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SANTRAUKA
1. TYRIMO SRITIS IR PROBLEMOS AKTUALUMAS

Sprendziant Siuolaikinius uzdavinius reikia atlikti tiek daug skai-
¢iavimy, kad net ir paciais greiCiausiais Siuolaikiniais nuosekliaisiais
kompiuteriais negalime laiku rasti atsakymo. Kitas dideliy uzdaviniy
sprendimo ribojimas — vieno kompiuterio atminties iStekliai. Skaicia-
vimo lygiagretinimo technologijos padeda iSspresti abi problemas.

Disertacijoje nagrinéjami du taikomieji uzdaviniai. Pirmasis uzda-
vinys apraSytas elipsiniu operatoriumi, pakeltu trupmeniniu laipsniu
(Nochetto et al., 2015; Bonito et al., 2018), kuris pasiZymi savybe:
uzdavinio dimensijos didinimas labai padidina skai¢iavimo sgnaudas.
Sj modelj taikyti tampa patraukliau, kai naudojame lygiagre¢iuosius
skaiCiavimus. Taciau siekiant efektyviy lygiagreciyjy skaiCiavimy
reikia taikyti tinkamus lygiagreciuosius algoritmus ir atlikti i§samia
teoring analize. ISnagrinéjome ir palyginome lygiagreciuosius skai-
tinius algoritmus, skirtus skirtingiems naujausiems skaitiniams meto-
dams (Nochetto et al., 2015; Vabishchevich, 2015; Bonito et al., 2018;
Harizanov et al., 2018), kurie pasitlyti uzdaviniams su elipsiniais ope-
ratoriais, pakeltais trupmeniniais laipsniais (Nochetto et al., 2015; Bo-
nito et al., 2018), spresti. Siame tyrime nelokaly uzdavinj Lfu = f su-
vedame | gerai zZinomg lokaly elipsinio ar pseudo-parabolinio tipo di-
ferenciniy lyg¢iy uzdavinj, suformuluotg didesnés dimensijos R%*1
erdvéje, kai elipsinis operatorius yra i§ Q € R%. Istyréme silpna ir stip-
ry lygiagreciyjy algoritmy iSpleCiamuma. ISspresti dvimaciai ir trima-
Ciai uzdaviniai, pateikta iSsami konvergavimo analizé. Pagrindinis
antrojo disertacijos skyriaus tikslas — nustatyti, kurie lygiagretieji al-
goritmai rekomenduojami norint pasiekti tam tikra tikslumg atitin-
kamam trupmeniniui laipsniui.

