Un; Wyt (o % (0,2m)) I + [lg; L2(0,2m)|* < e 5 W3 (0,2m)]%. (2.50)
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Theorem 2.2 is proved in [8], [19].
The results obtained in this chapter is presented in [Al].
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Time periodic Stokes problem

3.1 Formulation of the problem

In this chapter we study in the domdihwith cylindrical outlets to infinity
the linear time periodié¢ Stokes problem:

w(z,t) — vAu(z,t) + Vp(z,t) = f(z,1),
divu(z,t) =0,

u(z, t)] 5, =0, (3.1)
u(z,0) = u(z,27),

[ u(z,t) - n(z)ds = Fj(t), j=1...,J

9j

with prescribed fluxed; (¢) over cross—sections; of outlets to infinity. We as-
sume that the external for€éx, t) and the fluxed;(t) are time periodic functions
with the period®7:

f(x,O):f(x,Qw), Fj(O):Fj(27T), ]:1,,J

lwithout loss of generality we assume the period is equahto

37
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Moreover, we suppose that there holds the necessary compatibility condition

ZFj(t) =0, vt € [0, 27].

We shall prove that problem (3.1) admits a unique solutienp) that tends
in each outlet to infinity to the time periodic Poiseuille flow corresponding to the
cylinderII; and the fluxF}(t).

3.2 Solvability of problem (3.1) with zero fluxes

First we consider if2 x (0, 27) the time periodic Stokes problem assuming
that all fluxesFj(t), j = 1, ..., J, are equal to zero, i. e., consider the problem

((u(z,t) — vAu(z,t) + Vp(z,t) = f(z,1),
divu(z,t) =0,
u(z,t)]aq =0,

(3.2)

u(z,0) = u(zx,27),

/u(w,t) ‘n(x)ds=0, j=1,..,J

93

Definiotion. By the weak solution of problem (3.2) we call time periodic func-
tionu € W, (Q x (0, 2)) satisfying the condition
divu(z,t) =0,
and the integral identity

2

2m
O/Q/ut(x’t)'"(xvt)dxd“ryo/!vu(%t)'Vn(x,t)da:dt
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2T
://f(a:,t)-n(x,t)dxdt, (3.3)
0 Q

for every divergence free time periodi¢z, t) € W, °(Q x (0, 27)).

Note that each divergence free vector-fieldk, ) equal to zero o2 and
suchVu(-,t) € Ly(Q2) has zero fluxes over all cross-sectionsi. e.

/u(ac,t) n(z)dS=0, j=1,..,J.

¥

First, let us construct an approximate solution to problem (3.2). The right—
hand sidef(z, t) is time periodic and(z, t) € L2(2 x (0,27)). Thereforef (z, t)
may be represented as the Fourier series

£(2,8) = D (Fon(@) sin(nt) + fon ) cos(nt)),

n=0

wherefy, (z), fon,(z) € L2(2), n=0,1,2,....
We look for an approximate solutiamy (x, t) of problem (3.2) in the form
N
uy(x,t) = Z (an(x) sin(nt) 4+ byp(x) cos(nt)), (3.4)
n=0

where the coefficientéa,,, b,) € W, () are found as divergence free solutions
to the system of the integral identities

—n/bn(x) -n(z)dx + V/Van(a:) -Vn(z)de = /fm(az) -n(z)dz,
Q

Q Q

n/an(z:) E(2)dz + Z//Vbn(:c) VE(2)d = /fcn(x) - £(2)dz,
Q Q Q
(3.5)

wheren(z) and £(x) are arbitrary divergence free functions i} (Q), i. e.,
(an(z), bp(z)),n = 0,1,2,..., are weak solutions of the following stationary



40 3. TIME PERIODIC STOKES PROBLEM

“Stokes type” problems

—nby () — vAay(x) + Vg, (z) = £ (2),

nay, (z) — vAby () + Vpen(z) = fon (),

(3.6)
diva,(z) =0, divb,(x) =0,

=0.
o9

=0, by(z)

an(x) 00

The solution of problem (3.6) is unique. Indeed, figi(z) = f.,(z) = 0. Take
in (3.51) n(z) = ay(z) and in(3.52) &(x) = by(z). Summing the obtained
inequalities, we derive

V/|VafL(:c)|2dx+V/|Vbﬁ(ﬂ:)|2d:p:O
Q Q

and, hencea® (z) = bk(z) = 0. Moreover, it is straightforward to verify the
following a priori estimate

lan; W ()1 + [[bn; W ()]

< o(1fons La(Q)I2 + [ £ons La()12) ¥ = 0,1, . (3.7)

with the constant independent of.. Therefore, using standard for elliptic prob-
lems arguments(e. g. [6]), we conclude

Lemma 3.1. Letfo,(z), fs(x) € Lo(€2). Then problen(3.5) admits a unique
weak solution(a,, (z), b, (z)) € W3 (Q) satisfying the estimat.7).

Let us prove that the approximate solutiang(z, t) defined by (3.4) converge
to a weak solution of problem (3.2).

Theorem 3.1. Let f(z,t) € L2(Q2 x (0,27)) be time periodic function. Then
problem (3.2) admits a unique time periodic weak solutigm, t) € W21’1(Q X
(0,27)) and there holds the estimate

up (- ) WA + s Wi (€2 x (0, 27))]?
€(0,2m
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< cl|f; La(€2 x (0,2m))[|*. (3.8)

Proof. From the definition ofuy (z,t) anda, (z), b,(x) (see (3.4) and (3.5)) it
follows that there holds the integral identity

/uNt(J:,t)'n(x)dx—{—u/VuN(x,t)-Vn(:E)daz: /fN(ﬂs,t)-'n(x)da:, (3.9)
Q

Q Q
where N
fy(z,t) = Z (fsn(:n) sin(nt) + fon () cos(nt))
n=0

andn(z) is an arbitrary divergence free function i} (€2). In order to prove
(3.9), it is sufficient to take in (3.5)(xz) = &(z), to multiply (3.51) by sin(nt),
(3.52) by cos(nt) and to sum the obtained relations. Taking in (3% uy(x,t)
and using Young and Poincaré inequalities we derive

1
Q;t/luzv(m,t)lzdﬂ;/WuN(x,t)y?dx < c/|fN(:L",t)]2dx. (3.10)
Q Q Q

Integrating (3.10) with respect toover the interval0, 27), we get, in view of the
periodicity ofuy (zx, t), that

2w 2w

/Q/|qu(x’t)|2dxdt§c/!|fN($,t)\2da:dt. (3.11)

0 0
Let us take now in (3.9% = tuy(x, t):

1d

T tluy (z,t)|?dx + l/t/ \Vuy (z,t)2dz = t/fN(J:,t) -uy(z, t)dx

Q Q Q
1 2 £ 2 2
) lun(z,t)]%dx < 5 It (z,t)|“de + [ |un(z,t)|"dz.
Q Q Q

Integrating the last inequality over the interyal 2), we get using Poincaré in-
equality and (3.11)

21 21
Tr/]uN(x,27r)]2dx < 27r2//|fN(x,t)\2da:dt+//]uN(x,t)\2da:dt
Q 0 Q 0 Q
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2 2 2

< 27r2//ny(:c,t)yzddec//\qu(a;,t)dedtg c//ny(:c,t)dedt
Q 0 Q Q

0 0
and, sincaiy (z,0) = uy(z, 27), we have

21
/\uN(x,O)|2da: < c//|fN(x,t)|2dxdt.
0 Q

0
Let us take in (3.9) = tupy(z, t):

vd

22 tqu(x,t)dex:t/fN(x,t)-uNt(x,t)dx

t/ lune(z, t)]de +
Q Q Q

+;/|VuN(gc,t)|2dx < ;/|fN(x,t)|2da:dt+;/|uNt(x,t)|2dxdt
Q Q Q

+% / \Vuy (z,t)2dz.

