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1. INTRODUCTION
1.1. Scope and relevance

Data science uses methods, processes, algorithms to extract
knowledge and insights from structured and unstructured data. It
involves various fields of mathematics, statistics, and computer
science. Data science seeks an actionable and logically based model
for prediction, extrapolation or interpolation uses. That makes data
science different from traditional analytics and close to data mining.
Therefore, data science allows generating effective analytical methods
in areas such as medicine and social sciences that do not have specific
data models in those areas.

A surrogate model is an engineering method used when an
outcome of interest cannot be easily directly measured. Thus, a model
of the outcome is used instead. Quite frequently, computer simulation
of real systems can take many minutes, hours or even days to
complete. As a result, routine tasks such as design optimization,
design space exploration, sensitivity analysis and what-if analysis
become impossible since they require thousands or even millions of
simulation evaluations. One way to solve this problem is constructing
approximation models, known as surrogate models, response surface
models, metamodels or emulators that simulate a modelling object in
a simplified way, creating and applying.

1.2. Relevance of the problem

The data extrapolation method of kriging was first developed by
Georges Matheron (1963), based on the Master's thesis of Krige
(1951). The kriging method is proposed to increase the efficiency of
solving modelling, prediction and optimization problems (Jones,
2001; Forrester and Keane, 2009; Xiao et al., 2018). Since the kriging
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method was developed as a consequence of its accurate predictions
(Krige, 1951), it became one of the most promising numerical
approaches in the various fields of engineering design, spatial
statistics, experimental design and so on (Kwon and Choi, 2015;
Bhosekar and lerapetritou, 2018; Carpio et al., 2017).

In general, kriging is a method of interpolation for which the

interpolated values are modelled by a multivariate Gaussian process,
governed by prior covariances.
The basic idea of kriging is to predict the value of a response function
at a given point by computing a weighted average of the known values
of this function in the neighbourhood of the point. Thus, kriging gives
a way of anticipating, with some probability, a result associated with
values of the parameters that have never been met before using the
existing information (e.g. the experimental measurements).

The need for surrogate models arises when reconstructing
missed data, extrapolating data, or planning optimal experiments with
a response function that requires a variety of resources, or when the
results of experiments or calculations are only partially available, or
predicting data from observed processes.

Most engineering planning problems require experiments to
construct objective functions as variables functions. For example, the
effect of laser radiation on optical materials is a result of computer-
based calculations of the effects observation data, as well as the
efficiency of wastewater treatment plants, depends on the proportions
or quality of the filter, which is analyzed based on several filters
created and realized during the experiments, etc. In both cases, data
from a computational experiment or a real experiment can be used to
create a real object surrogate model. Measuring points depending on
many parameters may have a random or deterministic nature. The
results depend on many parameters, but the selection and effect of
these parameters is often unknown.

In addition, the amount of data collected is small because each
additional experiment requires time and expenses. Sometimes, an
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experiment can be dangerous, or the proper conditions needed to
conduct that experiment can be very rare. Real challenges associated
with these problems can occur very often. For example, the study of
the safety of a nuclear reactor in critical states is related to the study
of the operation of a reactor in a safe state (Levenson, 1981).
Spacecraft flight trajectory studies that require trajectory prediction
based on observed data are quite dangerous and expensive. The goal
of chemical engineering to create new materials is often related to the
design of experiments based on data obtained in laboratories after
many experiments etc. Such data structures are studied by traditional
deterministic or statistical methods. However, deterministic data
analysis by traditional methods of interpolation or extrapolation
requires various additional assumptions and does not take into account
the uncertainty associated with data reconstruction (Shepard, 1968;
Shumaker, 1976). Therefore, it is relevant to study the application of
Gaussian random field (GRF) models to the analysis of experimental
data. The properties of GRF depend on the covariances describing the
dependencies between the points where computer or physical
experiments were performed. The statistical models of GRF, when
covariances are described by Euclidean distances between objects in
fractional degrees have not yet been well studied, therefore their
investigation and application to the analysis of experimental data for
solving extrapolation, optimization or experiment design problems is
a relevant problem.

1.3. Research Object

The research object of research is data science models and
methods for analysis of structured multidimensional data. The focus is
on surrogate modeling of multidimensional data based on properties
of distances between measurement data matrices.



1.4. Aim and Objectives of the Research

The aim of this work is to study the properties of Euclidean
distances with fractional degree rates, to create a surrogate kriging
model based on them and apply it to extrapolate multidimensional
data, to design series of experiments and to solve multi-extremal
problems. In order to achieve these goals, the following problems are
solved:

1. Study of fractional Euclidean distance matrices (FEDM)
properties after using kernel matrices.

2. Creation of a multidimensional data model with homogeneous
and isotropic Gaussian fields.

3. Development and application of a surrogate kriging algorithm
based on the properties of fractional Euclidean distance
matrices for extrapolation.

4. Application of the created multidimensional data model to
design a series of experiments.

5. Application of the created multidimensional data model to
optimize multi-extremal functions.

1.5. Scientific Novelty

The novelty of the research is following:

1. The properties of fractional Euclidean distance matrices
studied through the properties of the kernel matrix and it is
shown that most often the fractional Euclidean distance matrix
is nonsingular.

2. Using FEDM properties, a GRF multidimensional data model
created.

3. A multidimensional data kriging algorithm adapted for
extrapolation developed.



4. Algorithm for extremal experiment planning numerically
implemented by the Monte Carlo method.

5. The Bayesian algorithm of multi-extremal problem solving
based on the properties of a fractional Euclidean distance
matrix developed.

1.6. Practical Significance of the Results

The kriging method developed in the dissertation can be applied
to extrapolate scattered data. The developed experiment planning
method can be effectively used to plan a series of extremal
experiments. The Bayesian optimization algorithm developed in the
dissertation can be applied for solving multi-extremal problems where
the computation of the objective function requires high costs.

The following practical results have been obtained:

1. An efficient algorithm for extrapolation of multidimensional
data developed.

2. An efficient algorithm for solving multi-extremal problems,
where the calculation of the objective involves high costs,
developed.

3. Planning algorithm of extremal series of experiments
developed, which is adapted for optimal planning of
wastewater filters.

1.7. Defending propositions
Defending propositions of the thesis are:

1. The basic properties of fractional Euclidean distance matrices
can be expressed using the properties of the kernel matrix.

2. The developed algorithm allows an efficient solution to
scattered data extrapolation and kriging problems.
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3. The developed Bayesian optimization algorithm allows an
efficient solution to multi-extremal problems where the
calculation of the objective function involves high costs.