Treciajame disertacijos skyriuje nagrinéjamas antrasis uzdavinys —
sugerian¢iy krastiniy salygy konstravimas vienmatei Sriodingerio
lyg¢iai (Menza, 1997; Arnold, 1998; Antoine et al., 2008; Szeftel,
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2004). Naudojant klasikines krastines salygas lygties sprendinys
atsispindi nuo kraSto ir sukelia dideliy paklaidy visame intervale.
Todél tenka zenkliai didinti modeliavimo sritj, o dél to didéja ir
skaitinio algoritmo skaifiavimo sanaudos, ir atminties reikalavimai
modeliuojant ilgame laiko intervale. Taigi svarbu sukonstruoti
tinkamas krastines salygas ir iSvengti neigiamy pasekmiy, susijusiy su
kompiuterio atminties reikalavimais, modeliuojant ilgame laiko in-
tervale. Sie nei§vengiami, kai konstruojame tikslias pralaidzias kras-
tines sglygas. Vienas i$ budy Siai problemai spresti — sugerianéiy kras-
tiniy salygy konstravimas (Menza, 1997; Arnold, 1998; Antoine et al.,
2008; Szeftel, 2004). Disertacijoje nagringjami metodai Sioms sg-
lygoms konstruoti, pagristi tiksliy pralaidziy krastiniy salygy aprok-
simavimu racionaliosiomis funkcijomis. Nagrinéjamos skirtingos
strategijos racionaliy funkcijy optimaliems koeficientams rasti pasi-
rinktiems uzdaviniams su zinomais tiksliaisiais sprendiniais: Padé
aproksimacija, Furjé (angl. Fourier) simbolio aproksimacija L, nor-
moje, atspindzio koeficiento minimizavimas L, normoje ir kombi-
nuotas metodas, paremtas minimizavimu dviejose skirtingose nor-
mose. Suformuluoti minimizavimo uzdaviniai yra globaliosios opti-
mizacijos, jie nagringjami kaip ,juodosios dézés“ atvejai. Siy uz-
daviniy tikslo funkcijos skai¢iavimo sgnaudos yra pakankamai dide-
1és, todél sprendimas uzima daug laiko. Siekiant greiciau atlikti eks-
perimentus, reikia taikyti lygiagreciuosius skaiciavimus. Sitiloma mi-
nimizavimo technika parodé, kad galima rasti koeficienty reikSmes,
tinkancias dviem kokybiskai skirtingiems uzdaviniams, kai sprendiniy
paklaidos yra gana mazos daugeliu modeliavimo atvejy.
Ketvirtajame disertacijos skyriuje sitilome bendrg metodika, skirtg
algoritmams lygiagretinti, sprendziant treCiajame skyriuje nagrinétus
uzdavinius. Sitiloma lygiagretinimo strategija turi tris lygmenis. Skir-
tingi Sios schemos lygmenys suteikia naujy lygiagretinimo galimybiy,
taciau tuo paciu metu kyla skirtingy skaiciavimo i$8ukiy. Svarbi
sitilomos trijy lygmeny schemos dalis yra prielaida, kad pirmajame
lygmenyje egzistuoja kelios lygiagreciosios nuosekliojo algoritmo
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alternatyvos. Jos gali biiti ne tokios efektyvios kaip geriausias nuo-
seklusis algoritmas, bet pasiZzymi geromis lygiagretinimo savybémis.
Pirmasis lygiagretinimo schemos lygmuo yra naujo trijy lygmeny
algoritmo dalis, o Sio lygmens lygiagretumo laipsnis gali biti dina-
miskai pasirenkamas skaiciavimy metu. Pirmojo lygmens lygiagre-
tinimas skiriasi priklausomai nuo uzdavinio, todél néra konkreciy uni-
versaliy metody. Ketvirtajame skyriuje pateikiama bendra §ios sche-
mos taikymo procediira. Antrajame lygmenyje apibréziamas uzda-
viniy, kurie yra skirtingy skai¢iavimo dydziy, rinkinys. Sie uzdaviniai
gali buti sprendziami nepriklausomai vienas nuo Kito, t.y. juos galima
spresti lygiagreciai. TreCiajame lygmenyje apibréziami lygiagretieji
algoritmai, kurie naudojami antrojo lygmens uzduotims spresti. Darby
skirstymui tarp procesy optimizuoti sitiloma godzioji darbo kriivio
paskirstymo euristika. Ji testuojama sprendziant etaloninius uz-
davinius.

Norint parodyti, kad Sis metodas gali buti placiai taikomas,
aptariame galimybe taikyti siiiloma trijy lygmeny lygiagretinimo
schema kitiems pavyzdziams.

2. TYRIMO OBJEKTAS

Lygiagretieji algoritmai uzdaviniams, susijusiems su didelémis
skai¢iavimo sgnaudomis, taip pat optimizavimo uzdaviniai.

3. DARBO TIKSLAS IR UZDAVINIAI

Istirti efektyvius lygiagreciuosius algoritmus uzdaviniams su
elipsiniu operatoriumi, pakeltu trupmeniniu laipsniu, ir optimizavimo
uzdaviniams, reikalaujantiems dideliy skai¢iavimo sanaudy.

3.1 Tyrimo uzdaviniai
* Sudaryti lygiagreCiuosius algoritmus uzdaviniams su elipsiniu

operatoriumi, pakeltu trupmeniniu laipsniu:
8



atlikti zinomy lygiagreCiyjy algoritmy galimybiy analizg
uzdaviniams su elipsiniu operatoriumi, pakeltu trupme-
niniu laipsniu;

pasiiilyti ir iSanalizuoti efektyvius lygiagreciuosius
algoritmus tokio tipo uzdaviniams spresti;

atlikti pasitlyty lygiagreCiyjy algoritmy iSplec¢iamumo
analizg;

suformuluoti i§vadas ir rekomendacijas tokio tipo uzdavi-
niams spresti.

« Uzdaviniai, skirti vienmatés Sriodingerio lygties pralaidzioms

krastinéms saglygoms sudaryti:

>

>

atlikti literatiiros, skirtos vienmatés Sriodingerio lygties
pralaidzioms krastinéms salygoms sudaryti, analize;
pasiiilyti ir iStirti metodikas krastiniy salygy koeficientams
rasti;

atlikti  skai¢iavimus su skirtingomis pradinémis ir
kra§tinémis saglygomis Srodingerio uzdaviniui;
suformuluoti iSvadas ir rekomendacijas kaip konstruoti
sugeriancias krastines salygas Sriodingerio lygéiai, nau-
dojant $ias metodikas.