Q
Therefore,
vd 9 t 9 v 9
S t|Vupn(z,t)|°dz < 3 Ifn (z,t)|*dxdt + 3 |Vupy (z,t)|*dzdt.
Q Q Q

Integrating ovef0, 27 ), using the periodicity conditioNuy (x,0) = Vuy(z, 27)
and (3.11), we conclude

2

/]VuN(x,0)|2da: < c//|fN(x,t)|2da:dt.
Q Q

0

Thus,uy(-,0) € Wi () and

2
lan (-, 0); WH(Q)|* < C/ 15 (- 1); Lo ()|t
0
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< C/Hf Q)|2dt. (3.12)

Now arguing in the usual way (as in the case of initial-boundary value problem, e.
g. [27]), we derive the estimate

up [un (s W @) +/ e, ) WH@Q)Pde < e(Jlan (-, 0); W3 (@)
€|0,2m

/HfN ); La(Q ||2dt <c/\f Lo ()| ?dt. (3.13)

Thus, the sequencpuy(z,t)} is bounded in the norm of the spati,” (Q x

(0,27)) and there exists a weakly convergenwj’l(Q x (0,2m)) subsequence
{un,(z,t)}. Itis easy to conclude from (3.9) that evemy, (z,¢) satisfies the
integral identity

2 21
//uNlt(x,t) -n(x, t)dzdt + //VuNl (z,t) - Vn(z,t)dzdt
0 Q

0 Q

21

= //le(x,t) -n(z, t)dzdt (3.14)
0 Q

with anyn(x, t) having the form
L
N(@,8) = 3 (Men@) sin(nt) + 1, () cos(nt) ). (3.15)
n=0

In (3.15) the functionsy,,, (z), n,.,(z) € Wi(Q), n=0,1,2,... are divergence

free. PassingV; — oo in (3.14), we find that the limit functiom(x, t) satisfies

the integral identity (3.3) for eveng(z, ¢t) having the representation (3.15). Any
time periodic divergence free function belonging to the sna’éé) Q x (0,2m))

could be decomposed in a Fourier series with coefficient&’ji{2). Therefore,

the sums (3.15) are dense in the space of time periodic divergence free functions
from W, (€2 x (0, 27)). Henceu(z, t) satisfies the integral identity (3.3) for any
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such function(z, t). Obviously, for the limit functioni(z, t) the estimate (3.13)
remains valid. The theorem is proved.

3.3 Estimates of the solution in weighted function
spaces

In this section we shall prove that the solution of problem (3.2) belongs to the
weighted function space provided that the right—hand ${det) belongs to the
corresponding weighted space.

Theorem 3.2. Let f(z,t) € L25(02 x (0,27)),3; > 0,5 = 1,...,J, be time
periodic function. If the numbey, in inequality(1.33) is sufficiently small, then
the time periodic weak solution(z, t) of the problem (3.2) belongs to the space
W%j’},(ﬂ x (0,2m)) and there holds the estimate

o [u(, £); W3 g (1> + [[a; Wy (€ x (0,27))|?
€|0,27

< cllf; Lo,6(9 x (0,2m)]%. (3.16)

Moreover, ifdQ € C?, thenu € W (Q x (0,2m)), Vp € L25(2%(0,27))
and there holds the estimate

[ W3 (92 x (0,2m) 1> + [[Vp; L2,8(2 x (0, 2m))|?
< c||f; L2.5(Q x (0,27))]2. (3.17)

Proof. Let us take in the integral identity (3.3)z,t) = Eg“) (x)u(z,t) +

W) (1), whereE(ﬁk)(x) is the “step” weight function (1.5) anW*) (z,t) is
the vector-field from Lemma 1.7. This gives

//E x)ug(z, t) - u(x,t) dmdt—l—//ut z,t) - W) (2, t)dzdt

v u(x . (k)xux (k)l’ X
+ //v (x,1) - V(Eg’ (z)u(z,t) + W (z,t))dadt
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2T
= / / £(x,1) - (ES (@)u(e,t) + WO (2, 1)) dzdt (3.18)
0 Q

(note thatn € W, (€2 x (0,27)) anddivn(z,t) = 0, V¢ € [0,2x]). Since

// 2)w(z, t)u(z, t)dodt = /E(k )(Ju(z, 27) 2= |u(z, 0)|?)dz = 0,

the relation (3.18) takes the form

21
//E x)|Vu(z,t)Pdzdt = //ut(x,t)~W(k)(x,t)dazdt
0 Q

2T
—V//Vu(a?,t) : (VE,(Gk)(a:)u(x,t) +vw®) (z,t))dxdt
0 Q

+ / / (2, 1) - (EP (@)u(z, t) + WO (o,6))dadt = I + I + . (3.19)

We estimate the terrhy using the H('jlder inequality, weighted Poincaré inequality
(1.12) and properties of the functid¥ (*) (., ¢) (see (1.13) and (1.14)):

1/2
1| <c //Ek (2)|WH) (2, dexdt //E z)|ug(z, t)| dmdt)

2T
//Ek [TWO (e, )2t //E ) g, 1) e k&
0
27
< e //E(k |V, £)2dadt + // )y, 1) dadt]. (3.20)
0 0

Arguing analogously and using the prope(ty3s) of the weight-functiorEﬁ(f) (z),
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we get

2
1/2 2
L] < C'y*(//Eék)(x)]Vu(x,t)Fdxdt) / (// 2)u(, t)| dxdt) Y
0 Q 0
2w

27
2
//E(k VW (2, 1) 2 dmdt //E )| Vu(z t)]dedt) Y
0

0

2w
< 027*//E z)|Vu(z, t)|*dzdt. (3.21)
0
Finally,
2
|13|<c€//E )£z, 1) Pdedt + < //E D)z, B Pdwdt
0 Q

//E ®) () W (2 t)Pd::;dt)
//E z)|f(z, 1)) 2dxdt+C35//E z)|Vu(z, t)2dadt. (3.22)

From (3.19)—(3.22) it follows that

2
//E(k )u(z, t)[*dzdt < ca(e + ) // z)|Vu(z, t)|*dedt
0

2m
+617*//E x)|ue(x, t)] da:dt—i—cs//E z)|f(z,t)2dadt.  (3.23)
0 Q

Next we take in the integral identity (3.3)z,t) = E(k (z )ut(x,t)+W§k) (z,t).
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This gives

//E 2)|ug(z, )] d:cdt+’Q’/Eg“(x)qw(x,%)ﬁ—|Vu(x,0)|2)dx
Q

= —//ut(a:,t) -W,Ek)(a:,t)da;dt
0 Q

—V//Vu(x,t) : (VESC) (x)ue(z,t) + VW,Ek) (z,t))dzdt
0 Q

27
+ / £(x,t) - (VES (2)ui(w, t) + Wi (2, 1)) dedt (3.24)

0 Q
Because of the periodicity condition the second term in the left—hand side of (3.24)
is equal to zero. Estimating the right-hand side of (3.24) as above and using (1.14),

we derive

//E z)|ug(z, t)Pdedt < cs(e +7s) //E x)|ug(x, t)|*dedt

21 21
T~ / / EY) (2)|Vu(x, t)[Pdzdt + c. / / EY (2)|f(z, t)Pdedt. (3.25)
0 Q 0 Q

Summing the inequalities (3.23) and (3.25) yields

//E )(Jwe(z,t)* + |Vu(z, t)|dadt

21
gm(eﬂ*)//Eg“)(x)(\ut(a;,t)m IVu(z, t)|?)dadt
0

Q
2w

C (k) X X 2 xat. .
+ 6//133 ()£, ) Pddt (3.26)

0 Q
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Let us takes = Ve« If the nUlllbel’}/* is SU”iCientIy small, i. e. if
< —1 i { 1}
ming v
Ve > ler IS E)

then from (3.26) it follows that
lug; £2,5(2 x (0,2m)) | + |V La,5(€2 x (0, 27)) |

< 5 L2,5(2 x (0,2m))]. (3.27)

Now, let us take in the integral identity (3.3)z,t) = tEg“) (x)u(zx,t) +
tW®) (z,t). Since

//tE(k x)u(z,t) - u(z,t)dedt = F/E z)|u(z, 2m) |2 da

Q

—//E z)|u(z, t)|?dxdt,

arguing as above and using weighted Poincaré inequality (1.12), we derive

/E x)|u(z, 2m)| dx<c//E(k ) (Jug(z, t)? + |Vu(z, t)|*) dzdt

//E z)|f(x, t)|*dadt

and, from (3.27) we conclude

/E |ux0|dx—/E (z,2m)|*dx

2T
c / / EY (2)|f(x, 1) Pdudt. (3.28)
0 Q
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Analogously, taking in (3.3)(z,t) = tEg“) (x)ug(z,t) + tW,gk) (x,t), we get

/E z)|Vu(z,0)|?dr = /E (z)|Vu(z, 27)|2dz
Q

<c //E )|£(z, 1) Pdad. (3.29)

Now, repeating the arguments from paper [66] (see Chapter 4, Theorem 3.2), we
derive the estimate

/E(ﬁk)(x)(\u(x,t)IQ + [Vu(z, b)) de

Q

/ EY (@) u(z, 0)2dz

Q

// (@) £z, 7)dedr ) <c//Eﬁ Vf(w, ) 2dzdr  (3.30)

0

for Vt € [0, 2x]. The right-hand side of (3.30) does not depend on k. Therefore,
passing in (3.30) to a limit as — oo, we get the estimate

t
—I—//E ) (Jur (2 ,7)? + v|Vua(z, 7)| )d{L‘dT < c(
0 Q

sup [[u(-, ); W3 g(2)|* + [[u; Wy (2 x (0, 2m)) |
te[0,27]

< ¢||f; L2,5(9 x (0,2m))[1%. (3.31)

Let 9Q € C?. From integral identity (3.3) it follows that for almost allc
[0, T'] there holds the identity

V/Vu(x,t) -Vn(z)dr = /(f(x,t) —w(z,t)) - n(z)dx
Q

Q

wheren(z) is arbitrary divergence-free function belonging to the sdﬁ@e{ﬂ).
Hence,u(-,t) € W3 () could be considered as a weak solution of the stationary
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Stokes problem with the right-hand side equaf to, t) — u;(x, t):
—I/Au($, t) + Vp(x, t) = f(l’, t) - llt(l', t)v
divu(z,t) =0,

u(z,)|an =0, (3.32)

/u(:n,t) ‘n(zx)ds=0,j=1,..,J.