4. Developed experiment planning methods allow effective
planning of extremal experiment series.

1.8. Approbation and Publications of the Research

The results of the dissertation were presented at 5 international
and 2 national scientific conferences. The main results of the
dissertation were published in 3 periodical scientific publications: 1 of
them is published in the journal, which is included in ISI Web of
Science data base with own citation index, 2 of them are published in
the periodical journals, referenced at CEEOL, Index Copernicus, and
other data bases.

1.9. Structure of the Dissertation

The paper consists of five main parts — chapters, results and
conclusions and references.

The first chapter discusses the aim of the dissertation,
objectives, methods and the list of approbation and publications of the
dissertation results.

In the second chapter, the relevance of selected topic is
discussed and research on FEDM properties is presented. In the third
chapter based on proven FEDM properties and a multidimensional
data model is created using homogeneous isotropic Gaussian fields,
which is adapted for kriging and extrapolation algorithms. In the
fourth chapter, the method of planning a series of extremal
experiments, which is studied by computer modelling and applied to
solve the practical task of wastewater filter design is described. In the
fifth chapter the Bayesian method for optimization of multi-extremal
functions is developed by applying Gaussian fields, which are
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described by fractional Euclidean distance matrices. The properties of
the constructed optimization algorithm are investigated by computer
simulation.

2. STUDY OF GEOMETRIC PROPERTIES OF
DISTANCE MATRICES WITH FRACTIONAL
DEGREE RATES

This chapter describes the data structures considered in the
dissertation, their representation by Euclidean distance matrices with
fractional degree rates, and the multidimensional geometry properties
described by such matrices.

2.1. Multidimensional data

Multidimensional data is constantly being collected and studied
in various scientific fields. Recently, the analysis of multidimensional
data has become an important problem in applied mathematics, which
is being actively solved in almost all areas of research. Collaborative
data science explores methods and applications of multidimensional
data, for example in econometrics, financial and economic analysis,
biology and medicine, and processing of observed results.

2.2. Fractional Euclidean distance matrix

Square Euclidean distance matrices have been studied in the
literature (Schoenberg, 1935; Gower, 1984; Weinberger, 2004), but
the Euclidean distance, which represents the distance between two
vectors, is calculated by subtracting the square root of these squares.

Let us assume that a data set of K d- dimensional vectors is

X = (x1,%0,..4,Xg), Q)
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where x; € R%, 1 < i < K. Letus denote the KxK matrix of fractional
degrees & of Euclidean distance squares among pairs of vectors by

A= [(|xi - le)s]j @

where 0 < 4§ <1, |xi - x]-| = (xi - xj)T . (xi - xj).

Let us call Euclidean distance matrices with fractional degree
rates 0 < § < 1, fractional Euclidean distance matrices (FEDM).
Matrices of squared Euclidean distances are mainly studied in the
literature, where § = 1. However, an important case is the standart

Euclidean distances, where 6 = %

The properties of FEDM are studied using the kernel matrix (see
(Schoenberg, 1935; Gower, 1984; Weinberger, 2004)

F=—(U—-E-sT)-A-(I—-s-ET), (3)

where s € RX, sT - E =1, I denotes K x K unit matrix, E denotes K
-dimensional vector-column of units. Kernel matrices, when s =£
and s = (0,0,...,1) are the most studied.

2.3. Positive definiteness of fractional Euclidean distance
matrices

The main property of FEDM is that the kernel matrix is
positively defined and its rank is K — 1, if the points in set (1) are
different. In general, the squared Euclidean distance matrix degree rate
may be less than K — 1, when § = 1 (see Schoenberg, 1935; Gower,
2004). This property of FEDM is considered in the following theorem:
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51K
Theorem 1. Then 4 = [((xi —x)" (% - x]-)> ] of vectors x; €
1

RP, x; #x,i#j,1<i,j<K,s" E=1,0<6<1FEDM, then,
kernel matrix F is positively semi-definite of rank K — 1.

2.4. Geometrical properties of fractional Euclidean distance
matrices

This chapter formulates and proves that:
Proposition 1. There is an embedded set Z = (zy,2,,...,2x)7, zx €

K1 1 T K
R y Of I'ank K- 1, SUCh thatA = E . [(Zi - Z]) . (Zi - Zj)]l .

Corollary 1. Let us consider kernel matrix F, constructed according
to assumptions of Proposition 1. Let us assume s, - E = 1, s, € RK
and z, = ZT - s.,where F = Z - ZT. Then

F=—-(U-E-s,7)-A-(I—s,-ET)
=(U-E-s.7)-F-(I-s.-ET) =
=(U-E-s.")-2-ZT-(I-5s.,-E"Y=(Z—-E-z.T)-
Z" -z, E").m

Hence, Corollary 1 shows us the geometrical sense of s.
Corollary 2. If under the conditions of Proposition 1, the origin in the
embedded space is displaced at the point z;, namely, s =
(1,0,0,...,0), then the elements of the kernel matrix are

Fi,j :Ai,i +A],] _Ai,j’ 1 < l,] S K,
Foo=0,F;=0,F;=01<ij<K. =

For example, kernel matrix with s = (0,0,...,1) means that in
the embedded space the coordinate start is at zx.
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Corollary 2. Under the conditions of Theorem 1, the centring vector
E e .
§ = — minimizes the trace of kernel matrix.

Corollary 3. If the conditions of Theorem 1 are valid, then the
A"LE
ET-A-LE
centre of the circumscribed sphere of the embedded set.

centering vector s = displays the origin of coordinates in the

2.5. Experimental blocks with fractional Euclidean distance
matrices

This chapter presents the inverse of FEDM more in detail. Let
us denote a point x € R4 The fractional degrees of Euclidean
distance squares between the X and x vectors

T
a=(lx;—xI% |xg —x|%,..., |lxx — x]%)".

Now, define the extended kernel matrix, of the set X U x |,
calculated at the centering vectors (s”, s’) and presented in the block
matrix:

F=[;T is

E_[—SST ;S_SE][;T 8]'[—579-TET 1:55"

where

S=1—E-sT,
F=s"-E-al -ST+s"-S-a-ET—-S-A4-S5T,
f=SA-s—s'"-E-a’-s—S-a-(1-5"),
v=2-(1-s5")-sT-a—sT-A-s.