» Uzdaviniai, skirti trisluoksnei lygiagretinimo schemai:

pasitlyti trijy lygmeny lygiagretinimo metodika;
atlikti pasitlytos schemos detalig analizg;

pritaikyti sukurtg trisluoksne schema optimizavimo uzda-
viniams spresti;

suformuluoti iS$vadas ir rekomendacijas, kaip iSnaudoti
Sios schemos visas galimybes.



4. TYRIMO METODAI

Disertacijoje taikomi Sie metodai: diferencialiniy lygciy sprendimo
skaitiniai metodai (baigtiniy tiiriy metodas, baigtiniy skirtumy
metodas), algoritmy teorija, konvergavimo analize, lygiagreciyjy skai-
¢iavimy teorija, iSpleCiamumo analizé, srities dalijimo metodas, opti-
mizavimo teorija ir simplekso metodas.

5. DARBO MOKSLINIS NAUJUMAS

* Disertacijoje nagrinéti ir lyginti lygiagretieji algoritmai, skirti
skirtingiems naujausiems skaitiniams metodams, kurie literatiiroje
sitilomi uzdaviniams su elipsiniu operatoriumi, pakeltu trupmeniniu
laipsniu, spresti. Atlikta lygiagreciyjy algoritmy iSple¢iamumo ir kon-
vergavimo analizé. Pateikta rekomendacijy, kaip pasiekti norimg tiks-
luma esant atitinkamam elipsinio operatoriaus trupmeniniam laipsniui
B.

» Pateikta rekomendacijy, kaip naudojant skirtingus metodus
konstruoti sugerian¢ias krastines salygas vienmatei Sriodingerio
lygciai. Pasitlyta metodika parodé, kad galima rasti sugeriancias
krastines salygas keturiems kokybiskai skirtingiems uzdaviniams.

* Pasiillyta trijy lygmeny lygiagretinimo schema, kuri, lyginant su
klasikine dvisluoksne lygiagretinimo schema, padidina naudotiny
iStekliy kiekj ir leidzia gauti papildoma pagreitéjima. Parodyta, kad
taikant siilomg metodikg galima efektyviai iSnaudoti esamus iSteklius.

6. DISERTACIJOS PRAKTINE VERTE

e Sprendziant nelokalyjj uzdavinj su elipsiniu operatoriumi pakeltu
trupmeniniu laipsniu skai¢iavimo apimtys yra didelés, tad be
lygiagreciyjy skaiiavimy net ir vieng kartg iSspresti §j uzdavinj yra
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sunku. Darbe atlikta lygiagreciyjy algoritmy iSple¢iamumo
analizé. Lyginti skirtingi metodai naudojant lygiagreciuosius
algoritmus. Pateiktos rekomendacijos, kaip pasiekti norima
tikslumg atitinkam elipsinio operatoriaus laipsniui B, padeda
pasirinkti tinkama metoda.

o Pateikta trisluoksné lygiagretinimo schema ir jos naudojimo reko-
mendacijos. Si schema gali bati efektyviai taikoma uzdaviniams,
kai naudotiny iStekliy kiekis yra didelis.

7. GINAMIEJI TEIGINIAI

1. Nagrinétais atvejais rekomenduojami, uzdaviniams su elipsiniu
operatoriumi, pakeltu trupmeniniu laipsniu, lygiagretieji algoritmai
yra optimaliis skaiCiavimy laiko atzvilgiu, norint pasiekti tam tikra
tikslumg prie duotyjy trupmeniniy laipsniy.

2. Nurodytoje septyniy parametry erdveéje rastos pralaidzios kras-
tinés salygos keturiems kokybiskai skirtingiems Sriodingerio uzdavi-
niams.

3. Pateikta trisluoksné lygiagretinimo schema padidina lygiagre-
tumo laipsnj ir naudotiny resursy kiekj, todél gauname papildoma pa-
greitéjima.

8. DISERTACIJOS REZULTATUYU APROBAVIMAS

Disertacijos rezultatai pristatyti penkiose tarptautinése konfe-
rencijose, trijose konferencijose, vykstanc¢iose Lietuvoje, dviejose
jaunyjy mokslininky konferencijose ir Nesus organizuojamos ziemos
mokyklos doktoranty simpoziume Zagrebe. Disertacijos tema pa-
skelbti trys straipsniai, jtraukti ] Thompson Reuters ISI Web of Scien-
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ce duomeny bazg ir turi citavimo indeksa, vienas straipsnis paskelbtas
konferencijy medziagoje. Detalus sarasas pateiktas Santraukos
skyriuje ,,Publikacijy sgraSas*.