93

We havef(-,t) — w(-,t) € Lo g(£2) for almost allt € [0, 27]. If . is sufficiently

small, then the weak solution(x,t) of (3.32) belongs to the spaoe/gﬂ(ﬁ).
Moreover, there exists a functigiiz, t) with Vip(-, t) € Lo g(2) suchthatu(z, t), p(x,t))
satisfy equation (3.32) almost everywherdlmmnd there holds the estimate

laC, ;W3 g1 + Vo, 1); L2,s( D < el ((, 1) — ue(-,1)); Lo,p ()

< (£, 8)s La,g(@)I + [, 1) Lo, () (3.33)
Integrating inequality (3.33) with respectt@and using (3.31) we derive

2w

//Q%@NN@JN%HVMQTW+-§:wgm%ﬂﬂmmh
Q

0 |oe|=2
2
+ [ [ Balw) Vot )Pz <l £2,0 x 020
0 0

The last estimate together with (3.31) is equivalent to (3.17). The theorem is
proved.

3.4 Time periodic Stokes problem with nonzero
fluxes

In this section we study the problem (3.1) in the case of nonzero periodic
fluxesF;(t),j = 1,2,...,J. First we construct the divergence free vector func-
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tion V(z, t) satisfying the boundary conditid.13) and the flux conditiori3.14)
(a flux carrier) and then reduce the problem (3.1) to the problem (3.2). According
to Theorem 2.2 ( see also papers [8], [19]), in each cyliddigthere exists the
time periodic Poiseuille oUW (z()), PU)(20), 1)), i. e. the exact solution of
the time periodic Stokes (and Navier—Stokes) problem in the cylifigehaving
the form

U (2 ¢) = (0, ..., 0, U,(Lj)(a:(j)’jt)), PO () 1) = —¢U ()2, (3.34)

n

and satisfying the flux condition

/ U9 (20 1)daD = Fy(1).

n

9j

The pair of functions U (20", ), q9)(¢)) is the solution of the parabolic in-
verse problem

( U(J')(m(j)” t) — vA'UD (20 1) = qU) (1),

nt
U7(l.]) (:L'(]),, t) ‘agj = 07

L , , (3.35)
U(]) (.Z'(])/, 0) = U'r(LJt) (x(])lv 271—)7

n

/ U9 (9 1)da9 = F (1),
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whereA' is the Laplace operator with respect to variabl€4'. It is proved in [8],
[19] that for any periodid?;(t) € W3 (0, 27) the problem (3.35) admits a unique

time periodic solution(U\ ()" 1), ¢¥(t)) € W2 (05 x (0,27)) x L(0,27).
Moreover, there holds the estimate

1T W3t (0% (0,2m)) |2 +[1g¥); La(0,2m)|* < e[ Fj; W3 (0,27)||*. (3.36)
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Define

J J
= ZC(J?SLJ))UU) @9 4), P(x,t) = ZC(fo))P(j)(x(j)’,t),

J=1 J=1

(3.37)

where((7) is smooth cut-off function witl{(7) = 0 for 7 < 1 and{(r) = 1 for
T > 2. Let

J
g, ) = ~divO(e, ) = - 3 RE) G0 60 gy

Then
Suppxg(x’t) - Q(Q)\Q(l)

. J
and, thereforeg(-,¢) € W3 (Q3)). Moreover, from conditiony_ F(t) = 0 it

j=1
follows that
/ / divU(z, t)d Z/ 9) d:z:(j)
Q2) Q)
J
==Y F(t)=0, Vte[0,T).
j=1

Therefore, by lemma 1.8 there exists a time periodic vector fundfioi, t) €
W3 (Q3)) with W,(-,t) € Wy (€3)) such that

divW (z,t) = g(z,t), divWy(z,t) = gi(x, 1),

and there holds the estimate

/mm Hﬁ+/mm W3 () Pt

/w I%QmHﬁ+/M ) La(Q) )
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J
<Y |IF; W (0,2m)]2. (3.38)
j=1
Define
V(z,t) = U(x,t) + W(x,t). (3.39)
Obviously,

divV(z,t) =0, V(au,t)‘aQ =0, /V(:c,t) ‘n(z)ds = Fj(t),j=1,...,J,
9

and forz € Q;\Q;3,5 = 1,..., J, the vector functioriV (z, t) coincides with the
velocity partU0U) (z)’ t) of the corresponding time periodic Poiseuille flow.

Now we are in a position to prove the main result of the chapter.

Theorem 3.3. Let 902 € C2. Suppose thaf;(t) € W} (0,27),7 = 1,2,...,J,
and f(z,t) € L25(92 x (0,27)) are time periodic functions. If the numbey
in the inequality(1.33) is sufficiently small, then problef8.1) has a unique time
periodic solution(u(z, t), p(x, t)) admitting the asymptotic representation

u(z,t) =V(z,t) + v(z,t), p(z,t) = Plx,t) + p(x,t), (3.40)

whereV (z, t) is the flux carrier defined b§3.39) and P(x, t) is the corresponding
pressure function defined H$.37), v(z,t) € W;'5(Q x (0,27)), Vp(x,t) €
L2 5(£2 x (0,27)). There holds the estimate

IV Wy5(2 x (0, 2m)) | + ||V 5; L2,6(2 x (0, 2m))]|

J
< o(1F5 L2,p(@ x (0.2m) | + Y [F; W3 (0,2m)]).  (3.41)
j=1

Proof. We look for the solution(u(z,t),p(z,t)) of problem (3.1) in the form
(3.40). Then for(v(z,t), p(z, t)) we get the problem (3.2), i. e. the time periodic
Stokes problem with zero fluxes and the new external féteet) = f(z,t) +
foy(x,t) + £(2)(x, ), where

foy(x,t) = =Uy(w,t) + vAU(x,t) — VP(x,t),

fo)(z,t) = —Wy(z,t) + VAW (z, 1).
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Since forz € Q;\Q;3 the pair(V (z,t), P(z,t)) coincides with the time periodic
Poiseuille solution(UW) (21 t), PU)(z,t)), j = 1,...,J, which is the exact
solutions of Stokes system in a cylindéy, we conclude that

From the construction ofU(z, t), P(z,t)) andW (z, t) (see (3.37), (3.39)) and
from estimates (3.36), (3.38) it follows that

1f1) + f2); £2,8(2 x (0,2m)) || < ellfr) + f(2); L2(2 x (0, 27)) ||

J
<> ||y Wi(0,2m)].

Jj=1

Therefore, by Theorems 3.1 and 3.2, there exists a unique solstiont), p(x, t))
of the problem (3.2) with the right-hand sifléz, ¢). Moreover, there holds the
estimate:

v W3 (S x (0,2m) | + IV L2,5(92 x (0,2m)) || < |£; L2,5(22 x (0,27))]

J

< o 30 IE W3 0,27) | + s £2,6(2 x (0,2m)]] ).
j=1

The theorem is proved.
The results obtained in this chapter is presented in [A2].



A

Two-dimensional time periodic
Navier-Stokes problem

4.1 Formulation of the problem

In this chapter we consider time periodic Navier-Stokes problem

(w(x,t) — vAu(z,t) + (u(z,t) - V)u(z,t) + Vp(x,t) = f(z,t),
divu(z,t) =0,
u(z, t)|on =0,

(4.1)

u(z,0) = u(z, 27),

/u(m,t) -n(x)ds = Fj(t), j=1,..,J.