Then next theorem relates the inverse and determinant of FEDM
with that of the kernel matrix.
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s K
Theorem 2. Let us assume A = [((xi - xj)T (o — xj)) ] :
1

a= (|x1 — x|%, |y — x|% ..., |xg — x|5)T, where x;, x;, x € R4,
X #x,i#j,%#x1<i,j<K,0<8§<1,d=>1E"-s#1.
Then the inverse F~1 of the kernel matrix is

ATNE-ET-ATY qq”

Fl=M=-A1+=—1"—"——""where
ET-A~VE D
_ roa-1 . ) 1—ET-A_1-a)
q=s+s-A (a+E ST aig )
Do (g gt g AT a)
ET-A~vE )

s'=1—ET.s.
3. KRIGING SURROGATE MODEL

In this chapter multidimensional data model using
homogeneous Gaussian fields whose covariance matrix is described
by the FEDM, is proposed and studied. Based on this model, a kriging
algorithm is developed and adapted to extrapolate scattered
multidimensional data. The properties of the developed kriging
algorithm are studied by computer simulation, and the developed
extrapolation algorithm is applied to the analysis of experimental data
of wastewater filters. The purpose of surrogate modelling is to create
a surrogate model that is as close as possible to the object being
modelled, using the results of a small number of experiments. It should
be noted that the interpretation of experimental measurements or
computerized calculations has a probabilistic nature since the
reconstructed data is a certain approximation and, secondly,
measurement and calculation errors must be taken into account. In
addition, deterministic methods are relatively ineffective in solving
problems with a large number of variables, the latter occurring most
frequently in real-world situations.
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3.1. Random Gaussian field model described by FEDM

Random Gaussian fields are widely applied to probabilistic
modelling. For example, modelling with homogeneous Gaussian
fields (multidimensional stationary processes) has found many
applications in bioinformatics, engineering, and physics, where data is
obtained experimentally or using specific computer codes (Adler
1981; Bogush, 1986; Goff, 1994; Chamon, 1996; Lopez-Caballero
2010; Zaichik, 2010).

To model the observed data in a probabilistic way, one has to
define the probability distribution of response surface values
Z(x,w) = (Z(xq, w), Z (x5, w),.., Z(xg, w) ) in the given set of points
X = (xq,x5,...,xg). Consider this probability distribution with the
constant mean vector

EZ(x,w)=u-E, 4

and the covariance matrix is directly proportional to the corresponding
submatrix of the kernel matrix

EZx w)—p E) Z(x,0)—p-E) =p*-F, (5)

where p and B are parameters, > 0, and F is a positively defined
matrix.

Let us say, measurements or computer simulations values for a
objective function were obtained:

YZ(YlJ’z;---:J/K)T (6)

Taking into account geometrical properties of FEDM, explored
in the previous section, we can write the probability distribution
function of the GRF values.
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Theorem 3. The random Gaussian field Z(x, w) exists in some
probability space (£, 2, P), , having the functions

Pxo.xx Yy) = (7
E%I-;I_([f»EK >_#)

_(1—ET»AI_(1»aK)2
T -1
EL-agl-Ex

T ,—1
(YK'AK »(aK+EK-

-1 T ,—1
1 T -1 4k EkEgAK™).
=Yg|Ax —— Y
2:p Eg-AxtEg
2-B2. a%‘AI_(l'aK

l H
2

K 2
(2n)z~ﬁK~((—1)K+1-|AK|-(a,T(-AKl-aK-E£-A-1-EK—(1—E,§-AK1-aK) ))

as its finite-dimensional densities of distribution of Yy =

V1Yo ViOT v = Z(x;, @), Xg = (x1,%5,...,Xg) is a sequence
of muttually disjoint points , x; € R¢, and disjoint with x, € R¢, as

. 61{
well, 1<i<K  Ac=[(l-x5I)] . ac= (-

T
xOHSJ ||x2 _xO”(S Ry ”xK - x0”6) ) EK = (1' 1 ""1)T1 EK € mK,
K =2,3,..,uand B are parameters, § > 0.

Example. Let us assume that the observation set is displayed on a line:
xe=a+te-(b—a), a, bERY, tr< t; <., <ty If 6=
then GRF is distributed on this line as a Wiener process.

Let us write the logarithmic probability function:

1 BT F~l.(y—pu-
LU, d? 8) = Lin(FI2) + d - In(p) + L E20B - (§)

Theorem 4. Maximum likelihood parameters (MLE) u and 2 are as
follows:
Yr.Ft.E 9)

H=Fr 1.5~
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Y'-ATE o, (E-E"-A"a-0"+1-5) ,
=g gty (s—4 BT AT E —a-s

2 _ 1 (yT . p-1.vy _ (YT‘F_l'E)Z) _1 (@TATVEY or o (10)
P = K (Y =y ETF1E ) K ( ET-A-1E ve-4 Y)'

Remark 1. The least square estimate & is estimated by the univariate

minimization of variance parameter MLE:

a 1 ((YT-A'1~E)2 (11)

0 =arg min —-
g ET.A—l.E

—yT.A 1. Y).
0<6<1K

3.2. Conditional mean and conditional variance

For the best estimate of GRF for certain subsets of points X, let
us apply the conditional GRF mean under the condition that the values
Y = (31,2, -..,vn)T Were observed, since such a model ensures least
squares estimates.

Theorem 5. Let us assume X = (xq,x,,...,xg) of mutually disjoint
points, x;, x; € R%, x; # x;, i # j, 1 <i,j < K, be given, at which
the values Y = (v4,¥,,...,yx)T of some GRF realization are known,

Y K
namely, y; = Z(x;, w). Let A = [((xl- — xj)T . (xl- - xj)) ]
1

be FEDM of the vector x; € X, 0 < 6 < 1.

Then the kriging predictor at x € R< is as follows:

_gT.p-1.
y) =YT -4 (a4 E- Y 1“)), (12)

ET.A—1.E

its variance
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(13)

A _ (1—-ET-A71.q)?
ﬁz(x)=ﬁ2'<aT’A R
where a, v, FEDM are blocks in representation  and 2 MLE of the
variance parameter (10).

3.2.  The kriging method

Thus, kriging predictor (12) turns out to a linear extrapolator
y(x) = YT - u(x), with the extrapolation weights

— -1, Ca-ET-A"ta) (14)
u(x) =4 (a +E T ALE )

and variance (13) helps us the measure of accuracy of extrapolation.
The next property of the kriging extrapolator easily follows from (14).

Corollary 3. The weights in (14) satisfy the condition: ET - u(x) = 1.
3.3. Extrapolation of scattered multidimensional data

A Shepard extrapolator was chosen to evaluate the accuracy of
the kriging extrapolator developed and to prove the efficiency of the
extrapolation. The results of these extrapolator calculations is shown
in Table 3.

The well-known approach for data interpolation is presented by
the Shepard method (Shepard, 1968)

YT-w(x) . o . (15)
2(x) = |Frw)’ if |xi—x|#0 Vi ,
YVir I'f |xi_x|:01

the weights are chosen in the following way
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1 1 1

w(x) = (

21 =x]8" |xp=x]8" """ |xg—x|8

)

3.4. Computer simulations

(16)

At the beginning of the experiments, the response of the system
is generally unknown, so different analytic functions should be
designed. In total six types of functions are considered (Kwon and
Choi, 2015). Each test function is shown in Table 1.