Disertacijos rezultatai pristatyti ir aptarti Siose konferencijose:

e MMAZ2019: 24nd International Conference, 2019 m. geguzés 28
d.—2019 m. geguzés 31 d., Talinas, Estija.

¢ DAMSS: 10th International Workshop on Data Analysis Me-
thods for Software Systems, 2018 m. lapkri¢io 29 d.—2018 m. gruodzio
1 d., Druskininkai, Lietuva.

o DAMSS: 9th international Workshop on Data Analysis Methods
for Software Systems, 2017 m. lapkri¢io 30 d.—2017 m. gruodzio 2 d.,
Druskininkai, Lietuva.

o MMAZ2018: 23nd International Conference, 2018 m. geguzés 29
d.—2018 m. birZelio 1 d., Sigulda, Latvija.

¢ DAMSS: 8th Data Analysis Methods for Software Systems, 2016
m. gruodzio 1 d.—2016 m. gruodzio 3 d., Druskininkai, Lietuva.

e MMA2017: 22nd International Conference Mathematical
Modelling and Analysis, 2017 m. geguzés 30 d.—2017 m. birzelio 2 d.,
Druskininkai, Lietuva.

e 12th International Conference on Parallel Processing and
Applied Mathematics [PPAM 2017], 2017 m. rugséjo 10 d.—2017 m.
rugséjo 13 d., Liublinas, Lenkija.

e MMA2016: 21st International Conference Mathematical Mo-
delling and Analysis, 2016 m. birzelio 1 d.—2016 m. birzelio 4 d.,
Tartu, Estija.

Mokyklos:

¢ 3rd NESUS Winter School and PhD Symposium 2018, 2018 m.
sausio 22 d.—2018 m. sausio 25 d., Zagrebas, Kroatija. Prane$imo te-
ma: ,,Numerical analysis and optimization of parallel algorithms for
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problems with big computational costs.* http://nesusws.irb.hr/images/
Bookof\-Abstracts.pdf

e NESUS Winter School & PhD Symposium 2016, 2016 m.
vasario 8 d.—2016 m. vasario 11 d., West University of Timisoara, Ru-
munija.

Disertacijos rezultatai pristatyti Vilniaus universiteto Duomeny
mokslo ir skaitmeniniy technologijy institute ir Vilniaus Gedimino
technikos universiteto matematinio modeliavimo katedroje.

9. DISERTACIJOS STRUKTURA

Disertacija sudaro jvadas, trys skyriai, literatlros sarasas,
publikacijy sarasas, santrauka lietuviy kalba ir padéka. Disertacijos
skyriai padalyti j poskyrius, o poskyriai — j skyrelius.

Disertacijoje yra 106 puslapiai, 10 paveiksly ir 30 lenteliy.
Disertacijoje cituojami 103 informacijos $altiniai.

10. PADEKA

Esu dékinga savo darbo vadovui prof. habil. dr. Raimondui Ciegiui
uz vadovavima, konsultacijas, visapus¢ pagalba ir palaikyma
doktorantiiros studijy metu. Jo déka mano moksliné kompetencija
augo per visa studijy procesa. Tai ir yra pagrindinis doktorantiiros
studijy tikslas.

Dékoju uz pagalba konsultantui prof. dr. Juliui Zilinskui. Taip pat
dékoju kolegoms uz pagalbg atliekant tyrimus.

Esu dékinga doc. dr. Teresei Leonavicienei ir prof. dr. Vadimui
Starikovi¢iui uz bendradarbiavima atliekant tyrimus ir suteiktus
patarimus.

Ypac noréciau i$skirtinai padékoti kolegai dr. Andrejui Bugajevui
uz skirtg laika, vertingas pastabas ir patarimus.

Dékoju recenzentams prof. dr. Romui Baronui ir prof. habil. dr.
Antanui Zilinskui uZ vertingas pastabas ir patarimus.
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Dékoju VU DMSTI globalaus optimizavimo grupés darbuotojams
uz vertingas pastabas. Taip pat VU DMSTI administracijos
darbuotojams uz pagalbg tvarkant dokumentus.

Esu dékinga draugei dr. Kristinai Kaulakytei uz pagalba, palai-
kyma ir vertingas pastabas.

Nuosirdziai dékoju savo vyrui Gediminui, sinums Arnui, Aivarui
ir Benui uz kantrybe, palaikyma ir supratinguma.