93
in two-dimensional domaif with strip-like outlets to infinity. Assume that the

55



56 4. TWO-DIMENSIONAL TIME PERIODIC NAVIER-STOKES PROBLEM

external forcef (z, t) admits the representation

J

f(z,t) =Y @90, 1§ @, 6) + F(2), (4.2)

j=1

wherefQ(J) € Lay(o; x (0,2m)) fe L2 5(2 x (0,27)). ((7) is a smooth cut-off
function with{(7) = 0, for < 1 and((r) =1, for 7 > 2.

According to theorem 2.2 in each cylindHr; there exists the time periodic
Poiseuille flow(UW) (z0)' ¢), PU) (29 1)) having the form

UD @D 1) = (0,U9 @0 1), PO@Y #) = —gD 1)) + po(t)
and satisfying the estimates

U W2 (o x (0,27))]1 + g9 (¢); L2(0, 27)) 2

< c(yféﬂ;m(aj x 0,2m)[|? + || Fj; Wa (0, 2w>||2>. (4.3)
Set
Uz,t) = Y @U@ 1), Pla,t) =Y @) PP (1), (44)
j=1 j=1
Let g(x,t) = —divU(x,t). Thensupp,g(z,t) C Q). From the condition

J
> Fj(t) = 0 we get that
j=1

/ g(z,t)dx =0, Vt e [0,2n].
)

Moreover, in virtue of Teorem 2.2

27 27
/”g('at)§W21(Q(3))”2dt+/Hgt('at);L2(Q(3))H2dt
0 0

2 o
<e) </||U2(J')(.,t);W22(gj)H2dt_|_/|Uéz)(.’t);LZ(oj”Pdt)
0
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J

<c), <||f2(j)§L2(Uj x (0,2m) 1 + IIFj;W§(0,2W)II2>-

J=1

Henceg(-,t) € WQ(Q(g)) and in virtue of lemma 1.8 there exists a vector-field
W (-, t) € W3(Qs) with Wi(-, t) € W) (3)) such that

divW (z,t) = g(z,t), divWy(z,t) = gi(z, 1),

and there holds the estimate

/HN wﬁ+/mm W (0

(7 \ﬁ+/mt 3mdg

(IIf(] 1 La(oj % (0,2m))||* + HFj;Wzl(O,??T)Hz)- (4.5)

Define
V(z,t) = U(x,t) + W(x,t). (4.6)

Then forz € Q;\Q;3,5 = 1, ..., J, the vector-fieldV (z, t) coincides with the ve-
locity partU®) (z()’ t) of the corresponding time-periodic Poiseuille flow. More-
over,

divV(z,t) =0, V(z,t)sq =0, /V(x,t) -n(x)ds = Fj(t), j=1,..,J.

93

We look for the solution of problem (4.1) in the form

u(z,t) = V(z,t) + v(z,t), p(z,t) = P(z,t) + p(z,t). (4.7)
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Then for(v(z,t), p(x,t)) we derive the equation

vi(z,t) — vAv(x,t) + (v(z,t) - V)v(z,t) + (V(z,t) - V)v(z,t)
+(v(@,t) - V)V (2, t) + Vi(z,t) = f(z,1),

divv =0,

~

Wheref (z,t) = f(z,t) + 1) (2, 1) + f5) (2, 1),

J

dQ
fy (1) = - (v— @) 0.0 ) 1)~
-1 dxy

<

c<(>

S0, U (@), 0)2) -~ c(ab)a5 (0,49 1)),

dxs
i) (x,t) = —Wy(z,t) + vAW (2,t) —

])

(W(a,t) - V)W (x, 1)
—(U(x,t) - V)W (z,t) — (W(z,t) - V)U(x,1).
Note thatsupp,, [f(l)(a:, t) + f(g) (l’, t)] C Q(g)

Moreover, using Sobolev embedding theorem on the one-dimensional interval
(0, hj), from (4.3) we obtain the estimate

27
//|f(1)(x,t)|2dxd7'
0 Q

2

<Y [ [P e nf + 0 @ ot + 10 () Prdzdr
0 Q;

J=1
J
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o hj
<Y [ U089 s Latoy) P+ |02 (o Whe) [)dr
=13 9
2T
+e / ¢9 (7)Pdr < cAi(1+ Ay), (4.9)
where
J
= SO Loy x (0,202 + |1F WO, 20, (4.10)
j=1

Analogously, using again Sobolev embedding theorem in the damgjrand
(4.3) we derive

//yf@) 2.7 dxd7<c/ / W, (2, 7)2 + |[AW (2, 7)

+(|W(z,7) > + U(z, 7)[2)|[VW (2, 7)|? + W (z,7) > VU(z, T)\Q)dxdT
2

< cA; + c/ sup (WV(ac,T)\2 + \U(:L',T)]Q)x
IGQ(g)

/ (VW (z,7)* + ]VU(:B,T)|2)d1:)dT

e
<cAite| sup [W(,0: W ||2+ZHU W2<a]>||2]
t€[0,27]
2 J
< [ (IWC: WE @) P+ 3 108 Who) ) dr
0 j=1

J
< cdr+e([Ws W5 Q) x (0,2m) 2+ DU W5 (0 x (0,2m))IP)
j=1

< cAi(1+ Ay). (4.11)
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Define,
2T
Ay = / / £ (2, t)|2dadt. (4.12)
0 Q
Then
2T
/ / £ (2, t)Pdadt < c(AL + A2) + As. (4.13)

0 Q

4.2 A priori estimates of the solution

Lemma4.1.Letf € Ly (2% (0,27)), and letv € Wf’l(Q x (0,2m)) be a solution

of problem (4.8). If

o=l Ao (4.14)

Co v
(the constanty is from Poincaré inequality) then there holds the estimate:

t

/|v(x,t)|2da:+l///|Vv(a:,7')|2dxd7'
Q Q

0

—at
< C<(1ie—atA1 +1)(A1 + AT + Ag)) :=cBy, Vtel0,2n], (4.15)

where the constand; is defined by (4.10) and, is defined by (4.12). The con-
stantc in (4.15) does not depend ore (0, 27].
Proof. Multiply (4.8) by v(z, t) and integrate by parts i:

2dt/|v(ﬂc,t)| dm—{—u/]Vv(m,t)\ dx
Q Q

- —/<v<x,t)-vw(x,t)-v(x,t)dx+/’f(x,t> vz tdr  (4.16)

Q Q
Let us estimate the first integral on the right - hand side of (4.16). We have

/(v(x,t) V)V (1) vz, t)

Q

< / (v(,t) V)W (z,t) - v(z,t)

Q(s)
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+ (4.17)

J
Jj=

/(V(x,t) VU (z,t) - v(z,t)| = Ji(t) + J2(t).

1 Q;
Using (1.17), Poincaré, Holder, Young inequalities and multiplicative (1.9)
inequalite the first integral at the right-hand side of (4.17) is estimated as follows

1/2 1/2
no< | [ veola| | [ VWP
$(3) (s)
1/2 1/2 1/2
<2 /]v(a:,t)2 /\Vv(x,t)|2dx /VW(x,t)|2d:E
Q3 Q3 3)
6 t
<8O [lvw.opar+ % [ 190,
Q Q
where

() = / YW (2, ) 2da.
Q3)

Analogously, the second term at the right-hand side of (4.17) admits the esti-

mate

J
Oy / (v(z,t) - VYU, 1) - vz, b)
j=1 )

Q;

J oo ' . '
<3| [t D U0 ) vty

7j=1s=0 Wi
1/2 1/2
J oo
<2) 3 /|v(x,t)|2d:z /|Vv(:c,t)]2dx
7=1s5=0 Ws Wjs
1/2

(U @Y 02+ [vUD (@D, 4)2)da

X
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_CZ/|V U9 (z ' IQdJ:S).

Therefore, from (4.16) it follows that

dt/|V$t|dx+1//|vat|dx

</\vaﬁt2dw+c/|fxt )|*dx (4.18)

with sup M(t) = 12<m1(t) + mg(t)). Using (4.3) and (4.5) estimates we can
te[0,T

conclude thatM(t) < A;,Vt € [0,2x]. Now, if v_A = a > 0 then from
Co v
(4.18) follows that

& [P sa [ MeoPdr<c [ f@oPd.  (@41)
Q Q Q

Multiplying (4.19) inequality bye®" and integrating ovetr we derive

/|v(w,t)|2d:n

Q

< e“t[ / |v(x,0)dz + ¢ /t / \eat’f(:c,r)|2dg;d¢]. (4.20)

Q 0 Q
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Now using periodicity condition(x,0) = v(x, 27) from (4.20) follows that

/ |v(z,0)|*dx
Q

2w
< 6_2”[/|V(x,0)|2d4 +c//|f(;v,7)|2dmd7'.
Q 0 Q

So from the last inequality we can conclude that

/|v z,0)|*dx <= //\f z,t)|?dzdt. (4.21)

Hence from (4.20) and (4.21) follows that

2
/\v z,t)|2dx < T o=3ma // z,t)|?dadt. (4.22)
0

Substituting (4.22) into (4.18) and integrating with respectu@ derive

t
sup /|v(:v,t)|2dx—i—v//\Vv(x,t)|2da:d7'
t€[0,27r]Q 0o

t

27
< oM [ [0 Pdsde+ e [ [ Fe0)Pdsar
0 Q

0 Q

2T
1 ~
§C<1_€_27mM(t)+1)//‘f(l’,t)|2dl'dt
0 Q

2ma
< C((CelAg + 1)(A1 + A% + A2)> = cBj.

e27ra _

The lemma is proved.