Table 1. Types of test functions and test function domains.

Branin x€[-5;10]  (17)
5x2 Sy 2 1 y€[0;15]

Zrp(x,y) = (y—m+?— 6) + 10(1 —g)cosx +10

Rosenbrook x €[-5;5] (18)

zrp(,y) = 100(y — x2)? + (1 — x)? y €[-5;5]

Rastrigin x€[-512;5.12] | (19)

Zrp(%,¥) = 20 + x2 + y? — 10(cos( 2mx) + cos(2my)) y €[-512;5.12]

Haupt x €[0;4] (20)

zpr(%,y) = x sin(4x) + 1.1y sin(2y) y €[0;4]

Himmenblau x€[-5;10]  (21)

Zp(6,y) = (2 +y =112+ (x + y2 = 7)% + 0.1((x — 3)* + (y — 2)?) y€e[-5;10]

Kwon x €[1;2] (22)

Z7p(%,¥) = x% + x%cos(x) + y cos(y) y € [1.5;3]

Mean and standard deviation of variance parameter $2 and
Euclidean fraction degree § are given in Table 2. A histogram
depicting an estimate of the variance of the Branin function and a
histogram depicting the mean of the parameter § are given and are

presented in Fig. 1. (K =20, N = 200).
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Fig 1. Branin. Variance parameter and optimal Euclidean fraction degree

In the prediction problem, the value of the Euclidean fraction
degree & could be chosen so as to get the best model results. An elegant
alternative isto calculate the optimal & value according to (11).
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Table 2. Mean and standard deviation of variance parameter f2and
Euclidean fraction degree &.

Test function  Mean of f2  Std.dev.of 32 Meanof §  Std. Dev. of §
Branin 518.39 165.63 0.80 0.01
Kwon 0.41 0.05 0.77 0.03
Rosenbrook : 5.25-107 1.86 - 107 0.67 0.03
Haupt 4.25 1.11 0.24 0.07
Rastrigin 87.86 26.69 0.43 0.09
Himmenblau | 4.00 - 105 1.36- 105 0.79 0.02

To compare the accuracy of the model the True Error Criterion
is introduced (Kwon and Choi, 2015). It is defined as follows

TE(z(x,y)) =X X \/(Z(x' ¥) = Zrgst runcrion (6, ¥))?, (23)

TE (Zshepard(xﬂ }’)) = Z Z \/(ZShepard (%, ¥) = Zrgsr runcrion (%, J’))z (24)

The results are summarized in Table 3, and the best estimation
of the true error are marked in bold for each test function. True error
comparisons results are as follows (K = 20, N = 200):

Table 3. True error results.

Test function TE(z(x,y)) TE (Zsnepara (%, ¥))
Branin 21.92 59.48

Kwon 0.12 0.88

Rosenbrook 8850 13310

Haupt 2.03 2.47

Rastrigin 12.43 13.43

Himmenblau 1061 2149
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Therefore, the kriging predictor, being a posterior expected
value of the Gaussian random field, presents itself as an efficient
extrapolator of scattered data, and, in turn, the variance of kriging
predictor is an efficient measure of prediction or extrapolation error.

3.5.  Modelling of effectiveness of eurface wastewater
treatment filter filler

The effectiveness of filters, filled with construction waste and
biocarbon, was analysed using the kriging method with distance
matrices. The developed method allows modelling filter
characteristics with different filler ratios, based on the previous
experimental studies of filters.

Letx = (x1,x,, x3,x,)7 be filler ratios vector, where x,— quartz
sand (QS), x,— shredded autoclaved aerated concrete (SHAAC), x3—
stone wool (SW), x,— biochar (BC). Let us denote the vector of results
of filter characteristics measurement: Yij, 1<i<m,1<j<K,
where K = 4 — number of experiments, and m — number of filter
characteristics. Assume these filter characteristics be describing
capability to treat different wastes.

Filter fillers: 1 — Quartz sand; 2 — Shredded autoclaved aerated
concrete (66.7%) and stone wool (33.3%); 3 — Shredded autoclaved
aerated concrete (33.3%) and biocarbon (66.7%); 4 — Shredded
autoclaved aerated concrete (33.3%), biocarbon (33.3%) and stone
wool (33.3%).

These filters with different fillers are designed for treatment of
the main pollutants of surface wastewater: zinc (Zn), copper (Cu) and
etc.. Then the experiment matrix of filler proportions was chosen as
follows:

1 0 0 0

0 0.667 0 0.333

0 0 0.333 0.667

0 0333 0.333 0.333
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After the experiment, the filtration characteristics have been
presented by the measurement matrix (see Table 4).

Table 4. Filtration characteristics measurements (%).

Filter |PB |CD [ZN |CU |TC |TN |SS |BOD5
Yt Y? Y3 | v* | Y> | ve | Y’ &
78.0 | 55.1 | 94.7 | 585 | 27.3 | 41.1 | 97.2 | 42.1
73.7 | 222 | 57.2 | 15.2 | 38.3 | 15.6 | 94.1 | 43.4
75.0 | 439 | 77.1 | 205 | 50.7 | 17.3 | 94.1 | 58.9
773 | 47.3 | 81.1 |28.8 | 432 [19.9 | 934 | 60.4

AlW|IN|F

Visualization of the copper (CU) cleaning efficiency (in %) for
the fillers proportion (BC=1-QS- SHAAC-SW) using the kriging
approach proposed, is given in Fig. 2.

Two cases were studied: the filter was half filled with quartz
sand (QS = 0.5) and without quartz sand fill (QS = 0).

Copper (Cu). Quartzsand=0  Copper (Cu). Quartz sand = 0.5

Copper (Cu)

0.5

0
i} 0.1 03 0z 04 0.5

Fig 2. Cleaning capacity in %.
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The developed kriging extrapolator was adapted to maximize
characteristics using the Monte Carlo method (1000 trials).

Table 5. Maximization results.

extrapolation

. . CU ZN CD PB TC TN SS
Filter fillers i % v v Ve Ve v
Quartz sand x; 0 0.03 0.06 0.03 0.45 0.03 0
Shredded x, 0 0.02  0.09 0.04 0.5 0.02  0.03
autoclaved
aerated
concrete
Stone wool x;  0.05  0.03 0.03 0.02 0.04 0.02 0.03
Biocarbon x, 095 092 0.82 0.91 0.01 0.93 0.94
The result of | 9% | 55.95 | 92.48 = 51.88 7773  48.01 39.18 | 96.93
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4. SOLVING MULTI-EXTREMAL PROBLEMS

This chapter explores the Bayesian optimization of multi-
extremal functions in which a random Gaussian field with a
covariance matrix, expressed through the FEDM kernel matrix, is
selected in the model of the function to be optimized.