11. LYGIAGRECIUJU ALGORITMU SUDARYMAS
UZDAVINIAMS SU ELIPSINIU OPERATORIUMI,
PAKELTU TRUPMENINIU LAIPSNIU

Antrajame disertacijos skyriuje nagrinéjamas uzdavinys su
elipsiniu operatoriumi, pakeltu trupmeniniu laipsniu. Pasirinkti keturi
naujausi skaitiniai metodai, kurie nelokalyjj uzdavinj transformuoja |
pseudo-parabolinio ar elipsinio tipo lokalyjj diferencialinj uzdavinj,

suformuluota didesnés dimensijos R4*1

erdvéje, kai elipsinis operato-
rius yra is R, Siy metody ypatybés lemia skirtingas lygiagreéiyjy
algoritmy savybes. Pasiiilyti lygiagretieji algoritmai grindziami srities
dekompozicijos ir Seimininko-darbininko metodais. Atlikta lygiagre-
¢iyjy algoritmy iSpleCiamumo ir konvergavimo analizé. Atlikti skai-
¢iavimo eksperimentai Bulgarijos mokslo akademijos informatikos ir
komunikacijy technologijos instituto Sofijoje (angl. Instituto Institute
of Information and Communication Technologies (I11CT) of the Bulga-
rian Academy of Sciences) klasteryje ,,Avitohol* (http://www.iict.
bas.bg/avitohol). Pateiktos iSvados ir rekomendacijos, kaip pasiekti
tam tikra tikslumg atitinkamam trupmeniniam laipsniui (zr. Paveiks-
las 11.1).
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Paveikslas 11.1: Lygiagreciyjy algoritmy palyginimas sprendziant
3D testinj uzdavinj (M 1)—(M4) metodais.
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12. VIENMATES SRIODINGERIO LYGTIES PRALAIDZIU
KRASTINIU SALYGU SUDARYMAS

TreCiajame disertacijos skyriuje nagrinéjama vienmaté tiesiné
Sriodingerio lygtis. Sukonstruotos sugeriandios krastinés salygos,
kurios gaunamos aproksimuojant tikslias pralaidzias krastines salygas
racionaliosiomis funkcijomis. Rasti koeficientai pasirinktoms funkci-
joms, istirtos skirtingos strategijos koeficientams rasti: Padé aproksi-
macija, Furjé simbolio aproksimacija L, normoje, atspindzio koefi-
ciento minimizavimas L, normoje, du adaptyviis metodai, paremti
sprendinio paklaidy minimizavimu pasirinktiems uzdaviniams su Zi-
nomais tiksliaisiais sprendiniais, ir kombinuotas metodas, paremtas
keliy uzdaviniy su skirtingomis pradinémis salygomis paklaidy mini-
mizavimu, nagrinétos dvi skirtingos normos. Suformuluoty globalaus
optimizavimo uzdaviniy skai¢iavimo sgnaudos yra didelés, todél buvo
naudojami lygiagretieji skai¢iavimai. Atlikti skai¢iavimo eksperimen-
tai VU klasteryje ,,Saulétekis (http://www.supercomputing.vu.lt/hpc-
sauletekis). Pateikta skirtingy metody lyginimo analiz¢ ir rastas koefi-
cienty rinkinys, kuris tinka dviem kokybiskai skirtingiems uzdavi-
niams, konstruojant sugeriancias krastines salygas.