63



64 4. TWO-DIMENSIONAL TIME PERIODIC NAVIER-STOKES PROBLEM

4.3 Estimates of nonlinear terms
Consider problem (4.8) as the linear time dependent Stokes problem:
Vt(.%', t) - VAV(:E7 t) + VP(:Ca t) = g(:):, t, V(wa t))7
divv(z,t) =0,
V(x,t)‘ag =0,

(4.23)

v(z,0) = v(zx,2m),

with the right-hand side
g(,t,v(x,1)) = F(z,) = (v(z,1) - V)v(z,1)

—(V(z,t) - V)v(z,t) — (v(z,t) - V)V (z,1).

t
Let us estimatg HE,(Bk)g(-, 7,v(+,7)); L2 () ||2dr, WhereE(Bk) (x) is a step weight-

0
function (1.5). Estimates of this section analogous to those of papers [66], where
the case of usual initial boundary value problem is studied. We have

/ |ES &(,7,v (- 7); La(@) 27 < (/ |EGEC,7); La(@)|Pdr
0

+/||E[(ak)(V(-,T)-V)V(-,T);Lz(Q)IIQdT
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+/ 1E5) (v(7) - V)V('»T);Lz(Q)WdT)

= c</ IESE(-7); La(Q)|2dr + I1(t) + In(t) + 13@)) :

Lemma 4.2 Letv(z,t) € W2'(Q x (0,27)). Then(v(z,t) - V)v(z,t) €
L2 (22 x (0,27)) and

t t
/\E}j’@g;).v)v(.,T);Lg(Q)H?dTge/HE}PV(.,T);W;(Q)H%T
0 0
t
+C€B1/HE(Bk)VV(',T);LQ(Q)”4dT, vt € [0, 27], (4.24)
0

whereB; is defined in (4.15) and the constant c is independentwf0, 27| and
k.

Lemma 4.3. Let v(z,t) € W2'(Q x (0,2x)). Then(V(z,t) - V)v(z,t) €
Lo(2 x (0,27)), (v(z,t) - V)V(z,t) € Ly(Q x (0,2n)) and

/ B V() Vv (1) La(Q)]Pdr
*/ IEQ (v(-,7) - V)V, 7); La(Q)|Pdr
0

t
<ee / IESv () WE(Q) 2dr
0

t
ey / Y (DIEL V(. 7); La(@) |2dr, ¥t € [0, 2], (4.25)
0
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whereA; is defined by (4.10)
Z O (0 W () 1P+ W 1) WE Q) I,
and the constant is independent of € [0, 27| and k.

Lemmas 4.2 and 4.3 are proved in [66].

4.4 Weighted estimates of the solution

Lemma 4.4. Let f(z,t) € Ly( x (0,27)),t € [0,27], and letv(z,t) €
W2 (Q x (0,27)) be a solution of (4.8). If the number in the inequality(1.33)

for the weight-functiorfZg(z) is sufficiently small and the condition (4.14) is sat-
isfied, then there holds the estimate

t
k) k
/ NES V- (. 7); a2 + 1BV (-, 7); WE () |2)dr
0
k) o= . 2 (k)
+ [ 1S VB(-, 7); La()|Pdr < eBSY, vt € [0,27], (4.26)
where )
B = (A% 1 A, + A2)(1 + BHA (4 + By)?), (4.27)

27
k 135S
AP — / VESEC 1): Lo(@) P
0

The constant in (4.26) does not depend ore [0, 27| andk.

Proof. Consider the solutior(x,t) of problem (4.8) as a solution of the linear
problem (4.23). Then there holds the estimate (see (3.17))

t
k) k
/ (ES V- (7 La(@)2 + |V (-, 7); WEQ)|)dr
0
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< C/HE(ﬁk)g(',T;V(',T));LQ(Q)HQdT (4.28)
0

with the constant: independent ok. According to Lemma 1.1FEgv(-,t) €
w1(Q) and
IBG v (1) W3 ()]

t

<c / (IES V(- 7); La(Q) 1 + | ES v (-, 1) WE(Q)|P)dr. (4.29)
0

The constant in the (4.29) is independenttadnd k. Relations (4.28), (4.29)
together with inequalities (4.24), (4.25) yield

t

k k
/ EY (@) Vv, )P+ / B VA7) La(@) [P ED v (- 7); WE(9)|2)dr

0

t

+/Hng>v5(-,T);L2(Q)\|2dT
0
t

t
<c [ [EP @l Pdzdr +e.e [IEQvC i wi@|Par
0 Q

0

+C€Bl/||VV(~,T);Lz(Q)IIIIEEak)VV(-,T);Lz(Q)IIQdT

+caA1/Y(T)HEg“)vV(.,T);LQ(Q)H?dT.

Fixing e = 1/2¢,, from the last inequality we find

t

/ B @) (Vv 0P dot (1B v(e s La() P+ B v (. 7 WH@) P)ar

0
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t

/HEk)Vp ): La(Q ||2d7-<c//E 2)|F (@, )2 dzdr
t

0
(ArtB) [[(IVv(e ) La(@)P+Y (7)) [ES V(e : La() . (4.30)
0

Omitting the second and the third terms on the left-hand side of (4.30), we also

have
/E |vat2dx<c//E o)|E(z, ) |Pdadr
t

c(A1+By) / (IVv(-, (QP+Y (MIEG VV(-7); La() | *dr. (4.31)
0
Denote

1YV (1) Ia(@) 2 + Y (1) / IELVv(,7); L2 (r)dr = X (1)

Multiplying both sides of relation (4.31) b¥(¢), we receive the inequality

d
SX(1) < eilAr+ BOZOX (1) + Z(0)0(1),
where
t
= //E(ﬁk) (z)[f(z, 7)*dzdr.
0
Therefore,
d (A48 2(r)d (4B 2(r)d
—C1 1 1 T)aT —C1 1 1 T)aT
= (X(t)e 0 ) < coe 0 ZWOd@).  (4.32)

Integrate (4.32) over.

cl(A1+B1)RZ(T)dT f —cl(A1+Bl)R—Z(s)ds
X(t) < ege 0 /e 0 Z(T)®(7)dr

0
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c1 (A1+Bl) Z(T)d‘l‘
< c9e 0 /Z(T)(I)(T)dT. (4.33)
0
By the definition ofZ(¢) and using inequalities (4.3), (4.9), (4.11), (4.15) we get

/z dT_/HvV )i La( ||2+Z/||UJ> ): Wi (o)l

]10

/ W () WE(Q)|Pdr < e(Ar + By), (4.34)

/ Z(r)(r)dr < / |ELEC, 7); La(9)]2dr / Z(r)dr
0 0 0

< (A1 + Br)(AY + Ay + AD), (4.35)

2m N
where [ ||E£3k)f(.,r);L2(Q)|]2dr = Agk). From (4.33)—(4.35) follows the esti-
0

mate ,
X(t) < CeC(A1+Bl) (Al _|_Bl)(Aék) + Ay +A%)

and, therefore, (4.30) furnishes

(1B v rs Lo @I + |G 1y W@ r
0

t

4 / |ESVH(, 7); Lo(0)|Pdr

0
< o(A® 4 A + A1 + B+ (4, + By)?) = B,

The lemma is proved.

Remark 4.1.Taking3; = 0,5 = 1, ..., J, from (4.26) we get the inequality

/IIVT ,7); La(Q)? + v (-, 7)s WE(Q)|1*)dr
0
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t
+/ IVB(-,7); La(Q)||?dr < ¢Bsy, VYt € [0,2n], (4.36)
0

whereB; = Béo).

Remark 4.2. Considerations of this section are similar to those of the paper [66].