4.1. Formulation of the optimization problem

Let us denote the continuous objective function, to be
minimized on some compact feasible set. The Bayes optimization
method ussually is build assuming that the values of the objective
function are the realization of some random field. Let us denote that
the objective function f(x) = f(x, w) depends on a random scenario
following from some probability space: w € (2,2, P). Thus, the
optimization problem to be solved is minimization

X,w) = min
fx w) X€D

where D € RY is a feasible set. Let us assume, that the objective
function is continuous and the feasible set is compact.

The utility function ¥ (f, b) must be selected for the evaluation of the
quality of the optimization process. In general, this function depends
on the results of the optimization steps:

W(f,b) = Y(YK; X}) = w(yk-1, yk; x*=1, k). (26)
Let the utility function satisfy the following conditions:

A. The expected value of the utility function is defined from
below.

B. Function ¥(Y*-1,yk; xk=1 xk) is concave with respect to
the variables y*.
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C. Function ¥(f, b) satisfies the Lipschitz condition.
D. Function ¥ (f, b) is monotonically increasing.

4.2. Recursive Equation System

Let us prove that the Bayesian method satisfies the system of
recursive equations.

Theorem 6. Let the utility function satisfies the conditions A-D. Then
Bayesian optimization method satisfies the system of recursive
equations

U2 (Y1) = min E (W (Y* 1,y )y, (27)
xKe
Uk(yk) = %ninDExk+1(Uk+1(ykiyk+1)|yk)v (28)
xk+le

k=12,..,K-1

4.3. One-Step Bayesian optimization methods

The one-step Bayesian optimization point for each iteration
must satisfy the equation:

_ (Z_y(xk+1))2
e 2-B2-B2(xkt1)

21 - 3 - B(xk+D) dz

vk
Sk+1) — i | ™[ vk ).
REEEH) = min [ (2 ¥
Note that the function minimized here can be written analytically.

4.4, Bayesian optimization algorithm

By applying the Bayesian optimization algorithm, the main
computation time is wasted in finding the FEDM inverse matrix. In
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this work a recursive algorithm for calculating conditional mean and
conditional variance is developed, which allows us to shorten this
time.

The algorithm:

1. Selection of initial points.

2. FEDM of initial points inversion.

3. Calculating the variance of GRF.

4. Optimization of the expected utility function by the Monte

Carlo method.

5. Optimization of the expected utility function by the local
landing method.

6. FEDM inversion using block matrices inversion formulas.

7. If the stoping condition is satisfied, the Bayesian method is
terminated, otherwise step 4 is repeated.

4.5. Computer modelling

The effectiveness of the developed Bayes algorithms was
analysed by computer modeling using the Monte Carlo method. The
test function

G(x,y)=(x—6)2+ (y—6)2,0<xy <10, (29)

Branin (17) and Rastrigin (19) functions were investigated. Figures 3-
5 depicted the average convergence curve given by the Bayesian
method (BM) for optimizing test functions. The convergence curves
presented for comparison are obtained using the simple Monte Carlo
(MKM) method and the Simulated Annealing method (MAM).
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Fig 3. Test function (29) result
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Fig 4. Rastrigin test function (19) result
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0,1
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Fig 5. Branin test function (17) result

The computer simulation results show that the Bayesian method
is more effective than the known methods for solving
multidimensional problems.

5.  OPTIMAL PLANNING OF EXTREMAL
EXPERIMENTS

Let us consider the Bayesian experiment design method. The
method is based on the use of observations / data obtained during the
experiment.

5.1. Application of random Gaussian fields to experimental
design

It is assumed that the result of the experiment after performing
the experiment described by the parameter set x is equal to f(x, w),
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where f(x,w) is the realization of GRF described in the second
chapter.

Let us say that the random set X = (X, X) is given, of which the
subset X consists of N vectors, where experiments and response
surface values are obtained, by physical experiments, computer
simulations, etc., and the subset X = (Xy41, Xy+42,..-,Xx), CONSists of
vectors where the values of the response modelled by the random field
must be predicted, where x; € R¢, 1 <i < K, d > 1. Let us denote
the set of response function values Y = (y4,v,,...,y5)T,0 < N <K,
calculated for set X points.

Theorem 7. Let us assume that the data subset X = (x4, x5,...,xy)
consists of N vectors, where the values of the GRF realizations are
Y = (yy, V2., yy) T, and asubset X = (Xy41, Xy42,- .., Xg) CONSists
of vectors, where GRF values are to be predicted, where x; € R, N <

r 5
((xi —x) (% — xj)) ] FEDM
vectors x; € R4, x; #x;, i #j,1<i,j <K, 0<6 <1, where ET -
§=1 and o # 0. Then, the conditional mean vector and the

conditional covariance matrix of the GRF values for the subset X are
written as follows:

K, 1<i<K,d=>1. Let A=

y()?)=YT-A—1-<a+E.("S —EF A ’a)> (30)

ET-A1E

R N — T'A_I'E‘ T—ET‘A_l'
R L %) @D
where ¢, , a, n, are the respective blocks of FEDM and kernel matrix
decomposition, 2 is MLE of parameter /3.

The following expressions allow us to write down the meaning

of the expected utility function:
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u(x) = [RLmax@mm,mﬂ,..,m)p (7.y(%).8(8))ar = (32)

= Ymax + fmax(f/Nﬂ,A.,?K)Zymﬂx(max(y’v*1' . -;5’\1() - ymax) 14 (?, y(XA)' ﬁ(XA)) d?

A series of new experiments should be planned to maximize the
expected increment of the objective response function. Thus, the plan
for an optimal experiment series is a solution of the equation:
x(max(yN+1'--'y1<) _Ymax) : (33)

ax(YN+1YK)ZYma

i (p(¥, 00, 800)) p (V.7 (Rope). B (Rope) ) Y.

Xopt = arg max I,

Because the integrals obtained in expression (33) are
multidimensional, the Monte Carlo method was applied to design the
series of experiments according to (33).