13. TRISLUOKSNE LYGIAGRETINIMO SCHEMA

Ketvirtajame disertacijos skyriuje sitilome bendrg lygiagretinimo
metodika, skirta optimizavimo uzdaviniams spresti, kai naudotiny
iStekliy skaicius yra didelis. Sitiloma metodika turi tris lygiagretinimo
lygmenis. Skirtingi lygiagretinimo lygmenys padidina lygiagretumo
nyje darome prielaida, kad egzistuoja lygiagreciosios alternatyvos
nuosekliajam algoritmui. Sis lygmuo tampa schemos lygiagregiojo
algoritmo dalimi, kurios lygiagretumo laipsnis gali bati pasirinktas
dinamiSkai skai¢iavimy metu. Lygiagretinimo pagreitéjimas S,
pirmajame lygmenyje néra tiesinis, todél gali sumazinti visos schemos
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lygiagretinimo efektyvuma Ej,. Taciau Sis lygmuo leidzia naudoti
daug daugiau procesy ir grei¢iau iSspresti duotajj uzdavinj lyginant su
dviejy lygmeny strategija. Atliekant schemos tyrimg, pirmajame
lygmenyje kaip pavyzdj naudojome lygiagretyji simplekso metoda.
Antrajame schemos lygmenyje apibréziamas uzduoc€iy rinkinys su
skirtingais skai¢iavimo dydziais. Kiekviena uzduotis sudaryta i$ darby
aibés. Darby pasiskirstymas tarp uzduociy gali biiti nevienodas, dél to
lygiagretinimas sudétingesnis ir kKyla dar vieno lygmens poreikis,
norint atlikti tinkama darby paskirstyma. Siai problemai spresti
siiloma euristika, leidzianti paskirstyti uzduotis tarp procesy. Kaip
pavyzdys sprendziamos M diferencialiniy lyggiy. Siy uzdaviniy
skai¢iavimo dydziai nevienodi, nes kiekvienai lygciai diskretizuoti
turi buiti naudojamas skirtingas tasky skai¢ius pagal laikg ir erdve, kad
biity pasiektas toks pat tikslumas. TrecCiasis lygmuo skirtas lygiagre-
¢iajam algoritmui, kuriuo sprendziame antrajame lygmenyje apibréz-
tas uzduotis. Kaip pavyzdys naudojamas lygiagretusis Vango (Wang,
1981) algoritmas, skirtas trijstrizainéms lygéiy sistemoms spresti. Sis
algoritmas yra sudétingesnis uz nuoseklyjj perkelties algoritma, taciau
leidzia skirtingiems uzdaviniams priskirti skirtingg procesoriy skaiciy.
Sis lygmuo gali biti naudojamas be antrojo lygmens. Tada gauname
dviejy lygiy lygiagretinimo schemg, taciau tokiu atveju treciasis
lygmuo ribojamas Amdahlo désnio. Pasitilyta bendra metodika, kuri
jungia lokalaus optimizavimo algoritmo lygiagretinimg su standarti-
niu dviejy lygiy lygiagretinimu.

Pateikta i§sami pasiilytos trijy lygmeny schemos analizé. Paro-
dyta, kad siiiloma metodika leidzia efektyviai iSnaudoti esamus iStek-
lius. Aptartos schemos taikymo galimybés. Atliktas dviejy lygiagre-
¢iyjy simplekso metody lyginimas. Pateiktas schemos taikymo pavyz-
dys, dél kurio gautas geresnis tre¢iojo skyriaus rezultatas. Surastas ko-
eficienty rinkinys tinkamas keturiems kokybiskai skirtingiems uzda-
viniams, t.y. apibréztos efektyvios sugeriancios krastinés salygos. Tai
pat Sioje schemoje pasitilyta euristika kontroliuoti efektyvuma trecia-
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jame lygmenyje. Atlikti skaiciavimo eksperimentai VU klasteryje
.Saulétekis (http://www.supercomputing.vu.lt/hpcsauletekis).

Level 1 A Ay
Level 2 _ -u]l | 'ug Uhy, | vy | v3 || o .‘1!”2 'v'lf '(JQI | ‘U_UJ

. 1]
Level 3 i WJ P,tm m P3| ‘Pﬁiz

|
pl | ol | - |Pu,

Paveikslas 13.1: Trijy lygmeny lygiagretinimo schema.

14. BENDROSIOS ISVADOS

1. Sukurti lygiagretieji algoritmai, uzdaviniams su elipsiniu opera-
toriumi, pakeltu trupmeniniu laipsniu, yra pakankamai efektyvis (tam
tikrais atvejais efektyvumas artimas 1). Didziausio tikslumo spren-
diniai gaunami naudojant eksponentiskai konverguojancia kvadrati-
ring formulg (M3).

2. Du metodai, kurie skirti racionaliosios funkcijos koeficientams
surasti, t.y. Furjé simbolio aproksimacija ir atspindzio koeficiento
minimizavimas, néra universaliis. Pasirinktoje mazoje parametry
erdvéje rastas koeficienty rinkinys, tinkamas keturiems kokybiskai
skirtingiems testuojamiems Sriodingerio uzdaviniams, naudojant
kombinuota adaptyvy metoda, kai vertinamos skirtingy uzdaviniy pa-
klaidos.

3. Pateikta trijy lygmeny lygiagretinimo schema, lyginant su
klasikiniu dviejy lygmeny lygiagretinimo algoritmu, padidina ly-
giagretumo laipsnj, o tai leidZia naudoti didesn] skaiciavimo istekliy
kiekj (nagrinétais atvejais apie 1,5 karto) ir gauti papildoma pagrei-
téjima.
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RESEARCH AREA AND RELEVANCE OF THE PROBLEM

Nowadays, we need to solve problems with big computational costs,
when we can not find a solution reasonably fast using a single core on
the fastest computers. Another limitation of calculations is high me-
mory requirements, that can not be fulfilled using a single shared me-
mory computer. Thus, parallel computations are necessary.