4.5 Solvability of problem (4.8)

Let Q) be a bounded domain with the bounda§(l) € C? such that
Q1) C QO C Q4g). Consider im2) the following problem

vz, t) = vAVO (2, 1) + (vO(2,t) - V)V (2, 1)
+(V(z,t) - V)V (2, t) + (v (z,1) - V)V (z,¢)
+Vi (2, t) = f(z,1),

(4.37)

divv® (z,t) = 0,

v (z,t)]s0 = 0,

v (z,0) = v (z, 2m).

Assuming thaf(gc,t) is fixed, we can reduce problem (4.8) to an operator
equation in the spadd’;"' () x (0, 2)):

v (z,t) = SNV (2, 1) = BV (x, 1), (4.38)

whereS—! : g(xz,t) € Ly(Q® x (0,21)) — v (z,t) € W' (2D x (0,2n)) is
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the bounded inverse operator of the linear time periodic Stokes problem

v (z,t) — vAVD (2, 1) + VIO (2, t) = g(a, 1),

divv® (z,¢) = 0,

(4.39)
v (2, 1)|oq =0,
v (z,0) = v (z,27),
and
NvO (2, t) = (2, t) — (vO (2, 1) - V)vO(z, 1)
—(V(x,t) - V)vO(z,t) — (vO(z,t) - V)V (z,1). (4.40)

Lemma 4.5. For any bounded domaifi(’) the operatorV : W' (Q1) x (0, 27)) —
Ly(QW x (0,27)) is compact.

The proof of this lemma could be found in [66].

Theorem 4.1.For anyf € Ly(Q0 x (0,27)), problem (4.37) admits at least one
solution(v® (z, t), p® (z, )) satisfying the estimate

VO W3 QW 5 (0,27))]2 + (| Vs La(QD x (0,27))[> < eBa.  (4.41)

The numbemB; is defined in (4.36) and the constant c in (4.41) is independent
of .

Proof. The solvability of problem (4.37) is equivalent to the solvability of operator
equation (4.38). Since the operafr! is bounded and the operatbfis compact,

we conclude thaB is compact and, according to Leray—Schauder theorem, (4.38)
has at least one solution, if the norfps®»); W' (Q® x (0, 27))|| of all possible
solutions to the equation

vV (2, 1) = ABvEV (2,1), e [0,1], (4.42)

are bounded by the same constant independent dflow repeating all consid-
erations of Sectiort.4, we find that for any solutions Y (z, ) € W' (Q®) x
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(0,2m)) of the problem

vz, 1) — vAVID (2, 8) + AvEVD (2, 1) - V)vED (2, )+
AV (z,t) - V)V (@, 8) + AvEN (2, 1) - V)V (2, t) + Vi(x, t) = A (, ),
divvM(z,t) =0,

v (z,1) |90 = 0,

vV (2,0) = vV (2, 2m),
which is equivalent to operator equation (4.42), holds the estimate

IVED W HQ® x (0,2m))[7 + [ VPUY; Lo(QW x (0,2m))[1* < eBo,
(for the definition ofB; see remark (2.1)). It is easy also to verify that the constant
in this estimate does not dependnThus, by Leray-Schauder theorem, operator

equation (4.38) admits at least one solutie®) (z, t), p¥)(z,t)) and there holds
estimate (4.41). The theorem is proved.

Theorem 4.2.Letd$) € C2, Fj(t) € W4 (0,2n), and let the external forcé(z, t)
are represent in the form (4.2) with

15 (1) € Lo(oy x (0,27)), F(w,1) € L2p(Q2x (0,2m)), j =1L, .

Let the numbery, in (1.33) is sufficiently small and let there the condition
(4.14) holds. Then problem (4.8) admits at least one soltidm, ¢) € WS’é(Q X
(0,2m)), Vp(x,t) € L2 3(Q2 x (0,2m))). There holds the estimate

[vi Wir(2 x (0,2m)) || + IVF: Lo,6(2 x (0,2m))|* < eBs,  (4.43)

whereBsz = limj,_, o Bék).

Proof. Let us consider the solutiong(z, t) € W2 (2" x (0,2x)) of problem
(4.37) in bounded domair@®). By Lemma 1.1, for almost € [0, 2] holds the
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inclusionsv® (-, t) € W3 (Q®) and

t?‘olfi]\lv(l( £, WEHOQW) 2 < v 2N Q0 x (0,20))2. (4.44)
€|0,2m

The constant in the last inequality is independerit @he functionsv¥) (z, t) can
be considered as elements of spHck’ () x (0, 27)). Extending them by zero
to the whole domaifi, we get a sequender V) (z, )} € W, (Q x (0,27)) such
that{v"(-,t)} € W, () for all t € [0,27]. In virtue of (4.44), (4.41),

P VO ;W (@I + VO (0 Wy (2 x (0,2m))||* < eBa. (4.45)
te|0,2m

The constant in (4.45) is independent of Therefore, there exists a subsequence
{v{m)(z,t)} which converges weakly ifil’,"' (2 x (0,27)) to somev(z,t) €
W, (Q x (0,2x)) and forv(z, t) remains valid estimate (4.45). EaeH™) (z, t)
satisfies the integral identity

t t

//ng)(mﬂ') -n(z, T)dzdT + V//vam)(:t, 7) - Vn(z, 7)dzdr

0 Q 0 Q

T, T V(lm)xr- v(lm)xT- €T, T)axadr
+//<<V<,>+ (2,7)) - VIV (2, 7) - (e, 7)dad

0 Q
_|_

/(V(lm)(m,T) V)V (z,7) n(z,7)dxdr
Q

O\w O\w

/ £0m) (2, 7) - (2, 7)dadr, Yt € [0, 27, (4.46)
Q

for any divergence freg(-,t) € W, (Q) with supp,n(z,t) c Q=) Let us fix
n(z,t) with compact support and pass in (4.46) to a limit,as— co. This gives

t

¢
//VT z,7)-n(z T)dxdT+V//VV z,T) - Vn(z,7)dzdr
0

0
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+j/ )+ v(z,7)) - V)v(z, ) - 1z, 7)dedr
0

+ V(z,7) n(x,7)dxdr

O\w O\w

/f (x,7)dzdr, Vt € [0,2n]. (4.47)
Q

Let us show that (4.47) remains valid for any divergencefree t) € W, (Q x
(0,27)). We have
t
‘ //(V(J,‘,T) -NV)v(z, 1) - n(z, 7)dxdr
00
t

< / V(7 La@ITV (. 7); La() (-, 7): La()]ldr
0
< [19vC: La@)PI TR ) La(@) dr
0

<c¢ sup IIVV(-,T);LQ(Q)II/(IVV(-,T);Lz(Q)H?JrIIVH(',T);Lz(Q)IQ)dT

te(0,27] 9

Further,

J
/|V(1:,t)|2|Vv(:x,t)|2da: Z /|V 2. 0PIV (. 1) Pdz
Q J=1 W]s

/|th||vat|dx<ZZsup |V:ct]2/|Vv:ct )|*dx

1 5= t€Wjs
Qs I

+ sup |[V(x,1t)|? / Vv (z,t)|?d

Q
z€ll(3) 9(3)
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e[ V() WE Q)2 / Vv (a, 6)2dz < Yt /|vV o, t)Pdz (4.48)

Qs)

and

/!V 2, )P IVV (2, 1)Pde < ZZHV ); La(wis) IPIIVV (-, 8); La(wys)|1*

j=15=0

V(1) La(Qa) IIPIVV (-, 1) La(Q3)) |17

sZZHV $WRws)IP [ V(e Pds

Wjs

4 VW Q)IP [ (v 0fde < V(@) [ 19v(0Pds, (4.9
Q3 Q
whereY (t) is defined in Lemma 4.3. From (4.48) and (4.49) follow the estimates

‘/t/(V(:L‘,T)-V)V(x,T)dde‘ + ‘ j/(v(m,T)-V)V(x,T)dde‘
0 Q 0 0

;// \V(z, 7)|?|Vv(z,7)* + |v(z, )} |VV(z,7)| )dde
0 Q

¢ ¢
+//|n(a:,7')|2da:d7'§c/Y /||Vv x,7) |2+ //|n x,7)|2dxdr
0 Q 0

¢
<c sup |[Vv(,7);L2(Q ||2/Y d7'+// x, 7)|[*dzdr
te[0,27] 5

<cAy sup ||Vv(-,7); La(Q)]* + //]77 x, 7)|[2dzdr.
te[0,27]
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Thus, for anyn(z,t) € W, °(Q x (0,2r)) andv(z,t) satisfying (4.45), all in-
tegrals in identity (4.47) are finite and, since smogth, t) with compact sup-
ports are dense i, *(Q x (0,2x)), we conclude that (4.45) is valid for all
n(z,t) € Wy (2% (0,27)). From this we get that for almost alk [0, 27] holds
the integral inequality

V/VV(m,T) -Vn(x)dx + /(v(m,T)) -V)v(z,7) - n(z)ds
Q

Q

— /H(a;,t)-n(a:)dax vn € W5 (),
Q

whereH (z,t) = f(z,t) —vi(z, t) — (V(z,1)) - V)v(x, t) — (v(z, 1)) - V)V (z, t).

o

Therefore,v(x,t) € W} (Q) can be considered as a weak solution of steady
Navier-Stokes problem with the right-hand silEz,¢) and zero fluxes. Then
for v(z, t) hold the estimate (see [27], estimate (36) in Chapter V)

1V (1) W3 (wis) I < (v ) Wa (@) [P+ B, 1); La(@55) (1)

< (vl ;W3 (NI v (1) Wi @) 17 + IEC £); La (@)1
Hve(,1); La(@js) 2 + 1V (-, 2) - V)V, 8); Lo (@)1
HIV (1) - VIV 1) La(@55)]17).