Let (Y;,Y,,..,Yy) be a sample of a multidimensional Gaussian
distribution N(y(X;),B(X,)) of size M. Then one can then denote
the Monte Carlo estimates as follows:

M
1
E(H(Y, ymax)) = M : Z H(Yj'ymax)
=

M
1 3
ECHOY, Yna) V) = 3 D (Y V) ) (349
=1
1 M
EH(Y,Ymax) Y -Y") = M Z H(Y]"ymax) Y- YJ'T
=1

The estimates are inserted into expression (33), that is
maximized by X for fixed estimates (34). Let us denote this
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intermediate optimization result as X;,; . Now, the new sample is
recalculated using X;,, for computing conditional expectation,
covariances, while the maximization is repeated. The process is
terminated, when the difference of results of two consecutive steps
become negligible.

5.2.  Computer modelling

The algorithm for experimental series planning has been
explored by the Monte Carlo method. The set from N=10 has been
uniformly randomly simulated in the feasibility set and respective
values of the test function have been computed.

The test function

Gx,y)=(x=52+ @ —5720<xy<10 (35)

was investigated. The accuracy of the calculations was 107,
Matrix of generated initial points and function values:

0.0126842 9.8850847
1.9332302 1.1907973
5.850061 0.0892266
3.503081 5.3166416
8.2283773 6.0176413

1.74129  1.6624948
7.1049541 4.5078589
3.0398605 0.570559
0.9141127 7.8331917
14731341 5.1987616

The initial values of the planned series have been chosen randomly:

1.545929 3,6984743
6.0756318 7.616284
0.6163341 7.7764243
1.3140974 4.8630338
48852246 7.4508873

<)
Il
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After 80 itterations results were obtained and depicted in Fig. 6-8.

0,02
0
-0,02
-0,04
-0,06
-0,08
-0,1

-0,12

Fig 6. The difference between the values of the probability function (32)
before and after one optimization step

0,3
0,25
0,2
0,15
0,1

0,05

Fig 7. Expected increase in utility function (32) after each optimization
step
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0,75
0,7
0,65
0,6

0,55

Fig 8. Probability of change in utility function (32)

The results of the objective function after 49 steps:

1.4374187 5.1898026
49101319 5.5414241
1.7202134 6.7837714
1.4733495 15.1987896
4.4044542 5.1045358

We compare the results to the initial values of the objective function;

G(x),x€eX G(x),x€EX
3.565067 6.986573
0.547449 4.892954
3.731863 4991803
3.535661 1.533754
0.608276 3.387226

4.667248
2.156409
4.844223
4.97363

3.535661

The values of the test function at the points of the proposed series were
0.5474 and is less than the initial value equal to 1.5338.
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5.3. Modelling of effectiveness of surface wastewater treatment
filter filler

The created method is applied for optimal design of waste water
filters. The results of the initial studies were used to plan the
experiments on the wastewater treatment filters. Thus, the experiment
matrix of filler proportions is as follows:

1 0 0 0

0 0.667 0 0.333
0 0 0.333 0.667
0 0333 0.333 0.333

The filtration characteristics measurement of element TC, at this
experiment matrix were:

27.26
... 3833
re 50.67

43.18

The new plan for proportions for filter fillers by the developed
method has been created:

Quiartz Shredded autoclaved Biochar Stone wool
sand aerated concrete

0 1 0 0

0 0 0 1

0,334 0 0 0,666

0 0 0,16 0,84
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RESULTS AND CONCLUSIONS

Data structures described by fractional Euclidean distance

matrices (FEDMs) are quite common in applications. The statistical
models of RGF, when covariates are described by Euclidean distances
between objects in fractional degrees, have not yet been well studied,
so their study and application to the analysis of experimental data for
solving extrapolation, optimization or experiment design problems is
a topical issue.

The following results were obtained in the dissertation:

It is proved that if a multidimensional data set consists of
different vectors, the FEDM kernel matrix of this data set is
negatively defined and its rank is one unit lower than the
FEDM order.

Expressions for inverse FEDM matrix and determinant via
kernel matrix were constructed.

Developed and investigated multidimensional data model with
random Gaussian fields whose covariance matrix is described
by FEDM kernel matrix.

Based on this model, a kriging algorithm is developed to
extrapolate the scattered multidimensional data, which
depends on several parameters whose estimates are obtained
by the maximum likelihood method.

Computer simulation results showed that the developed
extrapolation method is superior to the Shepard extrapolator.
Bayesian method for solving Bayesian multi-extremal
problems using the GRF model was developed for response
function, showing that this method satisfies the system of
recursive equations.

A simplified method for solving these recursive equations is
proposed and an algorithm for its implementation is developed.
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8. Applying the developed GRF model, a method of planning a
series of extremal experiments was developed by applying the
Monte Carlo approximation method for planning a series of
extremal experiments.

9. The developed method of extremal experiments was
investigated by computer simulations and applied to plan a
series of experiments of wastewater treatment filter.

The obtained theoretical and experimental results allow us to
make the following conclusions:

1. The kriging method developed depends only on the FEDM and
does not depend on the centering vector s and the beginning of
the coordinates.

2. The FEDM degree rate & is a method parameter which can be
estimated using the least squares method.

3. Computer simulations have shown that the developed kriging
extrapolator is more efficient than the average standard error
criterion over the Shepard extrapolator, often applied to
scattered data analysis.

4. Theresults of computer simulations showed that the developed
multi-extremal optimization method is more efficient than
other known global optimization methods (Simulated
Annealing) according to the convergence.
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SANTRAUKA

Duomeny mokslas tiria metodus, procesus ir algoritmus, skirtus
aptikti Zinioms ir daryti jzvalgoms i$ struktiirizuoty ir nestrukturizuoty
duomeny. Jis apima jvairias matematikos, statistikos, kompiuteriy
mokslo sritis. Duomeny mokslas siekia surasti veiksmingg, logiskai
pagrista modelj, skirta prognozavimo, ekstrapoliavimo arba
interpoliavimo tikslams. Tuo duomeny mokslas skiriasi nuo tradicinés
analitikos ir yra artimas duomeny gavybai. Todél duomeny mokslas
leidZia generuoti veiksmingus analizés metodus, tokiose srityse, kaip
medicina, socialiniai mokslai, kuriose néra specifiniy ty sriciy
duomeny modeliy.

Surogatinis modeliavimas yra inzinerinis metodas, skirtas
nagrinéti procesams, kurie gali buti stebimi tiesiogiai tik i§ dalies. Tad
nestebima proceso dalis yra modeliuojama surogatiniu modeliu,
sukurtu pagal proceso stebéjimo rezultatus. Gana daznai realiy
sistemy kompiuterinis imitavimas gali ilgai uztrukti arba reikalauti
naudoti brangig ir sudétingg jrangg. Todél pasikartojanciy uzdaviniy,
kaip projekto optimizavimas, projekto erdvés tyrimas, jautrumo
analizé ir scenarijy KAS..., JEIGU, analizé gali buti nejmanoma —
jiems gali prireikti tiikstanciy ar net milijono imitavimo cikly. Vienas
i§ Sios problemos sprendimo biidy yra aproksimuojanciy modeliy,
zinomy kaip surogatiniai modeliai, atsako pavirSiaus modeliai,
metamodeliai arba emuliatoriai, imituojantys modeliuojama objekta
supaprastintu btidu, kiirimas ir taikymas.