In this dissertation, two problems are investigated. The first problem
is described by fractional powers of elliptic operators (Nochetto et al.,
2015; Bonito et al., 2018). This non-local problem has an important
property: the increasment of the problem size greatly increases the
numerical costs of computation. Parallel computing makes the appli-
cation of such non-local models more feasible and attractive. Howe-
ver, the efficient parallel computations require the application of a-
ppropriate parallel algorithms and a detailed theoretical analysis. We
investigate and compare the parallel numerical algorithms for different
state-of-the-art (Nochetto et al., 2015; Vabishchevich, 2015; Bonito et
al., 2018; Harizanov et al., 2018) numerical methods proposed to solve
the non-local problems described by elliptic operators of fractional
powers (Nochetto et al., 2015; Bonito et al., 2018). In this research,

the non-local problem Lfu = f is transformed to some local (classi-
cal) differential problem of elliptic or pseudo-parabolic type, formu-
lated in a space of higher dimension R+, if QO € R%. We investigate
the weak and strong scalability of the developed parallel algorithms.
Two- and three-dimensional test problems are solved and the results
of extensive convergence tests are presented. The main aim of this part
of dissertation is to determine, which parallel algorithms can be re-
commended to achieve certain accuracy for the given fractional power
coefficient.

The second non-local problem of this dissertation deals with the
construction of absorbing boundary conditions for the one-dimension-
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al Schraédinger equation (Menza, 1997; Arnold, 1998; Antoine et al.,
2008; Szeftel, 2004). A simple standard boundary conditions are
formulated on the boundaries of the restricted domain (e.g. the
homogeneous Dirichlet boundary conditions), the solution after rea-
ching the boundary will be reflected back into the domain and will
pollute the results of subsequent simulations. Thus it is a challenge to
construct appropriate local boundary conditions and to avoid the nega-
tive long memory computational effects included into the definition of
the exact non-local transparent boundary conditions. We are interested
in methods based on the approximation of the exact transparent boun-
dary conditions by rational functions. Different strategies are inves-
tigated for the optimal selection of the coefficients of rational func-
tions, including the Padé approximation, the L, norm approximations

of the Fourier symbol, L, minimization of a reflection coefficient,
techniques, based on minimization in two different norms for the
chosen benchmark problems with known exact solutions and coupled
adaptive strategy. The formulated minimization problems are consi-
dered as black box problems of global optimization. Since the ob-
jective functions of the attacked global optimization problems are
computationally expensive, experiments take a considerable amount
of time. Parallel computing should be applied to make experiments
faster. The proposed minimisation technique showed that it is possible
to find optimal values of coefficients that suit both test problems with
the errors that are small enough for many modelling purposes.

We propose a general methodology for parallelisation of algorithms
that address the considered problems. The optimization problems that
are solved during the approximation of absorbing boundary conditions
for the Schrodinger equation fits this methodology very well. The
strategy of parallelisation has three-levels. Different parallelisation
levels of this scheme give new parallelisation possibilities; at the same
time they also and create different computational challenges. The im-
portant part of the proposed three-level scheme is based on a assump-
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tion that there exists parallel alternatives to the original sequential
optimization algorithm on the first level. The first level of paralleli-
sation template becomes a part of a new parallel algorithm and the
degree of the first level parallelism can be selected dynamically during
the computations. The parallelisation technologies on the first level
vary depending on a problem, there are no concrete methods that
would work in all cases. However, we are presenting a general abstract
procedure of application of this approach. On the second level, a set
of computational tasks with different computational sizes is defined.
These tasks can be solved independently, which means this part can
be done in parallel. The third level is defined by parallel algorithms
used to solve tasks from the second level. We optimise the workload
distribution, for this purpose we propose a greedy workload balancing
heuristic and test it on benchmark problems.

To show that these ideas work for a broad scope of applications, we
discuss the possibility to apply the proposed three level parallelisation
scheme to other examples.

THE OBJECT OF THE THESIS

The object of the thesis is to create and analyse efficient parallel
algorithms for problems with big computational costs including
optimization problems.

THE AIM AND OBJECTIVES OF THE RESEARCH

The aim of the research is to investigate efficient parallel algorithms
for problems with the fractional powers of elliptic operators and
optimization problems with big computational costs.
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Thesis tasks are:

» Tasks for constructing parallel algorithms for problems with
fractional powers of elliptic operators:

>

the review the parallel algorithms for problems with
fractional powers of elliptic operators;

propose and analyse efficient parallel algorithms for
problems with fractional powers of elliptic operators;
perform scalability analysis of parallel algorithms;
formulate conclusions and recommendations for problems
with fractional powers of elliptic operators.