Summing these relations overand using (4.48) and (4.49), we get
v (-, 1) W3 ()]” < c(llv(~,t); Wa ()°llv (-, ); Wa ()]
HIEC, 05 La(Q) 1 + [1ve (-, 8); La(@)IP + (V1) - V)V (-, 0); La ()]

v (1) - V)V(-,t);L2(Qj)\2> < C(HV(-J); Wy (Dl (, ) Wy ()]

HIEC 05 La(QI + Vel £); La(Q) | + Y () VV (-, 8); L2(9)||2> :
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Integration of the last inequality with respectitgields in virtue of (4.45)

/ V(0 W2 dt<<c sup [[v(-£); WH@)[° / (1) W Q) 2dt

te[0,27]

/ [FC 0 La() e + / Vel 1) La@) P

+c sup IIV(wt);WQI(Q)IIQ/Y(t)dt) < c(Af + BY)

t€[0,27]
/ (-, Q)|2dt.

Analogously, we get that

/ V(- £); WE( Q) |t < (A2 + B2) + / [F(-£): Lo ()24t

Thus,v(z,t) € W2 (Q x (0,27)) and from (4.48) we conclude that equations
(4.8) are satisfied almost everywherdirx (0, 27). By Lemma 3.4y (z, t) obeys
estimate (4.26), i. e,

21

[ (1w rs Lo @I + | ES v 1y WH @) o

0
+/ |ESVB(-,m); La()|? < eB.
The constant is independent of. Sincef (z,t) € L2 5(82 x (0,27)),

/lIE(gk)f(-,t);Lz(Q)Ith < [[f; L2,(2 x (0,2m))]* =
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and
27

[ (1B vers Lo @I + IS v(e ) WH@)?)
0

27
+ [ NEY VR 7 L) < By (4.50)
0

with B3 = limy_ Bék). Now we can let — oo in (4.44) and, thus, we obtain
(4.43). The theorem is proved.



Three-dimensional time periodic
Navier-Stokes problem

5.1 Formulation of the problem

In this chapter we shall study (4.1) problem in three-dimensional dofa&n
R3. Note that nows; € R? is a bounded domain.

Assume that external ford&x, t) is represented in the form

f(z,t) = > (@)D (@D 1) +F(x,1), (5.1)

J=1

where

£0) (20 4y = (fl(j)(x(j)/,t), £ (08, féj)(l‘(j)/,t)>,
¢(7) is a smooth cut-off function witlf(7) = 0, for = < 1 and{(r) = 1, for
7 > 2, f0(2,t) € W) (o) x (0,2m)); £(z,t) € Wyg(Q x (0,27)). More-
over, let Fj(t) € WJ}(0,2x) and alsoF;(0) = Fj(2m),j = 1,..,J. Then
in each cylinder[[; = o; x (0,2m) there exits a generalized Poiseuille solu-
tion (UW (z0)' ¢), PU) (29 1)) having the form (3.34) and satisfying estimate
(3.36). Let us defin&/ (z,t) by formula (3.39) whileU(z,t) and P(x,t) are
given by (3.37). Consider Navier-Stokes problem (4.1). Looking for the solution

79
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(u(z,t),p(x,t)) of (4.1) in the form

u(z,t) = v(z,t) + V(a,t), p(z,t) =p(x,t) + P(z,t), (5.2)
we obtain for(v(z,t), p(x,t)) three-dimensional problem
vi(z,t) — vAv(x,t) + (v(z,t) - V)v(z,t) + (V(z,t) - V)v(z,t)

+(v(z,t) - V)V (z,t) + Vp(x, t) = £(, 1),

divv = 0,

v(z, Do =0, >

v(z,0) = v(zx,27),

/v(m,t) ‘n(x)ds =0, j=1,...,J,

\ 95

with ?(x, t) = /f(x, t) + f(l) (1}, t) + f(Q) (z,1),

£y (2, 1) = (£ (a2, 1), £V (2, 1)),
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—<'<x§f>>as§j>q<j><t>>,
fo) = —Wy(z,t) + VAW (2,t) — (W (z,t) - V)W (2, 1)

—(U(z,t) - V)W, t) — (W(z,t) - V)U(z,1).

Using Sobolev embedding inequalities, estimate (3.36)f6¢ (z(?)’, t) and
estimate (3.38) foW (z, t), we obtain the inequalities

//|f(1) x,7)| d:cd7-<c2// (U@ (29 7)2 4+ [UD (20 1)t

J= 10 o
HUD @D, ) P9'OD @0 7) R + 1) (7)) dedr

J t
<cy / / (10D @, 1) + ¢ () Pda? dr
0

—
J o

J t
+ed [ sup (U BIUD () W, Pdr
0

j:1 x(ﬂ) GO']

J ¢
< (Bo+E)+ Y sup ([UD(7); W3 (o)) / [T, 7); W3 (0y)]2dr
=1 te[0,27]
< c(Eo+ E1)(1+ Eo + Er) := cEy,

¢
//]f@) x,7)| dmd7<c/ / (|Wt z, 7>+ AW (z, 7)?
0 Q

0 Q(d)

+(|W(a¢,7)]2 + yU(x,T)|2) VW (z, )| + [W(z, T)|2yVU(x,T)|2> dzdr

t

<cFE, + c/{ sup (|W(x,7—)|2 + ]U(x,T)P) / (|[VW|? + |VU’2)d1‘}dT
169(3) o
(3)

J
<cBite sup [IWCOWE @)+ 3106003 @)1
€|0,27 j=1
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£ J
X / <||W(n7); W3 (Qe)lI” + > I[TY( 1); Wzl(aj)\2> dr < cEs. (5.4)
0 J=1

We denotey = 327, Ef, whereEy) = U0, W (o x (0,27))]1%,

J
By =Y (15 W3 0,2m) 2 + | £ W3 (o5 x (0,2m))1?).
j=1

5.2 Estimates of nonlinear terms
Lemma5.1.Letv(z,t) € Wy 8; > 0,5 = 1,....J. Then(v(z,t)- V)v(x,t) €
L2 5(£2 x (0,27)) and

t

J I m) - Vvt Lap()Par
0
< cllv Wirs(2 x (0,0)|*, ¥t € [0, 2], (5.5)
where the constant c is independent &f [0, 27].
Lemma 5.2. Letu(x, 1), v(z,t) € Wys(Q x (0,27)), B; >0, j=1,...J.

Then(u(z,t) - V)v(z,t) € L25(Q x (0,27)), (v(z,t) - V)u(z,t) € Lag(2 x
(0,2m)) there holds the estimates

/ [ 7) - V)V 7); Lop(Q)Pdr < e / [ W59 x (0, 7)) 2dr
0

0
ecl[vi Wy g (9 x (0,8))[1*lus Wi 5(22 x (0,1))]1%, (5.6)
and

t

/ J(a7) - VIV (-, 7): Lo,p(Q)2dr < e / Vi WS x (0, 7)) 2dr
0 0

teclvi Wag(92 x (0, 0) [ us Wa(92 x (0,1)]%, (5.7)
Constants in (5.6), (5.7) are independent &f [0, 27] .
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Lemma 5.3. Letv(z,t) € Wyg(Q x (0,27)). Then(V(z,t) - V)v(z,t) €

L2,5(2 % (0,27)), (v(x,1) - V)V (2,1) € Lo,5(2 x (0,27)) and

t

/ I(V(o7) - VIV 7): Lo ()] Pdr + / |V (2 7) - )(a7); Lop()|2dr
0

0

< e By + En)|[vi WES(Q x (0,0, Vi € [0, 2n], (5.8)

where the constantis independent of € [0, 27].