1.1. Problemos aktualumas

Krigingo duomeny ekstrapoliavimo metodas buvo apraSytas
Krige’o (1951) ir Mattherono (1963). Krigingo surogatiniai modeliai
daznai taikomi ekstrapoliavimo ir optimizavimo uzdaviniams spresti
(Jones (2001), Forrester (2009), Manyu Xiao (2018) ir kt.). Krigingas
yra vienas i§ zinomy duomeny ekstrapoliavimo metody, naudojamy
inzinerijos ir kitose srityse (Bhosekar (2017), Carpio (2017)).



Surogatiniy modeliy poreikis atsiranda rekonstruojant praleistus
duomenis, duomeny ekstrapoliacijoje ar planuojant optimalius
eksperimentus su atsako funkcija, kuriai vertinti reikia jvairiy resursy,
arba kai atlikty eksperimenty ar skaic¢iavimy rezultatai prieinami tik i§
dalies, arba prognozuojant stebéty procesy duomenis.

Dauguma inzineriniy planavimo uzdaviniy reikalaujama atlikti
eksperimentus, kad biity sukonstruotos tikslo funkcijos, kaip
kintamyjy funkcijos. Pavyzdziui, tiriant lazerinés spinduliuotés
poveikj optinéms medziagoms yra atlickami kompiuteriniai to
poveikio skaic¢iavimy rezultatai. Taip pat nuoteky valymo jrenginiy
efektyvumo tyrime, priklausomai nuo filtro uzpildy proporcijy ar
kokybés, kuri analizuojamas remiantis keliais per eksperimentus
sukurtais ir realizuotais filtrais. Abiem atvejais, t. y. kompiuterinio
skai¢iuojamojo eksperimento arba realaus eksperimento gauti
duomenys, gali biiti naudojami realaus objekto surogatiniam modeliui
kurti.

Matavimy taskai, priklausantys nuo daugelio parametry, gali
turéti atsitiktinj arba deterministinj pobiidj. Rezultatai priklauso nuo
daugelio parametry, taCiau §iy parametry parinkimas ir poveikis
daznai yra nezinomas. Be to, surinkty duomeny apimtys biina mazos,
kadangi kiekvienas papildomas eksperimentas reikalauja laiko ir
sanaudy. Kartais eksperimentas gali biiti pavojingas arba tinkamy
salygy, reikalingy tam eksperimentui atlikti, gali pasitaikyti labai retai.
O realiis uzdaviniai, susij¢ su Siomis problemomis, gali pasitaikyti
labai daznai. Pavyzdziui, branduolinio reaktoriaus kritiniy biiseny
saugumo poziiliriu tyrimas esti susijes su saugios biisenos reaktoriaus
darbo tyrimu (Levenson (1981)).

Rakety arba kosminiy aparaty judéjimo trajektorijy tyrimai,
kuriais reikalaujama prognozuoti trajektorijas pagal stebétus
duomenis, yra gana pavojingi ir brangtis. Chemijos inzinerijos tikslas
— sukurti naujas medZziagas, daznai yra susijes su eksperimenty
planavimu pagal duomenis, kurie gauti laboratorijose po daugybés
bandymy ir t. t. Tokiy duomeny struktiiros tiriamos tradiciniais
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deterministiniais arba statistiniais metodais. Taciau deterministiné
duomeny analizé tradiciniais interpoliacijos arba ekstrapoliacijos
metodais reikalauja jvairiy papildomy prielaidy ir neatsizvelgia |
neapibréztj, susijusig su duomeny rekonstravimu (Shepard (1968),
Shumaker (1976)). Todél yra aktualu iSnagrinéti atsitiktiniy Gauso
lauky (AGL) modeliy taikyma eksperimentiniy duomeny analizei.
AGL savybés priklauso nuo kovariacijy, aprasanciy priklausomybes
tarp tasky, kuriuose atlikti kompiuteriniai ar fizikiniai eksperimentai.
Statistiniai AGL modeliai, kai kovariacijos yra aprasomos Euklido
atstumy tarp objekty trupmeniniais laipsniy rodikliais, dar nebuvo
pakankamai gerai iSnagrinéti, todél jy tyrimas bei taikymas
eksperimentiniy duomeny analizei, sprendziant ekstrapoliavimo,
optimizavimo ar eksperimenty planavimo uzdavinius, yra aktuali
problema.

1.2. Tyrimy objektas

Disertacijos tyrimy objektas yra duomeny mokslo modeliai ir
metodai, skirti struktirizuoty daugiamaciy duomeny analizei.
Pagrindinis démesys skiriamas daugiamaciy duomeny surogatiniam
modeliavimui pagal atstumy tarp matavimo duomeny matricy

savybes.

1.3. Tyrimy tikslas ir uZdaviniai

Darbo tikslas — istirti Euklido atstumy su trupmeniniais laipsniy
rodikliais savybes ir remiantis jomis sukurti surogatinj krigingo
modelj bei pritaikyti ji daugiamaciams duomenims ekstrapoliuoti,
eksperimenty  serijoms planuoti bei  daugiaekstremaliniams
uzdaviniams spresti.

Siekiant Sio tikslo yra sprendziami tokie uzdaviniai:

1) Trupmeniniy Euklido atstumy matricy savybiy tyrimas jvedus
branduolio matricas.
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2) Daugiamaciy duomeny modelio homogeniniais ir
izotropiniais Gauso laukais sudarymas.

3) Surogatinio krigingo algoritmo, paremto trupmeniniy Euklido
atstumy matricy savybémis, sudarymas ir pritaikymas
ekstrapoliavimui.

4) Sudaryto daugiamadio duomeny modelio pritaikymas
eksperimenty serijoms planuoti.

5) Sudaryto daugiamaéio duomeny modelio pritaikymas
daugiaekstremalinéms funkcijoms optimizuoti.

1.4. Tyrimy metodai

Disertacijoje suformuluoti uzdaviniai sprendziami taikant
daugiamatés statistikos ir kompiuterinio modeliavimo metodus.
Geometrinéms trupmeniniy Euklido atstumy matricy savybéms tirti
yra pritaikyta veiksmy su blokinémis matricomis teorija. Sudaryto
daugiamacio duomeny modelio atsitiktiniais Gauso laukais
parametrams vertinti pritaikytas didziausio tikétinumo metodas.
Skaitmeniniam sukurto eksperimenty planavimo metodui realizuoti
pritaikytas Monte Karlo metodas.