* Tasks for construction of absorbing boundary conditions for the
one-dimensional Schradinger equation:

>

>

to review of literature for constructing absorbing boundary
conditions for the Schrodinger equation;

propose and investigate methods for finding coefficients
for boundary conditions;

perform calculations with different initial boundary con-
ditions for the Schrodinger problem;

formulate conclusions and recommendations for con-
structing absorbing boundary conditions for the one-
dimensional Schrodinger equation using proposed
methods.

* Tasks for three-level parallelisation scheme:

YV VYV

propose a three-level parallelisation scheme;

perform the detailed analysis of this scheme;

apply the three-level scheme for optimization problems;
formulate conclusions and recommendations for using all

possibilities of this scheme.
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RESEARCH METHODOLOGY

In the dissertation we use numerical schemes (finite volume method
(FVM), the finite difference method (FDM)) from mathematical
modelling theory, the methods of convergence analysis from the
theory of algorithms, scalability analysis from the theory of parallel
computing, multigrid, domain decompasition method, simplex
method from the optimization theory.

NOVELTY OF THE THESIS

* In this dissertation, parallel algorithms for various most recent
numerical methods for solving the fractional powers of elliptic
operators problems were investigated and compared. Scalability and
convergence analysis of parallel algorithms was performed.
Recommendations to achieve a given accuracy for the provided
fractional power g coefficient were the specified.

» Recommendations to construct absorbing boundary conditions
for the one-dimensional Schrodinger equation using investigated
methods were presented. The proposed methodology showed that it is
possible to find the accurate absorbing boundary conditions for four
gualitatively different problems.

* The proposed three-level parallelisation scheme comparing to the
classical two level algorithm increases the amount of computational
resources and lets us to achieve additional speed-up. It was shown,
that the proposed methodology lets us use available resources
efficiently.
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PRACTICAL VALUE OF THE RESEARCH FINDINGS

» The amount of calculations for solving a hon-local problem with
fractional power of elliptic operators are large and even a single
solution of this problem without parallel calculations is difficult. In
this dissertation, scalability analysis of parallel algorithms was
performed. Different methods were compared using parallel
algorithms. The recommendations to achieve a given accuracy for the
provided fractional power coefficient 8 help to select the appropriate
method.

* The three-level parallelisation scheme and recommendations for
usage of this scheme were proposed. This scheme can be applied to
problems efficiently in the case when a big number of computational
resources is available efficiently.

DEFENDED STATEMENTS

1. For the given cases of test problems with fractional powers
of elliptic operators the recommended parallel algorithms are
optimal in terms of computational time in order to achieve
certain accuracy for the provided fractional power coefficients.

2. Using the proposed methodology there were found
absorbing boundary conditions for four qualitatively different
tasks in a specified seven parameters space.

3. The proposed three-level scheme improves the degree of

parallelism and improves the amount of available computational
resources, which gave additional speed-up.
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PRESENTATION AND APPROBATION OF THE
RESULTS

The results of this research were presented at five international and
three national Lithuanian conferences, at the PhD Symposium 2018 of
the 3rd NESUS Winter School. Three articles were published in
periodical scientific publications in journals referred to ISI Web of
science. One article was published in Conference Proceedings. The
detailed list of publications can be found in the “List of Publications
by the Author on the Topic of the Dissertation” theme.

STRUCTURE OF THE DISSERTATION AND MAIN RESULTS

The dissertation consists of Introduction, three chapters, conclusions
and bibliography. The chapters are divided into sections, sections —
into subsections. The scope of the dissertation is 106 pages including
10 figures and 30 tables. The list of references consists of 103 sources.

GENERAL CONCLUSIONS

* The proposed parallel algorithms for the problems of fractional
powers of elliptic operators are efficient enough (in some cases,
efficiency is close to 1). The highest accuracy solutions are obtained
using the quadrature method (M3) with exponentially convergent
guadrature formula.

» Two techniques to obtain coefficients of rational function, appro-
ximation of the Fourier symbol and minimization of the reflection
coefficient, are not universal. The appropriate set of coefficients for
four qualitatively different testing Schrodinger problems in the
selected seven parameters space was found using a coupled adaptive
technique, when evaluating errors for different tasks.
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* The proposed three-level parallel scheme was compared to the
classical two-level parallel algorithm. The proposed parallel scheme
improves the degree of parallelism and the additional degree of
parallelism, this lets to use a bigger number of available computational
resources (1.5 times more in the considered cases) and lets to achieve
an additional speed-up.
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