Lemma5.4. Letv(z,t) € Wi’é((l x (0,2m)), t € [0,27]. Then there holds the
estimate

t

JIV ) vl Lag@[Pdr + [ ) DIV Lo gl
0

0

e(E2 + E?)||v; w21(9>< 0,4))/? +cg/lv W“ Q x (0,7))|2dr, (5.9)

where the constantis independent of € [0, 27].

The proof of lemmas 5.2-5.4 could be find in [66].

5.3 Solvability of (5.3) problem

Now we prove the main result of the chapter.

Theorem 5.1.LetdN € C?, F;(t) € W4 (0,2r), and let the external forci(z, t)
is represented in the form (5 1) with

f(x,1) € Lop(2x(0,27)), £9)(2',t) € Lo(ojx(0,27)), B; >0, j=1,..,J.

Moreover, assume that;(0) = F;(2m) and that the numbet, in inequality
(1.33) for the weight functiorElg () is sufficiently small. If

C2(EO + El) <1

2
derea(By + E3) < (1 — eo(Eo + El)) , (5.10)
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whereEy, F, E, are defined in section 5.1,

B3 = ||f; £2,5(2 x (0,27))]?,

andci, co are absolute constants defined below, then the (5.3) problem admits at
least one solutiov(x,t) € Wg’é(Q x (0,27)), Vp(x,t) € Loa(2 x (0,2m)).
There holds the estimate

[V Was(Q x (0,2m))[1> + [ VB € L2,5(2 x (0,2))]* < ero, (5.11)

where
20(0

B 17041+\/(17a1)2740z0a27
ag=c1(Eo+ E1+ Ex+ E3), a1 =c(Ey+ Ep), ay=ca.

7o (5.12)

Proof. The existence of the solution to problem (5.3) we prove using method of
successive approximations. Let us consider problem (5.3) as linear time periodic
Stokes problem

(vi(x,t) — vAV(z,t) + Vp(z,t) = g(z, t; v(z, 1)),
divv(z,t) =0,

v(z,t)]oa =0, v(z,0) = v(z,27), (5.13)

with

gz, t;v(z,t)) =f(z,t) — (v(z,t) - V)v(z,t) — (V(z,t) - V)v(z,t).

—(v(z,t) - V)V (z,1).

Let us putv(® (z,¢) = 0, 7°(z, ) = 0, and define the successive approxima-
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tions recurrently as solutions of linear problems

vt (@, 1) = vAVIED (@, ) + VI (@, 1) = g(a, 1 v (2, 1)),

divvF ) (z,¢) = 0,

5.14
VO (2 1) a0 = 0, v (z,0) = v0D (2, 27), (5.14)

\ aj

In virtue of (5.5), (5.6), (5.7), (5.8), (5.9) the right-hand sigler, t; v\¥) (z, ))
admits the estimate

gz, t; v (,1)); Lo,p(Q x (0,2m))]1? < ¢||f; L2,5(Q x (0,27))]?

Te(IVO W x (0,2m)II* + (o + En)lIvO; W9 x (0,2m)|1)

< C(H?; L2,5(2 % (0,2m))[|* + [[£); L2,8(2 x (0,2m))]*

+[f2); L2,8(2 x (0,2w>>\2> + v Wyp(Q x (0,2m) !
+e(Eo + B[V Wag(2 x (0,2m))|1* < e(Eo + Ey + Es + Es)

+e(IVO; WER( x (0,2m)II* + (o + En)lIvO; Wis(9 x (0,2m)|)

Therefore, all approximations 1) (z, ), pt+1) (x, t)) are well defined and sat-
isfy the estimates

VD, £): Wi (€ x (0.2m))]* + [VBHD; L2,6(92 x (0,2m)

< cllg(,v"); L2,8(2 x (0,2))[|?

< c1(Eo+ By + By + E3) + ¢ (IIV(”; Wi (€ x (0,2m))]|*+
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(EO —+ El)”v(l); WS”E(Q X (0, 271'))‘2)

= ag+ ar VO WEL(Q x (0,2m) 2 + as [V O; WEL(Q x (0,2m) 1. (5.15)

If
a < 1, dagaz < (1 —ay)?, (5.16)

the quadratic equationyy? + (a1 — 1)y + a9 = 0 has positive roots minimal
ro of which is given by formula (5.12). From (5.15), (5.16) it follows that, if
VO W 5(92 x (0,2m))||? < ro, then also

VD (, 1) Wy (@3¢ (0, 2m)) [P+ VB £2,6(2% (0, 2m) [ < o (5.17)
Since obviously|[v(®; W3'5(Q x (0,27))|]> < o, we conclude that (5.17) is

valid for VI > 0. Let us show now that the sequenpe!*) (z,t), p* 1 (z, 1)}
converges to the solutiaiv(x, t), p(z,t)) of problem (5.3). The differences

wO(z, 1) = v (2, ¢) — v (2,1 D(z,t) = p (2, t) — pW (¢
(z,t) (z,1) (z,1), ¢ (z,t) =p""(z,t) = p(x,1)
are the solutions of the following linear problems

w(2,t) — vAWD (2, t) + Vg (2, 1) = g(a, t; vIH) — gl t;vD)

= —V(z,t)- V)w(z,t) — (wD(z,t) - V)V(z,1)

~(v(@.t) - V)V(z,t) = (W (@, t) - VIV (2, ) = (v (2, 1) - V)w (2, 1),
divw(z, ) = 0,

w(z,t)]on =0,

w(z,0) = w(z, 2m),
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Let XU+ (1) = [[wHD:W5a(Q x (0,0))2 + [[Vg!*+D; Lo a(2 x (0,1))[|.
Using Lemmas 5.2, 5.4 and estimate (5.17), we derive the inequality

XED (@) = ¢||g(-; v — g(-;v(l));EQﬂ(Q x (0,1))]?

< c<u<v V)W £y 5(Q x (0,0))[2 + (W) - V)V; L2,5(2 x (0,1))]
HI(w® - V) ; £5 5(2 x (0,6) 1%+ [|(v® - V)wh; £55(92 <o,t>>||2>
<ec (Eé + B + [V wp g % <o,2w>>||4) Iw®; Wir5(92 % (0,1))?

/ W W35 (2 (0,7))[2dr < eca(B3+EE+r3)|lw®; Wy 5(2x(0,1))]2

/le) Wi (2 x (0,1))[|°dr. (5.18)
. 1
Let us fixe = 2B+ B2 470) and sum relations (5.18) dyrom 1 to M.
This yields
M+1 | M LM
XVt <=y x0 / x® 5.19
2,025 L X0 we ] 2 X o

M
Settingy (M) (1) = S XU (#), from (5.19) we get

t

YyM @) <2XD(t) 4 ¢ / Y M) (7)dr
0

and, by Gronwall inequality,

Y M) () < 26t XD (1),
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Therefore, the serie§” X (M (t) converges for any finit¢ and, consequently,
=1

{v{*D(x,t), Vp+Y (,1)} converges in the norm of the spadg 5 (2 (0, 27)) x

L2 5(2 x (0,27)) to the solution(v(z,t), p(x, t)) of problem (5.3). Obviously,

for (v(x,t), p(x,t)) remains valid inequality (5.19).

The theorem is proved.



General conclusions

In the dissertation, the following results are established.

1.

The existence and uniqueness of a non-stationary Poiseuille solution to
Navier-Stokes system in a straight cylinder is proved.

. The existence and uniqueness of a solution to the time periodic Stokes

problem in domains with cylindrical outlets to infinity is proved in weighted
Sobolev spaces.

The existence of a solution for the two-dimensional time periodic Navier-
Stokes problem in domains with cylindrical outlets to infinity is proved in
weighted Sobolev spaces. The results were obtained for “small” fluxes.
However, the external forces could be “large”.

The existence of a solution for the three-dimensional time periodic Navier-
Stokes problem in domains with cylindrical outlets to infinity is proved in
weighted Sobolev spaces. The results were obtained for all “small” data,
including both fluxes and external forces.

It is shown that the obtained solutions in every outlet to infinity asymp-
totically tend asz| — oo to the corresponding time periodic Poiseuille
solution.

From the obtained results, we conclude that in the case of “rapidly” vanish-
ing external forces, the time periodic solution of Navier—Stokes equations

89
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in outlets to infinity are almost coincident for a lafgé with a correspond-

ing time periodic Poiseuille solution. In particular, if there is no external
force, then the time periodic solution of the Navier—Stokes problem expo-
nentially tends towards the time periodic Poiseuille flow. Thus, in studying
viscous fluid flow problems in complicated systems of pipes one can get
the information for large distances solving much easier linear parabolic
problems describing the time periodic Poiseuille flows in pipes.
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