1.5. Mokslinis naujumas

Disertacijoje gauti Sie rezultatai:

1) Trupmeniniy Euklido atstumy matricy savybés iSnagrinétos
per branduolio matricos savybes ir parodyta, kad dazniausiai
trupmeniniy Euklido atstumy matrica yra neissigimusi.

2) Pasinaudojus TEAM savybémis sukurtas daugiamaciy
duomeny modelis atsitiktiniais Gauso laukais.

3) Sudarytas daugiamaciy duomeny krigingo algoritmas,
pritaikytas ekstrapoliavimui.

4) Sudarytas algoritmas ekstremaliniams eksperimentams
planuoti, skaitmeniskai realizuojamas Monte Karlo metodu.
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5)

Sudarytas daugiackstremaliniy uzdaviniy sprendimo Bajeso
algoritmas pagal trupmeniniy Euklido atstumy matricos
savybes.

1.6. Praktiné darbo reik§mé

Disertacijoje sudarytas krigingo metodas gali biiti pritaikytas

iSbarstytiesiems daugiamaciams duomenims (angl. Scattered Data)
ekstrapoliuoti. Sukurtas eksperimenty planavimo metodas gali buti

efektyviai panaudotas ekstremaliniy eksperimenty serijoms planuoti.
Disertacijoje sudarytas Bajeso optimizavimo algoritmas gali biiti
pritaikytas daugiaekstremaliniams uzdaviniams spresti, kai tikslo
funkcijos apskaiciavimas reikalauja dideliy sanaudy.

Disertacijoje gauti Sie praktiniai rezultatai:

1)

2)

3)

1
2)

3)

4)

Sudarytas efektyvus daugiamaciy duomeny ekstrapoliavimo
algoritmas.
Sukurtas efektyvus daugiaekstremaliniy uzdaviniy sprendimo
algoritmas, kai tikslo apskaiCiavimas susijes su didelémis
sanaudomis.
Sudarytas ekstremaliniy eksperimenty serijy planavimo
algoritmas, kuris pritaikytas nuoteky filtry optimaliam
planavimui.

1.7. Ginamigji teiginiai

Trupmeniniy Euklido atstumy matricy pagrindines savybes
galima iSreiksti per branduolio matricos savybes.

Sudarytas algoritmas leidzia efektyviai spresti iSbarstytyjy
duomeny ekstrapoliavimo ir krigingo uzdavinius.

Sudarytas Bajeso optimizavimo algoritmas leidzia efektyviai
spresti daugiaekstremalinius uzdavinius, kai tikslo funkcijos
apskai¢iavimas susijes su didelémis sgnaudomis.

Sudaryti eksperimenty planavimo metodai leidzia efektyviai
planuoti ekstremaliniy eksperimenty serijas.

52



1.8. Darbo rezultaty aprobavimas

Disertacijos rezultatai pristatyti 7-se mokslinése konferencijose
bei pateikti 3 mokslinése publikacijose.
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BENDROSIOS ISVADOS

Duomeny struktiiros, aprasomos trupmeniniy Euklido atstumy

matricomis (TEAM), taikymuose pasitaiko gana daznai. Statistiniai
AGL modeliai, kai kovariacijos yra aprasomos Euklido atstumy tarp
objekty trupmeniniais laipsniy rodikliais, dar nebuvo pakankamai
gerai iSnagrinéti, todél jy tyrimas bei taikymas eksperimentiniy

duomeny analizei, sprendziant ekstrapoliavimo, optimizavimo ar

eksperimenty planavimo uzdavinius, yra aktuali problema.
Disertacijoje gauti tokie rezultatai:

1)

2)

3)

4)

5)

6)

7)

8)

jrodyta, kad jeigu daugiamaciy duomeny aibe sudaro skirtingi
vektoriai, Sios duomeny aibés TEAM branduolio matrica yra
neneigiamai apibrézta, o jos rangas vienetu mazesnis uz TEAM
eile;

sudarytos iSraiSkos TEAM atvirkstinei matricai bei determinantui
iSreiksti per branduolio matrica;

sukurtas ir istirtas daugiamaciy duomeny modelis atsitiktiniais
Gauso laukais, kuriy kovariacijy matrica apraSoma TEAM
branduolio matrica;

remiantis §iuo modeliu, sukurtas krigingo algoritmas, pritaikytas
iSbarstytiesiems daugiamaciams duomenims ekstrapoliuoti,
priklausantis nuo keliy parametry, kuriy jverCiai gaunami
didziausio tikétinumo metodu;

kompiuterinio modeliavimo rezultatai parodé, kad sukurtas
ekstrapoliavimo  metodas yra pranaSesnis uz Separdo
ekstrapoliatoriy;

sudarytas Bajeso daugiaekstremaliniy uzdaviniy sprendimo
metodas, taikant atsako funkcijai modeliuoti sukurtg AGL modelj,
parodant, kad $is metodas tenkina rekursyviniy lygciy sistema;
pasiiilytas supaprastintas §iy rekursyviniy lygciy sprendimo
metodas ir sudarytas jj realizuojantis algoritmas;

pritaikius sukurta AGL modelj, sudarytas ekstremaliniy
eksperimenty serijy planavimo metodas, pritaikant ekstremaliniy
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cksperimenty serijai planuoti Monte Karlo imties vidurkio
aproksimacijos metoda;

9) sukurtas  ekstremaliniy  eksperimenty  metodas  iStirtas
kompiuterinio modeliavimo biidu ir pritaikytas nuoteky valymo
filtro eksperimenty serijoms planuoti.

Gauti teoriniai ir kompiuterinio modeliavimo rezultatai leidzia
daryti sekancias iSvadas.

1. Sukurtas krigingo metodas priklauso tik nuo TEAM, ir
nepriklauso nuo centravimo vektoriaus s ir koordinaéiy pradzios.

2. TEAM laipsnio rodiklis & yra metodo parametras, kuriam
jvertinti galima taikyti maziausiy kvadraty metoda.

3. Kompiuterinio modeliavimo rezultatai parodé, kad sukurtas
krigingo ekstrapoliatorius yra efektyvesnis pagal vidutinés
standartinés paklaidos kriteriy uZ Separdo ekstrapoliatoriy, daznai
taikoma isbarstyty duomeny analizei.

4. Kompiuterinio modeliavimo rezultatai parodé, kad sukurtas
daugiaekstremalinio optimizavimo metodas yra efektyvesnis uz kitus
zinomus globalaus optimizavimo metodus (Simulated Annealing).
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